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Preface

It is now well known that Fermat’s last theorem has been proved. For
more than three and a half centuries, mathematicians — from the
great names to the clever amateurs — tried to prove Fermat’s famous
statement. The approach was new and involved very sophisticated
theories. Finally the long-sought proof was achieved. The arithmetic
theory of elliptic curves, modular forms, Galois representations, and
their deformations, developed by many mathematicians, were the
tools required to complete the difficult proof.

Linked with this great mathematical feat are the names of TANI-
YAMA, SHIMURA, FREY, SERRE, RIBET, WILES, TAYLOR.
Their contributions, as well as hints of the proof, are discussed in
the Epilogue. This book has not been written with the purpose of
presenting the proof of Fermat’s theorem. On the contrary, it is writ-
ten for amateurs, teachers, and mathematicians curious about the
unfolding of the subject. I employ exclusively elementary methods
(except in the Epilogue). They have only led to partial solutions
but their interest goes beyond Fermat’s problem. One cannot stop
admiring the results obtained with these limited techniques.

Nevertheless, I warn that as far as I can see — which in fact is
not much — the methods presented here will not lead to a proof of
Fermat’s last theorem for all exponents.



vi Preface

The presentation is self-contained and details are not spared, so
the reading should be smooth.

Most of the considerations involve ordinary rational numbers and
only occasionally some algebraic (non-rational) numbers. For this
reason I excluded Kummer’s important contributions, which are
treated in detail in my book, Classical Theory of Algebraic Num-
bers and described in my 13 Lectures on Fermat’s Last Theorem
(new printing, containing an Epilogue about recent results).

There are already — and there will be more — books, mono-
graphs, and papers explaining the ideas and steps in the proof of
Fermat’s theorem. The readers with an extended solid background
will profit more from reading such writings. Others may prefer to
stay with me.

In summary, if you are an amateur or a young beginner, you may
love what you will read here, as I made a serious effort to provide
thorough and clear explanations.

On the other hand, if you are a professional mathematician, you
may then wonder why I have undertaken this task now that the
problem has been solved. The tower of Babel did not reach the
sky, but it was one of the marvels of ancient times. Here too, there
are some admirable examples of ingenuity, even more remarkable
considering that the arguments are strictly elementary. It would be
an unforgivable error to let these gems sink into oblivion. As Jacobi
said, all for “l’honneur de l’esprit humain.”

August, 1997 Paulo Ribenboim



Reader

You may feel tempted to write your own (simpler) proof of Fermat’s
last theorem.

I have strong views about such a project. It should be written in
the Constitution of States and Nations, in the Chapter of Human
Rights:

It is an inalienable right of each individual to produce his or her
own proof of Fermat’s last theorem.

However, such a solemn statement about Fermat’s last theorem
(henceforth referred to as THE theorem) should be tempered by the
following articles:

Art. 1. No attempted proof of THE theorem should
ever duplicate a previous one.

Art. 2. It is a criminal offense to submit false proofs
of THE theorem to professors who arduously earn
their living by teaching how not to conceive false proofs
of THE theorem.

Infringement of the latter, leads directly to Hell. Return to Par-
adise only after the said criminal has understood and is able to re-
produce Wiles’ proof. (Harsh punishment.)
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For the epilogue I received advice from Gerhard Frey, Fernando
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The Problem

In the margin of his copy of Bachet’s edition of the works of Dio-
phantus, 1 Fermat wrote:

“It is impossible to separate a cube into two cubes, or a biquadrate
into two biquadrates, or in general any power higher than the second
into powers of like degree; I have discovered a truly marvelous proof,
which this margin is too small to contain.”

In modern language, this means:

If n is any natural number greater than 2, the equation

Xn + Y n = Zn

has no solutions in integers, all different from 0 (i.e., it has only the
trivial solution, where one of the integers is equal to 0).

The above statement has been called Fermat’s last theorem, or
conjecture, or problem.

We begin with the following remarks.
In order to prove Fermat’s theorem for all exponents greater than

2, it suffices to prove it for the exponent 4 and every odd prime

1This copy is now lost, but the remarks appeared in the 1679 edition of
the works of Fermat, edited in Toulouse by his son Samuel de Fermat.



2 The Problem

exponent p. Indeed, if n is composite, n > 2, it has a factor m which
is 4 or an odd prime p. If the theorem fails for n = ml, where m = 4
or p, l > 1, if x, y, z are non-zero integers such that xn + yn = zn

then (xl)m + (yl)m = (zl)m and the theorem would fail for m.
Occasionally, we shall also indicate some results and proofs for

even exponents or prime-power exponents.
The following general remarks are quite obvious and henceforth

will be taken for granted.
If n is odd then Xn + Y n = Zn has a non-trivial solution if and

only if Xn + Y n + Zn = 0 has a non-trivial solution.
If x, y, z are non-zero integers such that xn + yn = zn, if d =

gcd(x, y, z) and x1 = x/d, y1 = y/d, z1 = z/d then xn
1 + yn

1 = zn1 ,
where the non-zero integers x1, y1, z1 are pairwise relatively prime.
So, if we assume that Fermat’s equation has a non-trivial solution,
then it has one with pairwise relatively prime integers.

Moreover, if x, y, z are non-zero pairwise relatively prime integers
such that xn + yn = zn then x + y, z − x, z − y are also pairwise
relatively prime. Indeed, if a prime p divides x + y and z − x then
x ≡ z (mod p), hence xn ≡ zn ≡ xn + yn (mod p) therefore yn ≡ 0
(mod p), so p divides y, and since p divides x + y then p divides x,
which is contrary to the hypothesis. This shows that gcd(x + y, z −
x) = 1. In a similar way, we may show that gcd(x + y, z − y) = 1
and gcd(z − x, z − y) = 1.

Following tradition, we say that the first case of Fermat’s theorem
is true for the odd prime exponent p when: if x, y, z are (non-zero)
integers, not multiples of p, then xp + yp �= zp.

The second case is true for the odd prime exponent p when: if
x, y, z are non-zero pairwise relatively prime integers, and p divides
xyz then xp + yp �= zp. As said above, in this case p divides one and
only one of the integers x, y, z.

More generally, for an arbitrary integer n = 2um, u ≥ 0, m odd,
we say that the first case of Fermat’s theorem is true for the exponent
n when: if x, y, z are (non-zero) integers and gcd(m,xyz) = 1 then
xn + yn �= zn.

Similarly, the second case is true for the exponent n when: if x, y, z
are (non-zero) pairwise relatively prime integers and gcd(m,xyz) �= 1
then xn + yn �= zn.



I
Special Cases

This chapter is devoted to the proof of special cases of Fermat’s
theorem: exponents 4, 3, 5, and 7. However, we begin by considering
the exceptional case of exponent 2.

I.1. The Pythagorean Equation

We study briefly the Pythagorean equation

X2 + Y 2 = Z2.(1.1)

A triple (x, y, z) of positive integers such that x2 + y2 = z2 is called
a Pythagorean triple, for example, (3, 4, 5) since 32 + 42 = 52.

If x, y, z are nonzero integers such that x2 + y2 = z2 then |x|,
|y|, |z| also satisfy the same equation. Note that x, y cannot be both
odd, otherwise z2 ≡ 1+1 (mod 4), which is impossible. Moreover, if
d = gcd(x, y, z) then x/d, y/d, z/d also satisfy the equation. Thus, it
suffices to determine the primitive solutions (x, y, z) of (1.1), namely
those such that x > 0, y > 0, z > 0, x is even, and gcd(x, y, z) = 1,
hence y and z are odd.

It is stated in Dickson’s (1920) History of the Theory of Numbers,
Vol. II, pp. 165–166, that Pythagoras and Plato gave methods to
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find solutions of equation (1.1). In Lemma 1 to Proposition 29 of
Book X of The Elements, Euclid gave a geometric method to find
solutions of (1.1).

Diophantus indicated how to find all solutions, as in the following
result.

Leonardo di Pisa (Fibonacci) also gave in 1225 an interesting
method to find solutions.

(1A) If a, b are integers such that a > b > 0, gcd(a, b) = 1, a, b of
different parity, then the triple (x, y, z), given by






x = 2ab,
y = a2 − b2,
z = a2 + b2,

is a primitive solution of (1.1). This establishes a one-to-one corre-
spondence between the set of pairs (a, b) satisfying the above condi-
tions, and the set of primitive solutions of (1.1).

Proof. If a, b are integers satisfying the conditions of the statement,
let x, y, z be defined as indicated. Then

x2 + y2 = 4a2b2 + (a2 − b2)2 = (a2 + b2)2 = z2.

Clearly x > 0, y > 0, z > 0, x is even, and gcd(x, y, z) = 1 because
if d divides x, y, and z then d divides 2a2 and 2b2, so d = 1 or d = 2
(since gcd(a, b) = 1); but d �= 2 because y is odd (a, b do not have
the same parity).

Different pairs (a, b) give different triples (x, y, z).
Conversely, let (x, y, z) be a primitive solution of (1.1), so x2+y2 =

z2. From gcd(x, y, z) = 1 we have gcd(x, z) = 1. Since x is even then
z is odd hence gcd(z − x, z + x) = 1. Since y2 = (z − x)(z + x), it
follows from their decomposition into prime numbers that z−x, z+x
are squares of integers, say z + x = t2, z − x = u2, and t, u must be
positive odd integers, with t > u > 0. Let a, b be integers such that
2a = t+ u, 2b = t− u, hence t = a+ b, u = a− b with a > b > 0. So





x = ((a + b)2 − (a− b)2)/2 = 2ab,
y2 = u2t2 = (a− b)2(a + b)2 = (a2 − b2)2 so y = a2 − b2,
z = ((a + b)2 + (a− b)2)/2 = a2 + b2.

We note that gcd(a, b) = 1 because gcd(z − x, z + x) = 1 and finally
a + b = t is odd so a, b are not both odd.
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For example, the smallest primitive solutions for (1.1), ordered
according to increasing values of z, are the following:

(4, 3, 5), (12, 5, 13), (8, 15, 17), (24, 7, 25),
(20, 21, 29), (12, 35, 37), (40, 9, 41), (28, 45, 53),
(60, 11, 61), (56, 33, 65), (16, 63, 65), (48, 55, 73).

In view of (1A), to find the primitive solutions of (1.1) amounts
to determining which odd positive integers are sums of two squares,
and in each case, to write all such representations. Fermat proved:
n > 0 is a sum of two squares of integers if and only if every prime
factor p of n, such that p ≡ 3 (mod 4), appears to an even power
in the decomposition of n into prime factors (see the proof below).
For every integer n which is the sum of two squares of integers, let
r(n) be the number of ordered pairs (a, b) such that a2 + b2 = n, a, b
integers not necessarily positive. For example, r(1) = 4, r(5) = 8. It
was proved by Jacobi, and independently by Gauss, that

r(n) = 4 (d1(n) − d3(n)) ,

where d1(n) (respectively, d3(n)) is the number of divisors of n which
are congruent to 1 modulo 4 (respectively, congruent to 3 modulo 4)
(see Hardy and Wright (1938, p. 241)).

With this information, it is possible to determine explicitly the
primitive Pythagorean triples (x, y, z). Now we paraphrase Fermat’s
proof which is of historical importance. We begin with a very easy
identity:

(a2 + b2)(c2 + d2) = (ac + bd)2 + (ad− bc)2(1.2)
= (ac− bd)2 + (ad + bc)2.

Now we show

(1B) A prime number p is a sum of two squares if and only if
p = 2 or p ≡ 1 (mod 4).

Proof. If p �= 2 and p = a2 + b2, then a, b cannot both be even
— otherwise 4 divides p. If a, b are both odd, then p ≡ 1 + 1 = 2
(mod 4), since every odd square is congruent to 1 modulo 4. Thus
p = 2. If, say, a is odd and b is even, then p ≡ 1 + 0 = 1 (mod 4).

Conversely, 2 = 12 + 12, so let p ≡ 1 (mod 4). From the the-
ory of quadratic residues, −1 is a square modulo p, so there exists
x, 1 ≤ x ≤ p − 1, such that x2 + 1 ≡ 0 (mod p), thus x2 + 1 =
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mp, with 1 ≤ m ≤ p − 1. Hence the set {m | 1 ≤ m ≤ p −
1, such that mp = x2 + y2 for some integers x, y} is not empty. Let
m0 be the smallest integer in this set, so 1 ≤ m0 ≤ p− 1. We show
that m0 = 1, hence p is a sum of two squares. Assume, on the
contrary, that 1 < m0. We write

{
x = cm0 + x1,
y = dm0 + y1,

with −m0/2 < x1, y1 ≤ m0/2, and integers c, d. We observe that x1

or y1 is not 0. Otherwise m2
0 divides x2+y2 = m0p, hence m0 divides

p, thus m0 = p, which is absurd. We have 0 < x2
1 + y2

1 ≤ m2
0/4 +

m2
0/4 = m2

0/2 < m2
0 and x2

1 + y2
1 ≡ x2 + y2 ≡ 0 (mod m0). Hence,

x2
1 + y2

1 = m0m
′ with 1 ≤ m′ < m0. But m0p = x2 + y2, m0m

′ =
x1+y2

1, hence m2
0m

′p = (x2+y2)(x2
1+y2

1) = (xx1+yy1)2+(xy1−yx1)2.
We also have

xx1 + yy1 = x(x− cm0) + y(y − dm0)
= (x2 + y2) −m0(c + yd)
= m0t,

xy1 − yx1 = x(y − dm0) − y(x− cm0)
= −m0(xd− yc)
= m0u

for some integers t, u. Hence m′p = t2 +u2, with 1 ≤ m′ < m0. This
is a contradiction and concludes the proof.

(1C) A natural number n is the sum of two squares of integers if
and only if every prime factor p of n, such that p ≡ 3 (mod 4), ap-
pears to an even power in the decomposition of n into prime factors.

Proof. Let n = pk1
1 · · · pkj

j and assume that kj is even if pj ≡ 3
(mod 4). Then n = n2

0n1 where n0 ≥ 1, n1 ≥ 1, and n1 is the
product of distinct primes which are either equal to 2, or congruent
to 1 modulo 4. By (1B), each factor of n1 is a sum of two squares;
by the identity indicated in (1.2), n1 and therefore also n, is a sum
of two squares. Conversely, let n = x2 + y2; the statement is trivial
if x = 0 or y = 0. Let x, y be nonzero, let d = gcd(x, y), so d2

divides n. Let n = d2n′, x = dx′, y = dy′, hence gcd(x′, y′) = 1 and
n′ = x′2 + y′2. If p divides n′, then p does not divide x′ — otherwise
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p would also divide y′. Let k be such that kx′ ≡ y′ (mod p). Then
x′2 + y′2 ≡ x′2(1 + k2) ≡ 0 (mod p). Thus p divides 1 + k2, that
is, −1 is a square modulo p, so p = 2 or p ≡ 1 (mod 4), by the
theory of quadratic residues. It follows that if pj ≡ 3 (mod 4) then
pj does not divide n′, hence pj divides d, so the exponent kj must
be even.

It is customary to say that a right triangle is a Pythagorean tri-
angle when its sides are measured by integers a, b, c. If c is the
hypothenuse, then c2 = a2 + b2. See also Mariani (1962).

On this matter, we recommend Shanks’ book (1962) which con-
tains an interesting chapter on Pythagoreanism and its applications,
as well as the book by Sierpiński (1962).

In 1908, Bottari gave another parametrization for the solutions of
(1.1). The following simpler proof is due to Cattaneo (1908):

(1D) If a, b are odd natural numbers such that gcd(a, b) = 1, if
s ≥ 1 then the triple (x, y, z) given by






x = 22s−1a2 + 2sab,
y = b2 + 2sab,
z = 22s−1a2 + b2 + 2sab,

is a primitive solution of (1.1). This establishes a one-to-one cor-
respondence between the set of triples (a, b, s) satisfying the above
conditions and the set of primitive solutions of (1.1).

Proof. It is clear that if x, y, z are defined as indicated then the
triple (x, y, z) is a primitive solution of (1.1).

Different triples (a, b, s) give rise to different primitive solutions
(x, y, z), because






b2 = z − x,
22s−1a2 = z − y,

2sab = x + y − z.

Finally, if (x, y, z) is a primitive solution, 0 < x < z, 0 < y <
z, and z < x + y, because z2 = x2 + y2 < (x + y)2. We write






x = z − u,
y = z − v,
z = x + y − w,
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with u, v, w > 0. Then





x = v + w,
y = u + w,
z = u + v + w.

From x2 + y2 = z2 it follows that w2 = 2uv, hence w is even. Since
gcd(u, v, w) = 1 and x is even and y is odd then v is even and u is
odd. Let w = 2sw′, v = 2tv′, where v′, w′ are odd, s ≥ 1, t ≥ 1.
Then 22sw′2 = 2u·2tv′ so t = 2s−1 and w′2 = uv′ with gcd(u, v′) = 1.
Hence necessarily u, v′ are squares: u = b2, v′ = a2, and therefore
x = 22s−1a2 + 2sab, y = b2 + 2sab, z = 22s−1a2 + b2 + 2sab.

It is also interesting to describe the solutions of

X2 + Y 2 = 1.(1.3)

The solutions in integers are just (±1, 0), (0,±1).
We shall consider the solutions in rational numbers as well as, for

each prime p, the solutions in the field with p elements.
Let Q denote the field of rational numbers. For each prime p, let

Fp be the set {0, 1, . . . , p− 1} of residue classes of Z modulo p. So,
if a, b ∈ Z, we have a = b if and only if a, b have the same remainder
when divided by p. The operations of addition and multiplication
in Fp are defined as follows: x + y = x + y, x y = xy. With these
operations, which satisfy the usual properties, Fp becomes a field: if
a ∈ Fp and a �= 0, we have gcd(a, p) = 1, so there exist r, s ∈ Z such
that ar + ps = 1; then a r = 1. So r is the inverse of a in Fp. For
simplicity, we may use the notation x instead of x for the elements
of Fp. We shall indicate a result that is valid for Q as well as for
each field Fp for p > 2. Thus, let F = Q or Fp (for p > 2). (More
generally, F may be taken to be any field of characteristic different
from 2, that is, 1 + 1 �= 0 in the field F .)

Let ∞ be a symbol, ∞ �∈ F , and let T = {∞}∪{t ∈ F | 1+t2 �= 0}.
Let S = SF = {(x, y) ∈ F × F | x2 + y2 = 1}. So the elements of S
are the solutions of (1.3) in the field F .

Let ϕ : T → F × F be the following mapping:





ϕ(∞) = (0,−1),

if t ∈ F then ϕ(t) =
(

2t
1 + t2

,
1 − t2

1 + t2

)

.
(1.4)
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We note that since 1+t2 �= 0, then 1+t2 is invertible, so the mapping
ϕ is well defined.

(1E) With the above notations, ϕ is a one-to-one mapping from
T onto S.

Proof. Since
(

2t
1 + t2

)2

+
(

1 − t2

1 + t2

)2

= 1,

then ϕ(t) ∈ S for each t ∈ F such that 1+ t2 �= 0. Also, (0,−1) ∈ S,
so ϕ(T ) ⊆ S.

If t ∈ F, 1 + t2 �= 0 then (1− t2)/(1 + t2) �= −1, because 1 + 1 �= 0.
Also, if t1, t2 ∈ F , 1 + t21 �= 0, 1 + t22 �= 0 then ϕ(t1) �= ϕ(t2), as is
easily seen. Thus the mapping ϕ is one-to-one (because 1 + 1 �= 0).

Now we show that ϕ(T ) = S. Clearly, (0,−1) = ϕ(∞). Let
(x, y) ∈ S, (x, y) �= (0,−1). If x = 0 then y = 1 and (0, 1) = ϕ(0). If
x �= 0 let t = (1 − y)/x, so

1 + t2 =
2(1 − y)

x2
, 1 − t2 =

2y(y − 1)
x2

,

and
2t

1 + t2
= x,

1 − t2

1 + t2
= y,

hence (x, y) = ϕ(t), concluding the proof.

If F = Q then 1+ t2 �= 0 for all t ∈ Q, so T = Q∪{∞}. If F = Fp

with p > 2 then 1 + t2 = 0 if and only if −1 is a square modulo
p. According to the result of Fermat already quoted, −1 is a square
modulo p > 2 if and only if p ≡ 1 (mod 4).

Let Np denote the number of elements of SFp
. We have

(1F) N2 = 2 and if p > 2 then

Np =
{

p− 1 when p ≡ 1 (mod 4),
p + 1 when p ≡ −1 (mod 4).

Proof. SF2 = {(0, 1), (1, 0)}, so N2 = 2. Let p > 2. If p ≡ 1
(mod 4), then there exist two elements t1, t2 such that t21+1 = t22+1 =
0. So #(T ) = (p− 2) + 1 = p− 1, hence by (1E), #(S) = p− 1.

Similarly, if p ≡ −1 (mod 4), then #(T ) = p + 1 and #(S) =
p + 1.
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I.2. The Biquadratic Equation

Now we take up the case n = 4. Fermat considered the problem
of whether the area of a Pythagorean triangle may be the square of
an integer (observation to Question 20 of Diophantus, Book VI of
Arithmetica).

He was led to study the equation

X4 − Y 4 = Z2(2.1)

and he showed (date unknown):

(2A) Equation (2.1) has no solutions in integers all different
from 0.

Proof. If the statement is false, let (x, y, z) be a triple of positive
integers with smallest possible x, such that x4 − y4 = z2. Then
gcd(x, y) = 1, because if a prime p divides both x, y then p4 divides
z2, so p2 divides z; letting x = px′, y = py′, z = p2z′ then x′4−y′4 =
z′2, with 0 < x′ < x, which is contrary to the hypothesis.

We have z2 = x4−y4 = (x2 +y2)(x2−y2) and gcd(x2 +y2, x2−y2)
is equal to 1 or 2, as is easily seen, because gcd(x, y) = 1. We
distinguish two cases.

Case 1: gcd(x2 + y2, x2 − y2) = 1.
Since the product of x2+y2, x2−y2 is a square then x2+y2, x2−y2

are squares; more precisely, there exist positive integers s, t, gcd(s, t)
= 1 such that

{
x2 + y2 = s2,
x2 − y2 = t2.

It follows that s, t must be odd (since 2x2 = s2 + t2 then s, t have
the same parity and they cannot both be even).

So there exist positive integers u, v such that

{
u = (s + t)/2,
v = (s− t)/2,

and necessarily gcd(u, v) = 1, because s, t are odd.
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We have uv = (s2−t2)/4 = y2/2 hence y2 = 2uv. Since gcd(u, v) =
1 then there exist positive integers l,m such that

{
u = 2l2,
v = m2,

or
{

u = l2,
v = 2m2.

We just consider the first alternative, the other one being analogous.
So u is even, gcd(u, v, x) = 1, and

u2 + v2 =
(s + t)2 + (s− t)2

4
=

s2 + t2

2
= x2.

It follows from (1A) that there exist positive integers a, b, 0 < b < a,
gcd(a, b) = 1, such that






2l2 = u = 2ab,
m2 = v = a2 − b2,
x = a2 + b2,

hence l2 = ab. Thus there exist positive integers c, d, gcd(c, d) = 1,
such that

{
a = c2,
b = d2,

and so m2 = c4 − d4. We note that 0 < c < a < x and the triple of
positive integers (c, d,m) would be a solution of the equation, which
is contrary to the choice of x as smallest possible.

Case 2: gcd(x2 + y2, x2 − y2) = 2.
Now x, y are odd and z is even. By (1A) there exist positive

integers a, b, 0 < b < a, gcd(a, b) = 1, such that





x2 = a2 + b2,
y2 = a2 − b2,
z = 2ab.

Hence x2y2 = a4 − b4 with 0 < a < x and this is contrary to the
choice of x as smallest possible.

The above argument is called the method of infinite descent and
was invented by Fermat. It may also be phrased as follows: if
(x0, y0, z0) were a solution in positive integers of (2.1) then we would
obtain a new solution in positive integers (x1, y1, z1) with z1 < z0.
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Repeating this procedure, we would produce an infinite decreasing
sequence of positive integers

z0 > z1 > z2 > · · ·
which is not possible.

As a corollary, we obtain the original statement of Fermat, pro-
posed as a problem or mentioned in letters to Mersenne [for Sainte-
Croix] (September 1636), to Mersenne (May ?, 1640), to Saint-
Martin (May 31, 1643), to Mersenne (August 1643), to Pascal (25
September 1654), to Digby [for Wallis] (April 7, 1658), to Carcavi
(August 1659):

(2B) The area of a Pythagorean triangle is not the square of an
integer.

Proof. Let a, b, c be the sides of the Pythagorean triangle, where c
is the hypotenuse. So c2 = a2 + b2.

Assume that the area is the square of an integer s: ab/2 = s2.
Then {

(a + b)2 = c2 + 4s2,
(a− b)2 = c2 − 4s2.

Hence (a2 − b2)2 = c4 − (2s)4, so the equation X4 − Y 4 = Z2 would
have nontrivial solution in integers, contradicting (2A).

We also state explicitly (this is proposed as a problem or men-
tioned in letters to Mersenne [for Sainte-Croix] (September, 1636),
to Mersenne (1638), to Mersenne (May ?, 1640)):

(2C) The equation

X4 + Y 4 = Z4(2.2)

has no solution in integers, all different from 0.

Proof. If x, y, z are nonzero integers such that x4 + y4 = z4 then
z4 − y4 = (x2)2, which contradicts (2A).

The above results were also reproduced by Euler (1770) and Leg-
endre (1808, 1830).

A companion result to (2A) is the following (see the explicit proof
by Euler, 1770):
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(2D) The equation

X4 + Y 4 = Z2(2.3)

has no solution in integers all different from 0.

Proof. If the statement is false, let (x, y, z) be a triple of positive
integers, with smallest possible z, such that x4+y4 = z2. As in (2A),
we may assume gcd(x, y) = 1. We also note that x, y cannot be both
odd, otherwise z2 = x4 + y2 ≡ 2 (mod 4) and this is impossible. So
we may, for example, assume x to be even.

From (x2)2 + (y2)2 = z2 it follows that (x2, y2, z) is a primitive
solution of (1.1). By (1A), there exist integers a, b, such that a >
b > 0, gcd(a, b) = 1, a, b are not both odd and






x2 = 2ab,
y2 = a2 − b2,
z = a2 + b2.

Moreover, b must be even. For if b is odd, then a is even, y2 =
a2 − b2 ≡ −1 (mod 4), which is impossible.

Now we consider the relation b2+y2 = a2, where y, b, a are positive
integers, b is even, and gcd(b, y, a) = 1. By (1A), there exist integers
c, d such that c > d > 0, gcd(c, d) = 1, c, d of different parity and






b = 2cd,
y = c2 − d2,
a = c2 + d2.

Therefore x2 = 2ab = 4cd(c2 + d2). But c, d, c2 + d2 are pair-
wise relatively prime. By the decomposition of x2 into primes, we
conclude that c, d, c2 + d2 are squares of positive integers, say:






c = p2,
d = q2,

c2 + d2 = r2.

Hence

p4 + q4 = r2,(2.4)

that is, the triple (p, q, r) is a solution of (2.3). But z = a2 + b2 =
(c2 +d2)2 +4c2d2 > r4 > r (since r > 1). This contradicts the choice
of z as minimal possible, and concludes the proof.
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Table 1. FLT for the exponent 4.

Author Year
Frénicle De Bessy 1676
Euler 1738 (publ. 1747), 1771
Kausler 1795/6 (publ. 1802)
Barlow 1811
Legendre 1823, 1830
Schopis 1825
Terquem 1846
Bertrand 1851
Lebesgue 1853, 1859, 1862
Pepin 1883
Tafelmacher 1893
Bendz 1901
Gambioli 1901
Kronecker 1901
Bang 1905
Bottari 1908
Rychlik 1910
Nutzhorn 1912
Carmichael 1913
Vrǎnceanu 1966

Other proofs of Fermat’s theorem for the exponent 4 are given by
the authors listed in Table 1. Now we indicate a statement which is
equivalent to Fermat’s theorem for the exponent 4 (see Vrǎnceanu,
1979):

(2E) The following statements are equivalent:
(1) Fermat’s last theorem is true for the exponent 4.
(2) For every integer m �= 0 the only solutions in nonzero inte-

gers of 2X4 = mY (m2 + Y 2) are (m,m) and (−m,m).

Proof. (1) → (2) Let m �= 0 and assume that there exist nonzero
integers u, t such that 2u4 = mt(m2+t2). Let x = 2u, y = t−m, z =
t+m. Then z4 − y4 = (z− y)(z+ y)(z2 + y2) = 2m · 2t(2t2 +2m2) =
8mt(t2 + m2) = 16u4 = x4.

By hypothesis, xyz = 0. If x = 0 then y = ±z hence m = 0,
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contrary to the hypothesis. If y = 0 then t = m, x = ±z, so u = ±m.
If z = 0 then x = 0, again contrary to the hypothesis.

(2) → (1) If x4 + y4 = z4 then 2x4 = 2(z4 − y4) = 2(z − y)(z +
y)(x2+y2) = (z−y)(z+y) [(z − y)2 + (z + y)2]. So taking m = z−y
then t = z+ y, u = x satisfy the relation 2u4 = mt(m2 + t2). If m or
u or t is equal to 0 then x = 0. If m, t, u �= 0, by hypothesis t = m
hence y = 0, an absurdity.

We conclude this section by illustrating how the method may be
applied to find solutions of some similar diophantine equations.

(2F) The equation

X4 − 4Y 4 = ±Z2

has no solution in nonzero integers.

Proof. It suffices to consider the equation X4−4Y 4 = Z2. Because
if x, y, z are nonzero integers such that x4 − 4y4 = −z2 then 4x4 −
(2y)4 = −(2z)2, so (2y)4 − 4x4 = (2z)2 and (2y, x, 2z) would be a
solution of the first equation.

Now, if x, y, z are positive integers such that x4 − 4y4 = z2 and
gcd(x, y, z) = 1 (as we may assume without loss of generality), there
exist integers a, b with a > b > 0 and






2y2 = 2ab,
z = a2 − b2,
x2 = a2 + b2.

Since gcd(a, b) = 1 then a, b are squares, say a = c2, b = d2. Hence
x2 = c4 + d4, and this relation is impossible by (2D).

Legendre proved:

(2G) If x, y, z are nonzero integers and

x4 + y4 = 2z2,

then x2 = y2 and z2 = x4.

Proof. We have

4z4 = (x4 + y4)2 = (x4 − y4)2 + 4x4y4,
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so

z4 − x4y4 =
(
x4 − y4

2

)2

(in particular, x4 −y4 is even). Since x, y, z are not zero, by (2A) we
have x4 = y4, so x2 = y2. Then z2 = x4.

(2H) If x, y, z are nonzero integers and 2x4 + 2y4 = z2, then
x2 = y2, z2 = 4x4.

Proof. Multiplying by 8 we have (2x)4 + (2y)4 = 2(2z)2. By (2G),
(2x)2 = (2y)2 and (2z)2 = (2x)4, so x2 = y2, z2 = 4x4.

The next result is due to Lucas (1877). We present here an easier
proof due to Obláth (1952):

(2I) The equation
4X4 − 1 = 3Y 4

has only the trivial solutions (±1,±1) in integers.

Proof. If x, y are integers such that 3y4 = 4x4−1 = (2x2+1)(2x2−
1), since 2x2 − 1 �≡ 0 (mod 3) then there exist integers a, b such that
2x2 + 1 = 3a4, 2x2 − 1 = b4. By (2G), the last equation is only
satisfied when x = ±1, b = ±1, hence y = ±1.
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1846 Terquem, O., Théorèmes sur les puissances des nombres,
Nouv. Ann. Math., 5 (1846), 70–87.
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1979 Vrǎnceanu, G., Une interprétation géométrique du théorème
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I.3. Gaussian Numbers

We shall prove that X4 + Y 4 = Z2 has no solution in nonzero inte-
gers of the Gaussian field. This result is explicitly proved in Hilbert’s
Zahlbericht (1897, Theorem 169); see also Sommer (1907) and Han-
cock (1931).

The set of complex numbers α = a + bi, where i =
√−1 and

a, b ∈ Q, constitutes the Gaussian field K = Q(i). The numbers
α = a + bi, where a, b ∈ Z, are called the Gaussian integers. They
constitute a ring, denoted by A = Z[i].

If α, β ∈ K, β divides α if there exists a Gaussian integer γ such
that α = βγ. We write β | α when β divides α. Two nonzero
Gaussian integers α, β are associated when α divides β and β divides
α; we write α ∼ β. The Gaussian integers associated with 1 are
called the (Gaussian) units. It is easily seen that they are ±1, ±i.

A nonzero Gaussian integer α is a prime if it is not a unit and
the only Gaussian integers dividing α are units or associated with
α. In the field of Gaussian numbers, every nonzero Gaussian integer
α is the product of prime Gaussian integers: α = γ1γ2 · · · γs. This
decomposition is unique in the following sense: if we also have α =
δ1δ2 · · · δt, where each δi is a prime Gaussian integer, then s = t, and
changing the order if necessary, γi and δi are associated (for every
i = 1, . . . , s).

Therefore we may define, in an obvious way, the greatest common
divisor of nonzero Gaussian integers, which is unique up to units.

If α, β, γ are Gaussian numbers and γ �= 0, we write α ≡ β
(mod γ) when γ divides α − β. The congruence relation ≡ satisfies
the same properties as the congruence for ordinary integers. The
Gaussian integer λ = 1 − i is a prime and 2 = iλ2, so λ2 | 2 but
λ3 � | 2. We have 1 + i = i(1 − i) = iλ.

There are precisely four distinct congruence classes modulo 2,
namely the classes of 0, 1, i, and λ. Indeed, these numbers are pair-
wise incongruent modulo 2. On the other hand, according to the
parity of a, b, we deduce that a+bi is congruent to 0, 1, i, or λ, mod-
ulo 2. In particular, if λ � | a = a + bi then α ≡ 1 (mod 2) or α ≡ i
(mod 2). Then, α2 ≡ ±1 (mod 4) and α4 ≡ 1 (mod 8), that is,
α4 ≡ 1 (mod λ6) since 8 = −iλ6.

Now we show:
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(3A) The equation
X4 + Y 4 = Z2

has no solution in Gaussian integers all different from zero.

Proof. Let ξ, η, θ ∈ Z[i] be nonzero and such that ξ4 +η4 = θ2. We
may assume without loss of generality that gcd(ξ, η) = 1. Indeed, if
δ = gcd(ξ, η), then ξ = δξ′, η = δη′, with ξ′, η′ ∈ Z[i], gcd(ξ′, η′) =
1; so δ4 divides θ2, hence δ2 divides θ, we may write θ = δ2θ′, with
θ′ ∈ Z[i]. Hence ξ′4 + η′4 = θ′2 where gcd(ξ′, η′) = 1.

From gcd(ξ, η) = 1 it follows that ξ, η, θ are pairwise relatively
prime. We consider two cases.

Case 1: λ does not divide ξη.
By a preceding remark ξ4 ≡ 1 (mod λ6), η4 ≡ 1 (mod λ6) so

θ2 = ξ4 + η4 ≡ 2 (mod λ6). Since 2 = iλ2 then λ2 | θ2, hence
λ | θ. However, λ2 � | θ, because λ4 � | 2. We write θ = λθ1, where
λ � | θ1. Thus λ2θ2

1 ≡ 2 = iλ2 (mod λ6) hence θ2
1 ≡ i (mod λ4), and

therefore θ4
1 ≡ −1 (mod λ6) since λ4 ∼ 4, λ6 ∼ 8. However, λ � | θ1

hence θ4
1 ≡ 1 (mod λ6), which would imply by subtraction that 2 ≡ 0

(mod λ6), and this is absurd.

Case 2: λ divides ξ.
Hence λ � | ηθ. We write ξ = λmξ′, with m ≥ 1, ξ′ ∈ Z[i], and λ � | ξ′.

The essential part of the proof consists in showing the following
assertion:

Let n ≥ 1 and let ε be a unit of Z[i] (so ε = ±1 or ±i). If there
exist α, β, γ ∈ Z[i], pairwise relatively prime, not multiples of λ, and
ελ4nα4 + β4 = γ2 then:

(a) n ≥ 2; and
(b) there exists a unit ε1 and α1, β1, γ1 ∈ Z[i], pairwise relatively

prime, not multiples of λ, such that

ε1λ
4(n−1)α4

1 + β4
1 = γ2

1 .

The hypothesis is satisfied with n = m, ε = 1, α = ξ′, β = η, γ =
θ. By repeated application of the above assertion, we would find a
unit ε′ and α′, β′, γ′ ∈ Z[i], pairwise relatively prime, not multiples
of λ, such that

ε′λ4α′4 + β′4 = γ′2.

This contradicts (a) above.
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First we show that n ≥ 2. Indeed ελ4nα4 + β4 − 1 = γ2 − 1 and
since λ � | β, then β4 ≡ 1 (mod λ6), so γ2 ≡ 1 (mod λ4). But λ � | γ
hence γ ≡ i (mod λ2) or γ ≡ 1 (mod λ2). In the first case, γ2 ≡ −1
(mod λ4) hence λ4 would divide 2, a contradiction. So γ − 1 = λ2µ
where µ ∈ Z[i] and hence γ + 1 = λ2µ + 2 = λ2(µ + i). But either
λ | µ or if λ � | µ then µ ≡ i (mod λ) because 1 ≡ i (mod λ); so
µ ≡ −i (mod λ). We have shown that in any case λ | µ(µ+ i) so λ5

divides γ2 − 1 = λ4µ(µ+ i), hence λ5 divides ελ4nα4 + (β4 − 1); but
λ6 divides β4 − 1, λ � | α, hence λ6 | λ4n so n ≥ 2.

Now we prove (b). We have ελ4nα4 = γ2 − β4 = (γ − β2)(γ + β2).
We note that gcd(γ − β2, γ + β2) = λ2. Indeed λ must divide one
of the factors in the right-hand side, hence it divides both factors,
because (λ + β2) − (λ − β2) = 2β2 is a multiple of λ2. Since λ4

divides the right-hand side, this implies necessarily that λ2 divides
both factors: {

γ ∓ β2 = λ2ν,
γ ± β2 = γ4n−2ν ′,

where ν, ν ′ ∈ Z[i] and gcd(ν, ν ′) = 1. Hence ελ4nα4 = λ4nνν ′ so by
the uniqueness of factorization up to units, ν, ν ′ must be fourth pow-
ers, up to units ν = ωκ4, ν ′ = ω′κ′4, where κ, κ′ ∈ Z[i], gcd(κ, κ′) =
1, ω, ω′ are units. Thus

{
γ − β2 = ωλ2κ4,

γ + β2 = ω′λ4n−2κ′4,

and subtracting,

2β2 = ω′λ4n−2κ′4 − ωλ2κ4.

Hence
β2 = −iω′λ4n−4κ′4 + iωκ4,

so
ω′

1λ
4(n−1)κ′4 + ω1κ

4 = β2,

with units ω′
1 = −iω′, ω1 = iω. We show that ω1 = 1, which suffices

to establish statement (b). Since n ≥ 2 then λ4 | β2 − ω1κ
4; but

λ � | β, hence λ � | κ hence κ4 ≡ 1 (mod λ6) so λ4 | β2 − ω1. But λ6

divides β4 − 1 = (β2 − 1)(β2 + 1) hence β2 ≡ 1 or − 1 (mod λ4).
This shows that ω1 = ±1. If ω1 = −1, by multiplication with −1,
we obtain the relation

−ω′
1λ

4(n−1)κ′4 + κ4 = (iβ)2.
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So, in all cases, we have shown (b), proving the statement.
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I.4. The Cubic Equation

Fermat proposed the problem to show that a cube cannot be equal
to the sum of two nonzero cubes. See letters to Mersenne [for Sainte-
Croix] (September, 1636), to Mersenne (May ?, 1640), to Digby [for
Wallis] (April 7, 1658), to Carcavi (August, 1659), all mentioned
in the Bibliography of Section I.2; see also a letter to Digby [for
Brouncker] (August 15, 1657).

Euler discovered a proof of this statement. It used the method
of infinite descent and appeared in his book on Algebra, published
in St. Petersburg in 1770, translated into German in 1802, and
into English in 1822. A critical study of Euler’s proof uncovered
an important missing step, concerning the divisibility properties of
integers of the form a2 + 3b2. We note that in his paper of 1760,
Euler had already proved rigorously that if an odd prime number
p divides a2 + 3b2 (where a, b are nonzero relatively prime integers)
then there exist integers u, v such that p = u2 + 3v2. Yet, Euler did
not establish in full the Lemma 4.7 which is required in the proof.
Legendre reproduced Euler’s proof in his book (1808, 1830) without
completing the details.

In 1875, Pepin published a long paper on numbers of the form a+
b
√−c pointing out arguments which had been insufficiently justified

by Euler concerning numbers of the form a2 + cb2, especially for c =
1, 2, 3, 4, 7. Schumacher (1894) noted explicitly the missing link in
the proof. In 1901 Landau offered a rigorous proof; this was again the
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object of Holden’s paper (1906) and, once more in 1915, a detailed
proof appeared in Carmichael’s book.1 In 1966, Bergmann published
a paper with historical considerations and a thorough analysis of
Euler’s proof. Once more, in 1972, R. Legendre pointed out that
Euler’s proof was not perfect. In his book, Edwards (1977) discusses
also this proof.

(4A) The equation

X3 + Y 3 + Z3 = 0(4.1)

has only the trivial solutions in integers.

Proof. Assume that x, y, and z are nonzero, pairwise relatively
prime integers such that x3 + y3 + z3 = 0. Then they must be
distinct (because 2 is not a cube) and exactly one of these integers
is even, say x, y are odd and z is even. Among all the solutions with
above properties, we choose one for which |z| is the smallest possible.

We shall produce nonzero pairwise relatively prime integers l,m, n
which are such that l3 + m3 + n3 = 0, n is even, and |z| > |n|. This
will be a contradiction. Since x + y, x − y are even, there exist
integers a, b such that 2a = x+ y, 2b = x− y; so x = a+ b, y = a− b
and therefore a, b �= 0, gcd(a, b) = 1 and a, b have different parity.

Then −z3 = x3 + y3 = (a + b)3 + (a − b)3 = 2a(a2 + 3b2). But
a2 + 3b2 is odd and z is even, hence 8 divides z3, so 8 divides 2a,
so b is odd. We have gcd(2a, a2 + 3b2) equal to 1 or 3. In fact, if
pk(k ≥ 1) is a prime power dividing 2a and a2 + 3b2 then p �= 2 so
pk divides a, hence 3b2; but p does not divide b, so k = 1 and p = 3.

Now we consider two cases.

Case 1: gcd(2a, a2 + 3b2) = 1.
Then 3 does not divide a. From −z3 = 2a(a2 +3b2) it follows from

the unique factorization of integers into primes that 2a and a2 + 3b2

are cubes: {
2a = r3,

a2 + 3b2 = s3,

where s is odd and not a multiple of 3. At this point we make use
of a fact to be justified later: if s is odd and s3 = a2 + 3b2 with

1A proposed simplification of Euler’s proof by Pizá (1955) is wrong, as
pointed out by Yf (1956).



26 I. Special Cases

gcd(a, b) = 1, then s also must be of the form s = u2 + 3v2, with
u, v ∈ Z, and

{
a = u(u2 − 9v2),
b = 3v(u2 − v2).

Then v is odd, u is even (because b is odd), u �= 0, 3 does not
divide u (since 3 does not divide a) and gcd(u, v) = 1. Therefore,
2u, u + 3v, u− 3v are pairwise relatively prime and from r3 = 2a =
2u(u− 3v)(u + 3v) it follows that 2u, u− 3v, u + 3v are cubes:






2u = −n3,
u− 3v = l3,
u + 3v = m3,

with l,m, n distinct from 0 (since 3 does not divide u) and pairwise
relatively prime. We conclude that

l3 + m3 + n3 = 0,

where n is even. Now we show that |z| > |n|. In fact,

|z|3 = |2a(a2 + 3b2)| = |n3(u2 − 9v2)(a2 + 3b2)| ≥ 3|n3| > |n3|
because u2 − 9v2 = l3m3 �= 0 and b �= 0, since it is odd. This
contradicts the minimality of |z|.
Case 2: gcd(2a, a2 + 3b2) = 3.

We write a = 3c. Thus, c is even and indeed 4 divides c, while 3
does not divide b (since a, b are relatively prime). So −z3 = 6c(9c2 +
3b2) = 18c(3c2 + b2) where gcd(18c, 3c2 + b2) = 1. Indeed, c is even
and b is odd, therefore 3c2 + b2 is odd, 3 does not divide 3c2 + b2 and
gcd(b, c) = 1. By the unique factorization of integers into primes,
18c and 3c2 + b2 are cubes:

{
18c = r3,

3c2 + b2 = s3,

where s is odd and 3 divides r. By the same result already quoted,
s = u2 + 3v2 with u, v ∈ Z and

{
b = u(u2 − 9v2),
c = 3v(u2 − v2).

Thus u is odd, v is even (since b is odd), v �= 0, gcd(u, v) = 1. Also,
2v, u + v, u − v are pairwise relatively prime. From r3 = 18c =
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54v(u + v)(u − v) we deduce that (r/3)3 = 2v(u + v)(u − v) and
2v, u + v, u− v are cubes:






2v = −n3,
u + v = l3,
u− v = −m3.

Thus l3 + m3 + n3 = 0 with l,m, n different from 0, and n even.
Now we show that |z| > |n|. In fact,

|z|3 = 18|c|(3c2 + b2)
= 54|v(u2 − v2)|(3c2 + b2)
= 27|n|3|u2 − v2|(3c2 + b2)
> |n|3.

Since u2 − v2 = −l3m3 �= 0, |3c2 + b2| ≥ 1. Again, this contradicts
the choice of |z| as minimal.

We shall now justify the step concerning the expression of s as
s = u2 + 3v2. For this purpose, we use arguments, already known to
Fermat, in connection with the study of integers of the form u2 + v2.

Let S be the set of integers of the form a2 + 3b2 (a, b ∈ Z). S is
closed under multiplication, because

(a2 + 3b2)(c2 + 3d2) = (ac± 3bd)2 + 3(ad∓ bc)2(4.2)

(the equality holds with corresponding signs).

Lemma 4.1. Let p be a prime different from 2 and 3. Then the
following conditions are equivalent:

(1) p ≡ 1 (mod 6).
(2) −3 is a square modulo p.
(3) The polynomial X2 + X + 1 has a root in Fp.

Proof. For the equivalence of (1) and (2) we compute the Legendre
symbol, using Gauss’ reciprocity law:

(−3
p

)

=
(−1

p

)(
3
p

)

= (−1)(p−1)/2(−1)(p−1)/2
(
p

3

)

=
(
p

3

)

.

So (−3/p) = +1 if and only if p ≡ 1 (mod 3), that is, p ≡ 1 (mod 6).
For the equivalence of (2) and (3), we write

X2 + X + 1 =
(
X + 1

2

)2 + 3
4 .
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If there exists α ∈ Fp such that α2 +α+ 1 = 0 then −3 = 4
(
α− 1

2

)2

and conversely, if −3 = β2 with β ∈ Fp, we take α = − 1
2 + β/2 so

α2 + α + 1 = 0.

Lemma 4.2. If k is a nonzero integer, if p is a prime, and p =
c2 + 3d2 ∈ S, pk = a2 + 3b2 ∈ S then p divides ac± 3bd and ad∓ bc
(with corresponding signs ) and

k =
(
ac± 3bd

p

)2

+ 3
(
ad∓ bc

p

)

∈ S.

Proof. We have

k =
(a2 + 3b2)(c2 + 3d2)

(c2 + 3d2)2
=
(
ac± 3bd
c2 + 3d2

)2

+ 3
(
ad∓ bc

c2 + 3d2

)2

by (4.2). But (ac + 3bd)(ac − 3bd) = a2c2 − 9b2d2 = a2(c2 + 3d2) −
3(a2 + 3b2)d2 = (a2 − 3kd2)(c2 + 3d2). Since c2 + 3d2 = p is a prime
then, say, p divides ac + 3bd, that is, (ac + 3bd)/p ∈ Z. Hence also
3 ((ad− bc)/p)2 ∈ Z and therefore (ad− bc)/p ∈ Z, thus k ∈ S.

Lemma 4.3. If p is a prime then p ∈ S if and only if p = 3 or p ≡ 1
(mod 3).

Proof. If p = a2 + 3b2, p �= 3, then b �= 0, so p ≡ a2 (mod 3), and
3 � | a; thus p ≡ a2 ≡ 1 (mod 3).

Clearly 3 ∈ S. Let p ≡ 1 (mod 3). Since (−3/p) = 1 then
there exists t such that 0 < t < p/2 and −3 ≡ t2 (mod p). Then
mp = t2 + 3 < (p/2)2 + 3 < p2 so 0 < m < p. Now we observe that
for every t ≥ 1 there exists at most one prime p �= 2, 3 such that
p | t2 + 3 but p � | u2 + 3 for every u, 1 ≤ u < t.

Indeed, we assume that there exist distinct primes p, p′ as above,
p < p′. By the preceding remark, we must have 0 < t < p/2, and
t2 + 3 = pm with 0 < m < p. Since p′ | t2 + 3 then p′ | m so
p′ ≤ m < p, which is a contradiction.

Now we are ready to prove the statement. Suppose there exists a
prime p, p ≡ 1 (mod 3), such that p �∈ S. We take the smallest such
prime p. Let t ≥ 1 be the smallest integer such that p | t2 + 3, so
0 < t < p/2, t2 +3 = mp with 0 < m < p. If p′ is any prime dividing
m, m = p′m′, then p′ ≤ m < p, so p′ ∈ S. From p′(pm′) = pm = t2+
3 ∈ S it follows from Lemma 4.2 that pm′ ∈ S. If m′ = 1 then p ∈ S,
as we intended to show. If p′′ is a prime dividing m′, m′ = p′′m′′,
then p′′ ≤ m′ < p so p′′ ∈ S, hence p′′(pm′′) = pm′ ∈ S and by
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Lemma 4.2, pm′′ ∈ S, where m′′ < m′. Repeating this argument, we
eventually arrive at p ∈ S.

It is worth giving another proof, using Dirichlet’s pigeon-hole prin-
ciple, of the fact that if p ≡ 1 (mod 3) then p ∈ S.

From p ≡ 1 (mod 3) there exists t, 1 ≤ t ≤ p − 1, such that
−3 ≡ t2 (mod p). We consider the set of all pairs (m,n) such that
0 ≤ m, n ≤ [

√
p]; since there are more than p such pairs, then there

exist two distinct pairs (m,n), (m′, n′) such that m + nt ≡ m′ + n′t
(mod p). So m �= m′ and n �= n′, say n > n′, hence t ≡ (m′−m)/(n−
n′) (mod p); since 0 < n − n′ <

√
p and 0 < |m′ − m| < √

p, then
t ≡ ±a/b (mod p) with 0 < a <

√
p, 0 < b <

√
p. Thus a2 + 3b2 ≡ 0

(mod p) and we may write a2 + 3b2 = kp, with 0 < k < 4. It follows
that a2 ≡ k (mod 3) hence k ≡ 0 or 1 (mod 3), that is, k = 1 or 3.
If k = 1 then p ∈ S. If k = 3 it follows that 3 | a, so a = 3a′ and
dividing by 3, p = b2 + 3a′2 ∈ S.

Lemma 4.4. Let m = u2 + 3v2, with u, v �= 0, gcd(u, v) = 1. If p is
an odd prime dividing m then p ∈ S.

Proof. 3 ∈ S, so we may assume that p �= 3. Since p divides m then
p does not divide v, otherwise it would also divide u, contrary to the
hypothesis. Let v′ be such that vv′ ≡ 1 (mod p). So (uv′)2 ≡ −3
(mod p) and (−3/p) = 1, that is, p ≡ 1 (mod 3). By Lemma 4.3,
p ∈ S.

We complete the above lemmas as follows:

Lemma 4.5. If p is a prime, p ∈ S, then its representation in the
form p = a2 + 3b2 (with a ≥ 0, b ≥ 0) is unique.

Proof. We apply Lemma 4.2 with k = 1, thus p = a2+3b2 = c2+3d2

(where a, c ≥ 0, b > 0, d > 0). Hence

1 =
(
ac± 3bd

p

)2

+ 3
(
ad∓ bc

p

)2

,

so p = ac±3bd, ad = ±bc. Therefore pd = acd±3bd2 = ±bc2±3bd2 =
±b(c2 + 3d2) = ±bp. Hence d = ±b thus b = d, hence a = c.

Lemma 4.6. Let m = 3 or m = u2 +3v2, with u, v �= 0 and gcd(u, v)
= 1. If m is odd and m =

∏n
i=1 p

ei
i (where p1, . . . , pn are primes
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and ei ≥ 1) then there exist integers ai, bi (i = 1, . . . , n) such that
pi = a2

i + 3b2i and

u + v
√−3 =

n∏

i=1

(ai + bi
√−3)ei .

Proof. The proof is by induction on m. It is trivial when m = 3.
Let m > 3, so m = u2 + 3v2, with u, v �= 0, gcd(u, v) = 1. Let p be a
prime dividing m, and m = pk. By Lemma 4.4, p = a2 +3b2, and by
Lemma 4.2, k = c2 + 3d2 where c = (ua± 3vb)/p, d = (ub∓ va)/p
(with corresponding signs). We also have (a ± b

√
3)(c ∓ d

√−3) =
(ac + 3bd) ± (bc− ad)

√−3 where

ac + 3bd =
1
p
(ua2 ± 3vab + 3ub2 ∓ 3vab) = u,

±(bc− ad) = ±1
p
(uab± 3vb2 − uab± va2) = v,

that is,

(a± b
√−3)(c∓ d

√−3) = u + v
√−3.

If k = 1, it is trivial. If k �= 1 then either k = 3 or k �= 3. In
this case, c �= 0 (otherwise c = 0, so d divides u, v, hence d = 1
and k = 3, contrary to the hypothesis); similarly d �= 0 (otherwise
d = 0, so c divides u, v hence c = 1 and k = 1, contrary to the
hypothesis); moreover, gcd(c, d) = 1, because gcd(u, v) = 1. By
induction, the result is true for k, hence c ∓ d

√−3 is expressible in
the form indicated. Since (a± b

√−3)(c∓ d
√−3) = u + v

√−3 then
the result also holds for m.

Lemma 4.7. Let E be the set of all triples (u, v, s) such that s is odd,
gcd(u, v) = 1 and s3 = u2 + 3v2. Let F be the set of all pairs (t, w)
where gcd(t, w) = 1 and t �≡ w (mod 2). The mapping Φ : F −→ E
given by Φ(t, w) = (u, v, s) with






u = t(t2 − 9w2),
v = 3w(t2 − w2),
s = t2 + 3w2,

is onto E.

Proof. It is clear that u2 + 3v2 = s3. Since t, w have different
parity, then s is odd. Next we show that gcd(u, v) = 1. Indeed,
first we note that gcd(t2 − 9w2, t2 − w2) = 1 because if a prime p
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divides t2 − 9w2 and t2 − w2, it divides 9t2 − 9w2 so also 8t2, hence
p = 2 (since p cannot divide t because gcd(t, w) = 1). Since t, w
have different parity, this is impossible. Now we assume that p is a
prime, e ≥ 1 and pe divides u and v then p | t or p | t2 − 9w2 hence
p | t in both cases; so p � | w(t2 − w2) hence p = 3. From 3e | v since
3 | t then e = 1 thus gcd(u, v) = 1 or 3. If 3 | u, 3 | v then 3 | t, 3 � | w
so 3 | s but 32 � | s. However s3 = u2 + 3v2 so 32 | s3 hence 32 | s,
which is a contradiction. This shows that Φ(t, w) = (u, v, s) ∈ E.

Conversely, given (u, v, s) ∈ E, let s3 =
∏n

i=1 p
ei
i be the decom-

position of s3 into a product of primes (p1, . . . , pn distinct, ei ≥ 1);
so ei = 3e′i; for every i. By Lemma 4.6 there exist integers ai, bi
(i = 1, . . . , n) such that pi = a2

i + 3b2i and

u + v
√−3 =

n∏

i=1

(ai + b
√−3)ei .

Let t, w ∈ Z be defined by the relation
n∏

i=1

(ai + bi
√−3)e

′
i = t + w

√−3,

so u + v
√−3 = (t + w

√−3)3. Computing explicitly the cube in the
right-hand side, it follows that u = t(t2 − 9w2), v = 3w(t2 −w2). Fi-
nally, by taking conjugates, u−v

√−3 = (t−w
√−3)3, so by multiply-

ing, s3 = u2+3v2 = (t2+3w2)3, hence s = t2+3w2. It follows that t, u
have different parity and also gcd(t, w) = 1, Φ(t, w) = (u, v, s).

In this way we have established all the steps in Euler’s proof of
(4A).

Now we prove the following result due to Kronecker (1859); see
also Vrǎnceanu (1956, 1960). It is a consequence of Fermat’s theorem
for the exponent 3.

(4B)
(1) For every integer m �= 0 the only solutions in integers of the

equation 4X3 − 3mY 2 = m3 are (m,m) and (m,−m).
(2) The only rational solutions of 4U 3 + 27T 2 = −1 are

(−1, 1
3

)

and
(−1,− 1

3

)
.

(3) X3 −X ± 1
3 are the only cubic polynomials with rational co-

efficients such that the sum of roots is equal to 0 and the
discriminant equal to −1.
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(4) If the discriminant of a cubic polynomial with rational coef-
ficients is the sixth power of a nonzero rational number, then
its roots are of the form r+ s

√
3 sin(π/9), r+ s

√
3 sin(2π/9),

r − s
√

3 sin(4π/9).

Proof. (1) If x, y are integers and (x, y) satisfies 4x3−3my2 = m3

then letting u = −2x, v = y+m then u3 + v3 = −8x3 + y3 +3y2m+
3ym2 + y3 = −2m3 − 6my2 + y3 + 3y2m + 3ym2 + y3 = (y − m)3.
Thus either x = 0 (which would imply −3y2 = m2, an absurdity) or
y = ±m; in this case we have necessarily x = m.

(2) Let u, t be rational numbers, such that 4u3 + 27t2 = −1.
We write u = −x/m, t = y/3m, so −4x3 + 3my2 = −m3. By (1) we
have x = m, y = ±m, hence u = −1, t = ± 1

3 .
(3) If X3 + aX + b has rational coefficients and discriminant

δ = −1, since δ = 4a3 + 27b2 then by (2), a = −1, b = ± 1
3 .

(4) If f(X) = X3 + a1X
2 + a2X + a3 has rational coefficients, if

g(X) = f (X − a1/3) then g(X), f(X) have the same discriminant,
and g(X) is of the form g(X) = X3+uX+t with rational coefficients.

If the discriminant is a sixth power of a nonzero rational number,
say −(4u3 + 27t2) = r6, then 4 (u/2)3 + 27 (t/r3)2 = −1. Hence
u = −r2, t = ±r3/3, so

g(X) = X3 − r2X ± r3

3
= r3

[(
X

r

)3

−
(
X

r

)

± 1
3

]

.

The roots of the polynomials

X3 −X ± 1
3

are ±(2
√

3/3) sin(π/9), ±(2
√

3/3) sin(2π/9), ∓(2
√

3/3) sin(4π/9),
hence those of f(X) are of the form indicated.

Conversely, in 1944 Schmid established the equivalence below and
proved Fermat’s theorem for the exponent 3 by showing directly the
validity of (2); see also Vrǎnceanu (1956, 1960, 1979) where this fact
is explicitly spelled out:

(4C) The following statements are equivalent:
(1) Fermat’s last theorem is true for the exponent 3.
(2) For every integer m �= 0 the only solutions in integers of the

equation 4X3 − 3mY 2 = m3 are (m,m), (m,−m).
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Table 2. FLT for the exponent 3.

Author Year
Kausler 1795/6, publ. in 1802
Legendre 1823, 1830
Calzolari 1855
Lamé 1865
Tait 1872
Günther 1878
Gambioli 1901
Krey 1909
Rychlik 1910
Stockhaus 1910
Carmichael 1915
van der Corput 1915
Thue 1917
Duarte 1944

(3) The only rational solutions of 4U3 +27T 2 = −1 are
(−1, 1

3

)
,

(−1,− 1
3

)
.

Proof. We have seen in (4B) that (1) implies (2) and also that (2)
implies (3). Now we assume that statement (3) is true and we shall
derive that Fermat’s theorem is true for the exponent 3.

Assume, on the contrary, that there exist nonzero, pairwise rela-
tively prime integers x, y, z such that x3 + y3 = z3, so y �= z. Let
u = x/(y − z), t = (y + z)/(3(y − z)). Then 4u3 + 27t2 = −1,
as is easily seen. So, by assumption, u = −1, t = ±1/3, hence
y − z = ±(y + z); this leads to y = 0 or z = 0, contrary to the
hypothesis.

In 1885, Perrin showed that if X3 + Y 3 + Z3 = 0 has a nontrivial
solution in nonzero relatively prime integers then it would have an
infinite number of such solutions, which are obtainable from the
assumed solution by means of rational operations. Of course this
statement is not of interest since there are no solutions of the type
indicated.

Proofs of Fermat’s theorem for the exponent 3 were also published
by the authors listed in Table 2.

We conclude this section with the study of an equation similar to
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(4.1). With the method of infinite descent, we show (see Legendre,
1808, 1830):

(4D) For every m > 0 the equation

X3 + Y 3 = 2mZ3(4.3)

has only the trivial solutions in integers; namely, the solutions are
(x, y, z) with xyz = 0 and if m = 1 also (x, x, x) with any x �= 0.

Proof. Assume that x, y, z are nonzero integers, that x, y, z are not
equal if m = 1, and that x3 + y3 = 2mz3; we may assume without
loss of generality that gcd(x, y, z) = gcd(x, z) = gcd(y, z) = 1.

If m = 3m′ with m′ ≥ 0, (x, y, 2m′
z) would be a nontrivial solution

of the equation X3 + Y 3 = Z3, which contradicts (4A). Thus 3 � | m.
Since m �= 0 then x, y have the same parity. If x, y are not both

odd, let s ≥ 1 be the largest integer such that 2s divides x, y. We
write x = 2sx′, y = 2sy′ so x′ or y′ is odd and x′3 + y′3 = 2m−3sz3;
thus (x′, y′, z) is a nontrivial solution of an equation of the same type;
then x′, y′ have the same parity, so both are odd. Thus, changing m
into m−3s, we may assume without loss of generality that (4.4) has
a nontrivial solution (x, y, z) with x, y odd, and also gcd(x, y, z) =
gcd(x, z) = gcd(y, z) = 1; therefore gcd(x, y) = 1. With the same
argument, we may also assume that z is odd. So, we have

2mz3 = x3 + y3 = (x + y)(x2 − xy + y2),

with gcd(x+ y, x2 −xy+ y2) = 1 or 3. Indeed, if p is a prime, e ≥ 1
and pe divides both x + y and x2 − xy + y2 then x ≡ −y (mod pe)
so x2 − xy + y2 ≡ 3x2 (mod pe); thus pe | 3x2; since gcd(x, y) = 1
then p � | x, hence p3 | 3, that is pe = 3, proving the statement.

Moreover, since x2 − xy + y2 = (x + y)2 − 3xy, then 3 | x + y is
equivalent to 3 | x2 − xy + yz, which is in turn equivalent to 3 | z
and again to gcd(x + y, x2 − xy + y2) = 3.

We are led to two cases.

Case 1: 3 � | z.
Since gcd(x + y, x2 − xy + y2) = 1 and x2 − xy + y2 is odd there

exist odd, relatively prime integers a, b such that
{

x + y = 2ma3,
x2 − xy + y2 = b3,
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with z = ab. Since x + y, x− y are even, we may write

b3 =
(
x + y

2

)2

+ 3
(
x− y

2

)2

.

It follows from Lemma 4.6 that there exist integers t, w such that

x + y

2
+

x− y

2
√−3 = (t + w

√−3)3

and
{

(x + y)/2 = t(t2 − 9w2),
(x− y)/2 = 3x(t2 − w2),

b = t2 + 3w2.

If t = 0 or t2 − 9w2 = 0 then x = −y so z = 0. If w = 0 or
t2 − w2 = 0 then x = y = 0 or x = y = z = ±1 with m = 1.
This was excluded by the hypothesis. It follows that |t2 − 9w2| �= 1,
otherwise t + 3w = ±1, t − 3w = ±1 which is easily seen to be
impossible.

We have 3 � | t, because otherwise 3 | b so 3 | z, contrary to the
hypothesis. Since b is odd, so are t + 3w and t − 3w. Hence t, t +
3w, t − 3w are nonzero, pairwise relatively prime integers. From
2m−la3 = t(t+3w)(t−3w) it follows that there exist nonzero integers
c, d, e such that






t = 2m−1c3,
t + 3w = d3,
t− 3w = e3,

and c, d, e are odd, pairwise relatively prime, with a = cde. Hence
d3 + e3 = 2mc3 so (d, e, c) is a solution of the given equation. But
sm−1|c|3 = |t| < |t| × |t2 − 9w2| = 2m−1|a|3 hence |c| < |a|. Also,
sm|a|3 = |x+y| ≤ |x+y||x2−xy+y2| = |x3+y3| = 2m|z|3 so |c| < |z|.
Since 3 � | c, repeating the argument with the solution (d, e, c) this
would yield a sequence of solutions (d1, e1, c1), (d2, e2, c2), . . . with
|z| > |c1| > |c2| > · · · , all the ci being nonzero integers, which is
impossible.

Case 2: 3 | z.
Now gcd(x+y, x2−xy+y2) = 3. We note that 32 � | x2−xy+y2 =

(x + y)2 − 3xy; otherwise 3 | xy so 3 divides both x and y, contrary
to the hypothesis.
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Thus, there exist odd, relatively prime integers a, b such that
{

x + y = 2m × 32a3,
x2 − xy + y2 = 3b3,

with 3 � | b and z = 3ab. Since x+y, x−y are even and 3 | x+y we may
write 3b3 = ((x + y)/2)2 + 3 ((x− y)/2)2 hence b3 = ((x− y)/2)2 +
3 ((x + y)/6)2. It follows from Lemma 4.6 that there exist integers
t, w such that

x− y

2
+

x + y

6
√−3 = (t + w

√−3)3

and 




(x− y)/2 = t(t2 − 9w2),
(x + y)/6 = 3w(t2 − w2),

b = t2 + 3w2.

If t = 0 or t2 − 9w2 = 0 then x = y = 0 or x = y = z = ±1 with
m = 1. If w = 0 or t2 − w2 = 0 then x = −y so z = 0. This was
excluded by the hypothesis. It follows that |t2 − w2| �= 1 otherwise
t + w = ±1, t− w = ±1, which is easily seen to be impossible.

Since b is odd, so are t+3w, t−3w, hence also t+w, t−w. There-
fore w, t − w, t + w are nonzero pairwise relatively prime integers.
From 2m−1a3 = (x + y)/18 = w(t − w)(t + w) it follows that there
exist nonzero integers c, d, e such that






w = 2m−1,
t + w = d3,
t− w = e3,

and c, d, e are odd, pairwise relatively prime, with a = cde. Hence,
d3 − e3 = 2mc3, so (d,−e, c) is a solution of the given equation.

But 2m−1|c|3 = |w| < |w||t2 − w2| = |x + y|/18 = 2m−1|a|3, thus
|c| < |a|. Also

2m32|a|3 = |x + y|
≤ |x + y||x2 − xy + y2|

3

=
|x3 + y3|

3

=
2m|z|3

3
,

hence |c| < |a| ≤ |z|/3.
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Whether 3 divides c or not, we repeat the argument in the first
or second case, and this leads to a sequence of solutions (d1, e1, c1),
(d2, e2, c2), . . . with |z| > |c1| > |c2| > · · · , all the ci being nonzero
integers, which is impossible.

The theory of the equation X3 + Y 3 = AZ3 has been further
developed by Legendre (1808, 1830), Pepin (1870, 1875, 1881), Lucas
(1878, 1880), Sylvester (1856, 1879) and Hurwitz (1917) who proved
the impossibility of the equation in integers, for many values of A
— but we shall not enter into this matter. Other interesting papers
on ternary cubic diophantine equations are from Hurwitz (1917),
Mordell (1956); see also Mordell (1969).
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1870 Pepin, T., Sur la décomposition d’un nombre entier en une
somme de deux cubes rationnels, J. Math. Pures Appl., (2),
15 (1870), 217–236.

1870 Tait, P.G., Mathematical Notes, Proc. Roy. Soc. Edinburgh,
7 (1872), 144.

1875 Pepin, T., Sur certains nombres complexes compris dans la
formule a + b

√−c, J. Math. Pures Appl. (3), 1 (1875),
317–372.
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1944 Schmid, F., Über die Gleichung x3+y3+z3 = 0, Sitzungsber.
Akad. Wiss., Wien, IIa, 152 (1944), 7–14.
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I.5. The Eisenstein Field

We shall now give the proof of Gauss that Fermat’s cubic equation
has only trivial solutions in the Eisenstein field. The set of complex
numbers a + b

√−3, where a, b are rational numbers, constitute a
field, called the Eisenstein field and denoted by K = Q(

√−3). The
numbers α = (a + b

√−3)/2, where a, b are ordinary integers of the
same parity, are called the integers of K. They constitute a ring,
denoted by A. If α, β ∈ K, β divides α if there exists an integer
γ ∈ A such that α = βγ. We write β | α when β divides α. Two
nonzero integers α, β are associated if α divides β and β divides
α; we write α ∼ β. The integers associated with 1 are called the
units of K. It is easily shown that they are ±1, ±ζ, ±ζ2, where
ζ = (−1 +

√−3)/2, ζ2 = (−1 −√−3)/2. We note that ζ3 = 1, that
is, ζ is a primitive cubic root of 1, and 1 + ζ + ζ2 = 0. A nonzero
integer α ∈ A is a prime if it is not a unit and the only integers
dividing α are units or associated with α.

In the particular field Q(
√−3) under consideration, it is true

that every nonzero integer α is the product of prime integers: α =
γ1γ2 · · · γs. This decomposition is unique, in the following sense: if
we also have α = δ1δ2 · · · δt, where each δi is a prime of K, then
s = t and, changing the order if necessary, γi and δi are associated
(for every i = 1, . . . , s). Therefore, we may define, in the obvious
way, the greatest common divisor of nonzero integers of A which is
unique up to units of A.

The proofs of the following properties may be found in any stan-
dard text on algebraic numbers, for example, in Ribenboim (1999).
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The conjugate of α = (a + b
√−3)/2 is α = (a − b

√−3)/2. The
norm of α is N(α) = αα = (a2 − 3b2)/4.

If α ∈ A then Aα = {βα | β ∈ A} is the ideal of multiples of α. If
α, β, γ ∈ A, α �= 0, we write

β ≡ γ (mod α),

when α divides β − γ; we say that β and γ are congruent modulo
α. This is an equivalence relation on the ring A and the set of
equivalence classes is denoted by A/Aα; the equivalence class of β
is denoted by β and called the residue class of β. We define the
addition and multiplication of residue classes as follows: β + γ =
β + γ, β · γ = βγ. Then A/Aα is a ring, called the residue ring of A
modulo α. The residue ring A/Aα is finite; its number of elements
is equal to |N(α)|.

Now we describe the decomposition of prime numbers p as prod-
ucts of prime elements of the ring A.

(1) p = 3 is ramified, that is, 3 = (−ζ2)λ2, so 3 ∼ λ2, where
λ = 1 − ζ = (3 − √−3)/2, λ is a prime element of A. There are
three residue classes of A modulo λ; the set {0, 1,−1} is a system of
representatives of the field A/Aλ. The norm of λ is N(λ) = λλ =
(1 − ζ)(1 − ζ2) = 1 − ζ − ζ2 + 1 = 3, since 1 + ζ + ζ2 = 0.

(2) p = 2 is inert, that is, 2 is a prime of A. There are four residue
classes of A modulo 2, that is, A/A2 is the field with four elements;
the norm of 2 is N(2) = 4.

(3) If p ≡ 1 (mod 3) then p ∼ λ1λ2, where λ1, λ2 are prime ele-
ments of A which are not associated (λ1 �∼ λ2); we say that p splits
(or is decomposed). Now A/Ap has p2 elements and it is the direct
product of two copies of the field Fp with p elements, and

N(λ1) = N(λ2) = p.

(4) If p ≡ −1 (mod 3) then p is a prime element, that is, p is inert;
A/Ap is a field with p2 elements, N(p) = p2.

We shall not need (2), (3), (4) above in Gauss’ proof.
We shall need the following precise congruence:

Lemma 5.1. If α ∈ A and λ does not divide α then α3 ≡ ±1
(mod λ4).

Proof. Since α �≡ 0 (mod λ) then α ≡ ±1 (mod λ). First, we
assume α ≡ 1 (mod λ), so α − 1 = βλ where β ∈ A. Then α − ζ =
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(α− 1) + (1− ζ) = βλ+ λ = λ(β + 1), α− ζ2 = (α− ζ) + (ζ − ζ2) =
λ(β + 1) + ζλ = λ(β − ζ2). Hence α3 − 1 = (α− 1)(α− ζ)(α− ζ2) =
λ3β(β+1)(β−ζ2). But 1−ζ2 = (1+ζ)λ, or ζ2 ≡ 1 (mod λ). Hence
β, β+1, β−ζ2 are in three different classes modulo λ, and at least one
is a multiple of λ. Therefore α3 ≡ 1 (mod λ4). If α ≡ −1 (mod λ)
then −α3 = (−α)3 ≡ 1 (mod λ4), so α3 ≡ −1 (mod λ4).

The following result of Gauss implies (4A):

(5A) The equation

X3 + Y 3 + Z3 = 0(5.1)

has no solution in algebraic integers of Q(
√−3), all different from

0.

Proof. Assume that ξ, η, θ ∈ A are nonzero and satisfy ξ3+η3+θ3 =
0. If gcd(ξ, η, θ) = δ then ξ/δ, η/δ, θ/δ satisfy the same equation
and gcd (ξ/δ, η/δ, θ/δ) = 1. So we may assume gcd(ξ, η, θ) = 1 and
therefore, ξ, η, θ are pairwise relatively prime. So λ cannot divide
two of these elements ξ, η, θ. We may assume, for example, that
λ � | ξ, λ � | η.
First Case: We assume that λ � | θ.

Then





ξ3 ≡ ±1 (mod λ3),
η3 ≡ ±1 (mod λ3),
θ3 ≡ ±1 (mod λ3),

so 0 = ξ3 + η3 + θ3 ≡ ±1± 1± 1 (mod λ3). The eight combinations
of signs give ±1 or ± 3. These are congruent to 0 modulo λ3, since
±1 are units, ±3 are associated with λ2, hence not multiples of λ3.

Second Case: We assume that λ | θ.
Let θ = λmψ, ψ ∈ A, m ≥ 1, and λ does not divide ψ. The essen-

tial part of the proof consists in establishing the following assertion:
Let n ≥ 1, and let ε be a unit of A. If there exist α, β, γ ∈ A,

pairwise relatively prime, not multiples of λ, and α3+β3+ελ3nγ3 = 0,
then:

(a) n ≥ 2; and
(b) there exist a unit ε1 and α1, β1, γ1 ∈ A, pairwise relatively

prime, not multiples of λ, such that α3
1+β3

1 +ε1λ
3(n−1)γ3

1 = 0.
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The hypothesis is satisfied with n = m, ε = 1, α = ξ, β = η, γ =
ψ. By repeated application of the above assertion, we would find a
unit ε′, and α′, β′, γ′ ∈ A not multiples of λ, such that α′3 + β′3 +
ε′λ3γ′3 = 0, and this contradicts (a) above.

First we show that n ≥ 2. Indeed, λ � | α and λ � | β. So by Lemma
5.1, α3 ≡ ±1 (mod λ4), β3 ≡ ±1 (mod λ4) and ±1 ± 1 = −ελ3nγ3

(mod λ4), λ � | γ. Since γ � | ± 2 the left-hand side must be 0. From
λ � | γ we conclude that 3n ≥ 4, so n ≥ 2.

Now we prove (b). We have

− ελ3nγ3 = α3 + β3 = (α + β)(α + ζβ)(α + ζ2β).(5.2)

Since λ is a prime element dividing the right-hand side, then it must
divide one of the factors. But α + β ≡ α + ζβ ≡ α + ζ2β (mod λ)
because λ = 1− ζ, 1− ζ2 = −ζ2λ so λ must divide all three factors;
hence (α + β)/λ, (α + ζβ)/λ, (α + ζ2β)/λ ∈ A and

−ελ3(n−1)γ3 =
(
α + β

λ

)(
α + ζβ

λ

)(
α + ζ2β

λ

)

.

Since n ≥ 2, λ divides the right-hand side, hence at least one
factor. It cannot divide two of the factors, otherwise two among
α+β, α+ζβ, α+ζ2β are congruent modulo λ2. We check that this is
not possible: (α+β)−(α+ζβ) = β(1−ζ) = βλ ≡ 0 (mod λ2) implies
λ | β, a contradiction; (α+ β)− (α+ ζ2β) = β(1− ζ2) = −βζ2λ ≡ 0
(mod λ2) implies λ | β again; (α + ζβ) − (α + ζ2β) = ζβ(1 − ζ) =
ζβλ ≡ 0 (mod λ2) implies λ | β again.

Let us assume that λ divides (α+β)/λ (the other cases are treated
by replacing β by ζβ or ζ2β). Then λ3(n−1) divides (α+β)/λ. There-
fore






α + β = λ3n−2κ1,
α + ζβ = λκ2,
α + ζ2β = λκ3,

(5.3)

with κ1, κ2, κ3 ∈ A, λ not dividing κ1, κ2, κ3. Multiplying, we have

− εγ3 = κ1κ2κ3.(5.4)

We note that κ1, κ2, κ3 are pairwise relatively prime. For exam-
ple, if δ ∈ A divides κ1, κ2, then δ divides (α + β) − (α + ζβ) =
β(1 − ζ) = βλ, and similarly when δ divides κ1, κ3 (or κ2, κ3). But
λ does not divide κ1, κ2, κ3, so δ is not associated with λ; hence δ
divides β and therefore also α, which is a contradiction.
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By the unique factorization in the ring A, it follows from (5.4) that
the elements κ1, κ2, κ3 are associated with cubes, i.e., there exist
units ωi ∈ A and elements µi ∈ A such that κi = ωiµ

3
i (i = 1, 2, 3).

So





α + β = λ3n−2µ3
1ω1,

α + ζβ = λµ3
2ω2,

α + ζ2β = λµ3
3ω3.

(5.5)

We note again that µ1, µ2, µ3 are pairwise relatively prime and λ
does not divide µ1, µ2, µ3. Thus

0 = (α + β) + ζ(α + ζβ) + ζ2(α + ζ2β)
= λ3n−2µ3

1ω1 + ζλµ3
2ω2 + ζ2λµ3

3ω3,

so
µ3

2 + τµ3
3 + τ ′λ3(n−1)µ3

1 = 0,
where τ, τ ′ are units, µ1, µ2, µ3 ∈ A are not zero, and gcd(µ2, µ3) =
1. If τ = 1, we have established (b). If τ = −1, we replace µ3 by
−µ3 and have again shown (b). To complete the proof we show that
the unit τ cannot be equal to ±ζ or ± ζ2. In fact, µ3

2 + τµ3
3 ≡ 0

(mod λ2). Since µ3
2 ≡ ±1 (mod λ4), µ3

3 ≡ ±1 (mod λ4) then µ3
2 +

τµ3
3 ≡ ±1 ± τ ≡ 0 (mod λ2). However, ±1 ± ζ �≡ 0 (mod λ2) and

±1 ± ζ2 �≡ 0 (mod λ2), so τ �= ±ζ, ±ζ2, and the proof of (b) is now
complete.

As already explained, this suffices to prove the theorem.

We take this opportunity to indicate some results similar to (5A)
that may be proved with the same methods. They may be attributed
to Euler and Legendre.

(5B) Let p be a prime, p ≡ 2 or 5 (mod 9). If ε is a unit of K,
if there exists x ∈ A such that x3 ≡ ε (mod p), then ε = ±1.

Proof. Assume that ε = ±ζ or ±ζ2 and that there exists x ∈ A such
that x3 ≡ ε (mod p). Since p ≡ 2 (mod 3) then p is a prime element
of A, A/Ap is a field with p2 elements, and xp2−1 ≡ 1 (mod p). But
p2 − 1 = (p + 1)(p− 1) = 3(r + 1)(3r + 1), where p = 3r + 2. Hence

εr+1 ≡ ε(r+1)(3r+1) ≡ xp2−1 ≡ 1 (mod p).

If r ≡ 0 or 1 (mod p) then p divides 1 ± ζ or 1 ± ζ2. Noting that
1−ζ2 = (1+ζ)(1−ζ) and that 1+ζ = 1−ζ2, 1+ζ2 = −ζ are units,
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then p divides 1− ζ. This would imply that p = 3, which is contrary
to the hypothesis. Hence r ≡ 2 (mod 3) and p ≡ 8 (mod 9), which
is again a contradiction.

Following Mordell, we prove the classical result:

(5C) Let p be a prime, p ≡ 2 or 5 (mod 9), and let ε be a unit of
Q(ζ). The equation

X3 + Y 3 + εaZ3 = 0,(5.6)

with a = p or p2, a �= 2, has only the trivial solution (x, y, z) in Q(ζ),
namely z = 0, x = −y, or −ζy, or −ζ2y. If a = 2 then there are
also the solutions x3 = y3 = z3 = ±1 when ε = −1.

Proof. To begin we note that if (x, y, z) is a solution with x = 0
or y = 0 then necessarily z = 0. Indeed, if both x, y are 0 then so
is z. If, for example, y �= 0 and ε �= 0 we may assume gcd(y, z) = 1.
Then p divides y, so p3 | az3, hence p | z, a contradiction.

Assume now that x, y, z ∈ A are such that x3+y3+εaz3 = 0, with
x, y, z �= 0. We may also assume that gcd(x, y, z) = 1 from which it
follows that x, y, z are pairwise relatively prime.

Among all possible solutions, consider one for which the absolute
value of the norm |N(xyz)| is minimum. Note that x3 +y3 �= 0 since
z �= 0; so x �= −y,−ζy,−ζ2y.

Consider the Lagrange resolvents





α = x + y,
β = ζx + ζ2y,
γ = ζ2x + ζy.

Then α, β, γ ∈ A, α, β, γ = 0 and

αβγ = ζ2(x2 + ζy2 + (1 + ζ)xy)(ζx + y)
= ζ2(ζx3 + ζy3 + (1 + ζ + ζ2)x2y + (1 + ζ + ζ2)xy2)
= x3 + y3 = −εaz3.

Let δ = gcd(α, β, γ) ∈ A, so gcd(α/δ, β/δ, γ/δ) = 1 and

α

δ
· β
δ
· γ
δ

= −εa

(
z

δ

)3

.
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Hence a divides one and only one of the factors in the left-hand side,
say γ/δ (the other cases are similar). By the unique factorization
theorem, which is valid in the ring A, we have






α/δ = ε1α
3
1,

β/δ = ε2β
3
1 ,

γ/δ = ε3aγ
3
1 ,

where ε1, ε2, ε3 are units of A, and α1, β1, γ1 ∈ A, α1, β1, γ1 �= 0,
gcd(α1, β1, γ1) = 1. Hence

ε1α
3
1 + ε2β

3
1 + ε3aγ

3
1 = 0.

Let ε′ = ε2/ε1, ε
′′ = ε3/ε1; hence

α3
1 + ε′β3

1 + ε′′aγ3
1 = 0.(5.7)

We have p � | β1 otherwise p | α1, so p3 | aγ1
3, hence p | γ1 and this

is impossible because gcd(α1, β1, γ1) = 1. Taking the classes modulo
p, (5.7) yields

α3
1 + ε′β3

1 ≡ 0 (mod p),

hence ε′ is a cube modulo p. By (5B), ε′ = ±1, so

α3
1 + (±β1)3 + ε′′aγ3

1 = 0

and (α1,±β1, γ1) is another nontrivial solution of (5.6), with gcd(α1,
±β1, γ1) = 1. By assumption,

|N(xyz)|3 ≤ |N(α1β1γ1)|3 =
∣
∣
∣
∣N

(
αβγ

δ3a

)∣
∣
∣
∣ =

∣
∣
∣
∣N

(
z

δ

)∣
∣
∣
∣

3

,

hence |N(δxy)| ≤ 1. This implies that x, y, δ are units. Hence x3 =
±1, y3 = ±1, and ±1 ± 1 + εaz3 = 0.

If a �= 2 then z = 0, a contradiction.
If a = 2, we must have either z = 0, or x3 = y3 �= 0, x3 + εz3 = 0;

then ε is a cube modulo p, therefore by (5B), ε = ±1. But clearly
ε = +1 would imply z = 0, so ε = −1 and x3 = y3 = z3 = ±1.

As an immediate corollary we have:

(5D) The equation

X3 + 4Y 3 = 1(5.8)

has no solution in nonzero integers.
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Proof. Consider the equation

X3 + T 3 + 4Y 3 = 0.(5.9)

If (x, y) is a nontrivial solution of (5.8) then (x,−1, y) is a nontrivial
solution of (5.9), which is impossible, by (5C).

We also note other consequences:

(5E) The equations

X6 − 27Y 6 = 2Z3,(5.10)
X6 − 16 × 27Y 6 = Z3,(5.11)

16X6 − 27Y 6 = Z3,(5.12)

have no solutions in nonzero integers.

Proof. Assume that x6 − 27y6 = 2z3, with x, y, z nonzero integers.
Then (x2)3 + (−3y2)3 − 2z3 = 0. By (5C), x6 = y6 = z6 = ±1 and
therefore x = y = z = 1, which is impossible.

If x6 − 16× 27y6 = z3, then multiplying with 23 we have (2x2)3 +
(−2z)3−2(22×3y2)3 = 0. By (5C), (2x2)3 = (−2z)3 = (22×3y2)3 =
±1 and therefore 2x2 = ±1, a contradiction.

Finally, if 16x6 − 27y6 = z3 then (3y2)3 + z3 − 2(2x2)3 = 0, so
by (5C), (3y2)3 = z3 = (2x2)3 = ±1, thus 2x2 = ±1, a contradic-
tion.

Furthermore, Legendre showed:

(5F) The equation
X3 + Y 3 = 3Z3

has no solution in integers different from zero.

Proof. The proof may be conducted following the same lines, with
appropriate changes.

In 1856, Sylvester also announced:

(5G) The equation

X3 + Y 3 + Z3 + 6XY Z = 0

has no solution in integers different from zero.
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I.6. The Quintic Equation

The case n = 5 was first settled by Dirichlet. His paper was read at
the Academy of Sciences of Paris in 1825, but his proof, published in
1828, did not consider all the possible cases. Legendre then published
a complete and independent proof, while Dirichlet was able to settle
the last remaining case. We reproduce Dirichlet’s proof in modern
language, using a few facts about the arithmetic of the quadratic field
K = Q(

√
5). The proofs may be found, for example, in Ribenboim

(1999).
Let A be the ring of integers of Q(

√
5). The elements of A are of

the form (a+b
√

5)/2, where a, b are integers of the same parity. The
invertible elements of A, i.e., the units of K, form a multiplicative
group. (a + b

√
5)/2 is a unit if and only if its norm
(
a + b

√
5

2

)(
a− b

√
5

2

)

=
a2 − 5b2

4

is equal to ±1 (i.e., a2−5b2 = ±4). It may be shown that the units of
A are precisely the elements ±((1 +

√
5)/2)e, where e is any integer.

An important fact required in the proof is that every element
of A may be written (up to a unit) in a unique way as a product
of powers of prime elements. Or, equivalently, every ideal of A is
principal. Among the prime elements of A there are the numbers
2,

√
5.
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We begin by establishing a property concerning certain principal
ideals of A which are fifth powers.

(6A)
(1) Let a, b be nonzero integers such that gcd(a, b) = 1, a �≡ b

(mod 2), 5 � | a, 5 | b. If a2 − 5b2 is the fifth power of an
element of A then there exist nonzero integers c, d such that

{
a = c(c4 + 50c2d2 + 125d4),
b = 5d(c4 + 10c2d2 + 5d4),(6.1)

and gcd(c, d) = 1, c �≡ d (mod 2), 5 � | c.
(2) Let a, b be integers such that gcd(a, b) = 1, a, b both odd,

5 � | a, 5 | b. If (a2 − 5b2)/4 is the fifth power of an element of
A, then there exist nonzero integers c, d such that

{
a = c(c4 + 50c2d2 + 125d4)/16,
b = 5d(c4 + 10c2d2 + 5d4)/16,(6.2)

and gcd(c, d) = 1, c, d are both odd, 5 � | c.

Proof. If the nonzero integers c, d satisfy (6.1) (respectively, (6.2))
then gcd(c, d) = 1, 5 � | c, c, d cannot be both odd, otherwise a, b
would be both even (respectively, c, d cannot have different parity,
otherwise 16 would divide c and d, so c, d must be odd).

Now we prove the existence of c, d, in both cases.
(1) We first observe that if a+ b

√
5 = ((h+k

√
5)/2)5 with h ≡ k

(mod 2), then h, k are even. Indeed, 25b = 5k(h4 + 10h2k2 + 5k4),
so 25 divides h4 + 10h2k2 + 5k4. If h, k are odd then k ≡ ±1, ±3
(mod 8), so h2 ≡ 1, 9 (mod 16), h4 ≡ 1, 17 (mod 32) and similarly
for k, k2, k4. Hence h4 + 10h2k2 + 5k4 is congruent modulo 32 to
either

1 + 10k2 + 5k4 ≡
{

1 + 10 + 5 ≡ 16,
1 + 90 + 85 ≡ 16,

or

17 + 26k2 + 5k4 ≡
{

17 + 26 + 5 ≡ 16,
17 + 234 + 85 ≡ 16,

which is a contradiction.
Now we show that gcd(a+ b

√
5, a− b

√
5) = 1. In fact, if a prime

element α ∈ A divides a + b
√

5 and a − b
√

5 then α divides 2a and
2b
√

5. If α | √5 then α =
√

5ω (ω a unit of A); so
√

5 divides 2a, 5
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divides 4a2 (in Z), and 5 | a, contrary to the hypothesis. Thus α
divides 2b; since there exist integers s, t such that 2as + 2bt = 2
then α would divide 2. But 2 is a prime in A, then α = 2ω (ω a
unit of A). So 2 divides both a + b

√
5 and a− b

√
5, hence 4 divides

a2 − 5b2 = (a + b
√

5)(a − b
√

5). But a, b have different parity, so
a2 − 5b2 is odd, a contradiction.

Since gcd(a + b
√

5, a − b
√

5) = 1 and a2 − 5b2 is the fifth power
of an element of A, it follows from the unique factorization in A
that a + b

√
5 is the fifth power of an element, say a + b

√
5 = ((m +

n
√

5)/2)5, where m ≡ n (mod 2). Hence

a + b
√

5 =

(
m + n

√
5

2

)5(
t + u

√
5

2

)

,

where t ≡ u (mod 2), (t+u
√

5)/2 is a unit of A, and so t2−5u2 = ±4.
Let ((m+n

√
5)/2)5 = (m′+n′√5)/2 so that 16m′ ≡ m5 (mod 5),

16n′ ≡ 0 (mod 5) and hence 5 | n′. Also 4a = m′t + 5n′u, 4b =
m′u + n′t; hence 5 � | m′ (otherwise 5 | a, contrary to the hypothesis)
and therefore 5 � | m. Since 5 | n′, 5 | b then 5 | m′u so 5 | u. If u = 0
then t = ±2 and a + b

√
5 = ±((m + n

√
5)/2)5. From the remark at

the beginning, m,n are even and we put c = ±m/2, d = ±n/2 and
it is clear that c, d satisfy the relation (6.1).

If u �= 0 then (t+ u
√

5)/2 = ±1 and hence (t+ u
√

5)/2 = ±((1 +√
5)/2)e with some exponent e �= 0. Replacing, if necessary, (1 +√
5)/2 by its inverse, −(1−√

5)/2, we may assume e > 0 and actually
e > 1 (otherwise u = ±1 contrary to the fact that 5 | u). Then
±2e−1(t + u

√
5) = (1 ±√

5)e; therefore

±2e−1u = e + 5

(
e

3

)

+ 52

(
e

5

)

+ · · · ,

so 2e−1u ≡ ±e (mod 5) and since 5 | u then 5 | e. Thus e = 5f . Let

m + n
√

5
2

(
1 ±√

5
2

)f

=
c′ + d′

√
5

2
,

where c′ ≡ d′ (mod 2). Then a + b
√

5 = ±((c′ + d′
√

5)/2)5. By the
remark at the beginning, c′, d′ are even. Let c = ±c′/2, d = ±d′/2.
Then c, d satisfy relations (6.1).

(2) The proof in this case is very similar, so we only indicate the
main steps. First we prove that gcd((a + b

√
5)/2, (a− b

√
5)/2 = 1,
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hence (a + b
√

5)/2 = ((m + n
√

5)/2)2((t + u
√

5)/2) with m ≡ n
(mod 2), t ≡ u (mod 2), t2 − 5u2 = ±4. Then 5 | u. If u = 0 let
c = ±m, d = ±n, so relations (6.2) are satisfied. If u �= 0 then
(t + u

√
5)/2 = ±((1 ± √

5)/2)e with e > 0 (actually e > 1). Then
e = 5f , and letting

±
(
m + n

√
5

2

)(
1 ±√

5
2

)f

=
c + d

√
5

2
,

it follows that (a+ b
√

5)/2 = ((c+ d
√

5)/2)5 and again the relations
(6.2) are satisfied.

(6B) The equation

X5 + Y 5 + Z5 = 0(6.3)

has no solution in integers all different from 0.

Proof. We assume that there exist nonzero integers x, y, z such that
x5 + y5 + z5 = 0. We may assume that gcd(x, y, z) = 1 and hence
x, y, z are also pairwise relatively prime.

First Case: 5 does not divide xyz.
Then x, y, z are congruent to ±1 or ±2 (modulo 5). Since x5 ≡ x

(mod 5), y5 ≡ y (mod 5), z5 ≡ z (mod 5) then x+y+z ≡ x5 +y5 +
z5 = 0 (mod 5).

If x, y, z are pairwise incongruent modulo 5 then x + y + z �≡ 0
(mod 5). So, for example, x ≡ y (mod 5). Then −z ≡ x + y ≡ 2x
(mod 5). Raising to the fifth power, x5 ≡ y5 (mod 52), −z5 ≡ 25x5

(mod 52) hence also −z5 = x5 + y5 ≡ 2x5 (mod 52) and therefore
25x5 ≡ 2x5 (mod 52), so 25 ≡ 2 (mod 52), which is not true. This
proves the proposition in the first case.

Second Case. 5 | z (for example).
Then 5 � | xy. Since gcd(x, y) = 1 then either x, y are both odd or

of different parity.
We first consider the case where x, y are odd. Then −z5 = x5 +y5

is even, so 2, 5 divide z. We may write z = 2m5nz′, with m ≥ 1, n ≥
1, z′ not a multiple of 2 or 5. Replacing z by z′, we have nonzero
integers x, y, z, pairwise relatively prime such that

−25m55nz5 = x5 + y5,(6.4)
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with x, y, z odd and not multiples of 5, m ≥ 1, n ≥ 1. Let x + y =
2p, x− y = 2q (p, q integers not equal to 0) so x = p + q, y = p− q,
with gcd(p, q) = 1 and p, q not both odd. Then

−25m55nz5 = (p + q)5 + (p− q)5 = 2p(p4 + 10p2q2 + 5q4).

Since 5 | p or 5 | p4 + 10p2q2 + 5q4 it follows that 5 | p and we write
p = 5r. So 5 � | q and gcd(r, q) = 1, q, r having different parity. Thus

−25m55nz5 = 2 × 52r(q4 + 50q2r2 + 125r4).

Let t = q4 + 50q2r2 + 125r4 = (q2 + 25r2)2 − 5(10r2)2. We put u =
q2 + 25r2, v = 10r2, so u, v are not 0, u is odd, 10 | v, gcd(u, v) = 1.
Then t is odd, 5 � | t, gcd(t, r) = 1, so 5 | r (since 5n > 2).

Since gcd(2×52r, t) = 1 then 2×52r and t are fifth powers of inte-
gers. But t = u2−5v2 with u �≡ v (mod 2), gcd(u, v) = 1, 5 � | u, 5 | v.
By (6A), there exist nonzero integers, c, d such that

{
u = c(c4 + 50c2d2 + 125d4),
v = 5d(c4 + 10c2d2 + 5d4),

and gcd(c, d) = 1, c �≡ d (mod 2), 5 � | c. From this, it follows that
5 | d since 5 | r thence 53 | v. We also note that d > 0. Multiplying
the last relation by 2 × 53 we have (2 × 52r)2 = 2 × 53 × 10r2 =
2 × 54d(c4 + 10c2d2 + 5d4) and this number is a fifth power (since
2 × 52r is a fifth power).

But gcd(2× 54d, c4 + 10c2d2 + 5d4) = 1 because c4 + 10c2d2 + 5d4

is odd, 5 � | c and gcd(c, d) = 1. Hence 2×54d and c4 +10c2d2 +5d4 =
(c2 + 5d2)2 − 5(2d2)2 are fifth powers. Again c2 + 5d2, 2d2 are not
both odd, gcd(c2 +5d2, 2d2) = 1, 5 � | c2 +5d2, 5 | 2d2. By (6A), there
exist nonzero integers c′, d′ such that

{
c2 + 5d2 = c′(c′4 + 50c′2d′2 + 125d′4),

2d2 = 5d′(c′4 + 10c′2d′2 + 5d′4),

and gcd(c′, d′) = 1, c′ �≡ d′ (mod 2), 5 � | c′. From this it follows that
5 | d′ because 52 | d2. We also note that d′ > 0. Multiplying the last
relation by 2 × 58 we have

22 × 58d2 = (2 × 54d)2 = 2 × 59d′(c′4 + 10c′2d′2 + 5d′4),

and this number is a fifth power. Since gcd(2× 59d′, c′4 + 10c′2d′2 +
5d′4) = 1 then 2× 59d′, c′4 + 10c′2d′2 + 5d′4 are fifth powers. This is
analogous to the previous assertion that 2 × 54d, c4 + 10c2d2 + 5d4
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were also fifth powers. Moreover, 0 < d′ < d, because 25d′5 ≤
5d′(c′4 + 10c′2d′2 + 5d′4) = 2d2, so 0 < d′ ≤ 5

√
(2d2)/25 < d. If this

procedure would continue, we would reach an integer d′′ such that
0 < d′′ < 1 and this is absurd.

It remains to consider the case where x and y are of different
parity. We omit some details of the computations.

Let x + y = p, x − y = q so p, q are odd, gcd(p, q) = 1, 2x =
p + q, 2y = p − q. Then −25 × 55nz5 = (2x)5 + (2y)5 = (p + q)5 +
(p − q)5 = 2p(p4 + 10p2q2 + 5q4). Since 5 | p we write p = 5r, so
5 � | q, gcd(q, r) = 1, q, r are both odd,

−25 × 55nz5 = 2 × 52rt,

where t = q4+50q2r2+125r4 = u2−5v2 with u = q2+25r2, v = 10r2.
Then u, v are not 0, u, v are even, u ≡ 2 (mod 4), 5 � | t, gcd(t, r) =
1 so 5 | r (since 5n > 2). We write u = 2u′, v = 2v′, u′, v′ are
odd, gcd(u′, v′) = 1, 5 � | u′, 5 | v′. If t′ = t/4 = u′2 − 5v′2 then
t′ ≡ 0 (mod 4), and −55nz5 = 52rt′/4, with gcd (52r, t′/4) = 1. So
52r and t′/4 = (u′2 − 5v′2)/4 are fifth powers. By (6A) there exist
nonzero integers c, d such that

{
u′ = c(c4 + 50c2d2 + 125d4)/16,
v′ = 5d(c4 + 10c2d2 + 5d4)/16,

and gcd(c, d) = 1, c, d are both odd, 5 � | c. Moreover, since 5 | r then
52 | v′ so 5 | d. We note also that d > 0.

Multiplying the last relation by 53 we have

(52r)2 = 53v′ =
54d

4

[(
c2 + 5d2

2

)2

− 5d4

]

,

where ((c2 + 5d2)/2)2 − 5d4 ≡ 0 (mod 4). Since the two factors in
the right-hand side are relatively prime and (52r)2 is a fifth power,
then 54d and 1

4 [((c
2 + 5d2)/2)2 − 5(d2)2] are fifth powers. By (6A),

there exist nonzero integers c′, d′ such that

(c2 + 5d2)/2 = c′(c′4 + 50c′2d′2 + 125d′4)/16,
d2 = 5d′(c′4 + 10c′2d′2 + 5d′4)/16,

with gcd(c′, d′) = 1, c′, d′ both odd, 5 � | c′. Moreover, 5 | d′ and
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Table 3. FLT for the exponent 5.

Author Case Year
Gauss both 1863 (posthumous publication)
Schopis first 1825
Lebesgue both 1843
Lamé both 1847
Gambioli both 1901 and 1903/4
Werebrusow both 1905
Mirimanoff first 1909
Rychlik both 1910
Hayashi2 both 1911
van der Corput both 1915
Terjanian both 1987

d′ > 0. Multiplying the last relation by 58 we have

58d2 = (54d)2 =
59d′

16
(c′4 + 10c′2d′2 + 5d′4)

=
59d′

4





(
c′2 + 5d′2

2

)2

− 5(d′2)2


 .

Again 59d′ and 1
4 [((c

′2 + 5d′2)/2)2 − 5(d′2)2] are fifth powers. This
is analogous to the previous assertion. Moreover 0 < d′ < d, because
25d′5 ≤ 16d2. The continuation of this procedure would lead to a
contradiction.

In 1912, Plemelj proved the following extension of the preceding
theorem, see also Nagell (1958):

(6C) The equation

X5 + Y 5 + Z5 = 0

has only trivial solutions in integers of the number field Q(
√

5).

Other proofs of Fermat’s theorem for the exponent 5 are given by
the authors in Table 3.

2This proof may be incorrect, according to private communications.



56 I. Special Cases

Bibliography

1825 Schopis, Einige Sätze aus der unbestimmten Analytik, Progr.
Gummbinnen, 1825, pp. 12–15.
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I.7. Fermat’s Equation of Degree Seven

In 1839, Lamé proved Fermat’s theorem for the exponent 7. Lebes-
gue found a simpler proof in 1840. Genocchi devised in 1874 and
1876 a still simpler proof (using an idea already found in Legendre
(1830)), which is reproduced in Nagell’s book (1951):

(7A)
(1) If x, y, z are the roots of a cubic equation with coefficients

in Q, and x7 + y7 + z7 = 0 then either xyz = 0 or x, y, z
are proportional (in a certain order) to the cubic roots of 1,
namely 1, ζ = (−1 +

√−3)/2, ζ2 = (−1 −√−3)/2.
(2) The equation x7 + y7 + z7 = 0 has only the trivial solution in

integers.

Proof. (1) Suppose that x, y, z are the roots of f(X) = X3−pX2+
qX − r, with p, q, r ∈ Q. Then






p = x + y + z,
q = xy + xz + yz,
r = xyz.

Case I: p = 0.
We use the identity (see Section II.5)

(X + Y )7 −X7 − Y 7 = 7XY (X + Y )(X2 + XY + Y 2)2.

If x+y+z = 0 and x7+y7+z7 = 0, then 7xy(x+y)(x2+xy+y2)2 = 0.
Hence either x = 0, or y = 0, or z = −(x + y) = 0, or xyz �= 0,
but x2 + xy + y2 = 0. Therefore (y/x)2 + y/x + 1 = 0 and so
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y/x is a cubic root of 1, y/x �= 1. Thus y = xζ (or y = xζ2) and
z = −(x+y) = −x(1+ζ) = xζ2, so x, y, z are proportional to 1, ζ, ζ2

(or to 1, ζ2, ζ).

Case II: p �= 0.
Let k ≥ 1 and sk = xk + yk + zk, the sum of the kth powers of the

roots of f(X) = 0. By Newton’s formulas:

s1 = p,

s2 = s1p− 2q,
s3 = s2p− s1q + 3r,
s4 = s3p− s2q + s1r,

s5 = s4p− s3q + s2r,

s6 = s5p− s4q + s3r,

s7 = s6p− s5q + s4r.

Substituting we obtain

x7 +y7 +z7 = p7−7p5q+7p4r+14p3q2−21p2qr−7pq3 +7pr2 +7q2r.

Let m = pq − r ∈ Q. Then

x7 + y7 + z7 = p7 − 7(pq − r)(p4 − p2q + q2) + 7(pq − r)2p,

that is,

x7 + y7 + z7 = p7 − 7m(p4 − p2q + q2) + 7m2p.

Since x7 + y7 + z7 = 0 then

p7 − 7m(p4 − p2q + q2) + 7m2p = 0.

Let q/p2 = Q, m/p3 = M . Then

p7 − 7p3M(p4 − p4Q− p4Q2) + 7p7M2 = 0,

so
M 2 −M(1 −Q + Q2) + 1

7 = 0.

Since M is a rational number, the discriminant ((1−Q+Q2)/2)2−
1
7 is the square of a nonzero rational number. Let 2Q−1 = s/t, where
s, t are relatively prime integers, t > 0. Then Q = (t + s)/2t, hence
64t4[((3t2 + s2)/8t2)2 − 1

7 ] = s4 + 6t2s2 − t4/7 = u2 where u is a
nonzero rational number.
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Since 7u2 is an integer, then u must be an integer, so 7 divides t,
and therefore 7 � | s. Let t = 7ev, with e ≥ 1, 7 � | v. Hence

s4 + 6 × 72ev2s2 − 74e−1v4 = u2.(7.1)

From (7.1) we deduce that

(s2 + 3 × 72ev2)2 − u2 = 64 × 74e−1v4,(7.2)

hence

(s2 + 3 × 72ev2 + u)(s2 + 3 × 72ev2 − u) = 64 × 74e−1v4.(7.3)

Now we show that gcd(s2+3×72ev2+u, s2+3×72ev2−u) is a power
of 2. Indeed, let p �= 2 be any prime such that p | s2+3×72ev2+u and
p | s2 +3×72ev2 −u. Then p | 2u, so p | u. Also p | 2(s2 +3×72ev2),
so p | s2 + 3 × 72ev2. If p = 7, since e ≥ 1 then 7 = p | s, which is
a contradiction. If p �= 7, by (7.3) p | 64 × 74e−1v4, so p | v, hence
p | s, and this is again a contradiction. Thus the greatest common
divisor of the two factors in (5.3) is a power of 2.

Subcase (a): v is odd.
From (5.3) it follows that

{
s2 + 3 × 72ev2 ± u = 74e−1Aa4,
s2 + 3 × 72ev2 ∓ u = Bb4,

(7.4)

where a, b are relatively prime integers, ab = v (so a, b are odd) and
A,B are even and AB = 64.

From (7.4) we deduce that

2s2 + 6 × 72ev2 = 74e−1Aa4 + Bb4.(7.5)

Noting that if x is odd then x2 ≡ 1 (mod 8) and that 7 ≡ −1
(mod 8) then

s2 ≡ −3 × 72ea2b2 + 74e−1A

2
a4 +

B

2
b4 ≡ −3 − A

2
+

B

2
(mod 8).

We consider the various possibilities for A,B:

A = 32, B = 2 → s2 ≡ −2 (mod 8), impossible,
A = 16, B = 4 → s2 ≡ −1 (mod 8), impossible,
A = 8, B = 8 → s2 ≡ −3 (mod 8), impossible,
A = 4, B = 16 → s2 ≡ 3 (mod 8), impossible,
A = 2, B = 32 → s2 ≡ 4 (mod 8).
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In this last case, (7.5) becomes

s2 + 3 × 72ea2b2 = 74e−1a4 + 16b4,

hence multiplying with 64,

64s2 + 6 × 72e × 32a2b2 − 64 × 16b4 = 74e−1 × 64a4,

so

64s2 − (32b2 − 3 × 72ea2)2 = 74e−1 × 64a4 − 74e × 32a4 = 74e−1a4,

and therefore

(8s + 32b2 − 3 × 72ea2)(8s− 32b2 + 3 × 72ea2) = 74e−1a4.(7.6)

We note that gcd(8s+32b2 − 3× 72ea2, 8s− 32b2 +3× 72ea2) = 1.
Indeed, since a is odd, the above numbers are odd. If p | 8s+32b2 −
3 × 72ea2 and p | 8s − 32b2 + 3 × 72ea2 then p | 16s, so p | s, and
similarly p | 32b2 − 3 × 72ea2. But p | 74e−1a4 (by (7.6)). If p = 7
then p = 7 | s, which is impossible. If p �= 7 then p | a so p | b, again
a contradiction. This proves the assertion, and therefore

{
8s± 32b2 ∓ 3 × 72ea2 = c4,
8s∓ 32b2 ± 3 × 72ea2 = 74e−1d4,

(7.7)

where c, d are relatively prime integers, cd = a. Hence c, d are odd.
From (7.7) we derive the congruence

∓3 ≡ c4 (mod 8),

which is impossible. We have therefore shown that subcase (a) is
impossible.

Subcase (b): v is even.
Then s is odd (because t is even), hence u is also odd. We write

(5.2) as
(s2 + 3 × 72ev2)2 − u2 = 4 × 74e−1(2v)4,

and noting that both factors of (7.3) are even, and their greatest
common divisor is 2, we deduce that

{
s2 + 3 × 72ev2 ± u = 2 × 74e−1A4,
s2 + 3 × 72ev2 ∓ u = 2 ×B4,

(7.8)
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with A,B relatively prime integers, AB = 2v, so either A or B is
even. Hence

s2 = −3 × 72ev2 + 74e−1A4 + B4 = − 3
4 × 72eA2B2 + 74e−1A4 + B4.

(7.9)

If B is even then A is odd and s2 ≡ −3v2−1 (mod 8), hence s2 ≡ −1
(mod 4), which is impossible.

If A is even, then B is odd. Let A = 2A1, hence from (5.9)

s2 = −3 × 72eA2
1B

2 + 74e−1 × 24A4
1 + B4

and therefore 1 ≡ s2 ≡ −3A2
1 + 1 (mod 8); hence 3A2

1 ≡ 0 (mod 8)
so 4 | A1. We write A1 = 4A2, hence A = 8A2 and (7.9) is rewritten
as

s2 = −3 × 16 × 72eA2
2B

2 + 74e−1 × 84 ×A4
2 + B4,

so

s2 − (B2 − 3 × 8 × 72eA2
2)

2 = 74e−1 × 84 ×A4
2 − 32 × 82 × 74eA4

2

= 74e−1 × 82 ×A4
2.(7.10)

This gives

(s−B2 + 3 × 8 × 72eA2
2)(s + B2 − 3 × 8 × 72eA2

2)(7.11)
= 74e−1 × 4 × (2A2)4.

The two factors of (7.11) are even, and it may be seen, as before,
that their greatest common divisor is 2. Hence

{
s∓B2 ± 3 × 8 × 72eA2

2 = 2c4
2,

s±B2 ∓ 3 × 8 × 72eA2
2 = 74e−1 × 2d4

2,
(7.12)

where c2, d2 are relatively prime integers such that c2d2 = 2A2.
From (7.12) we deduce by subtraction that ∓B2±3×8×72eA2

2 =
c4
2 − 74e−1d4

2, hence

±B2 = ±6 × 72ec2
2d

2
2 − c4

2 + 74e−1d4
2.(7.13)

Since any nonzero square modulo 7 is congruent to 1, 2 or 4, then
B2 + c4

2 �≡ 0 (mod 7). So we must have the negative signs in (7.13):

B2 = c4
2 + 6 × 72ec2

2d
2
2 − 74e−1d4

2.(7.14)

This equation is of the same form as (7.1). Moreover,

v =
AB

2
= 4A2B ≥ 2c2d2 > d2.



62 I. Special Cases

Table 4. FLT for the exponent 7.

Author Cases Year
Legendre (Sophie Germain) first 1823 (see Chapter II, §3)
Genocchi both 1864
Pepin both 1876
Maillet both 1897

So, we may proceed by infinite descent and conclude that the
subcase (b) is also impossible. Thus, case II is not possible, and this
proves (1).

(2) If x, y, z are integers such that x7 + y7 + z7 = 0, we consider
the polynomial f(X) = X3 − pX2 + qX − r, which has the roots
x, y, z. By (1), since x, y, z cannot be proportional to 1, ζ, ζ2, then
xyz = 0.

Other proofs of Fermat’s theorem for the exponent 7 are given by
the authors in Table 4.
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l’équation x7 + y7 = z7 est impossible en nombres entiers, J.
Math. Pures Appl., 5 (1840), 195–211.

1840 Lebesgue, V.A., Démonstration de l’impossibilité de résoudre
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1876 Pepin, T., Impossibilité de l’équation x7 + y7 + z7 = 0, C. R.
Acad. Sci. Paris, 82 (1876), 676–679 and 743–747.

1897 Maillet, E., Sur l’équation indéterminée axλt
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I.8. Other Special Cases

There have been numerous papers devoted to the proof of Fermat’s
theorem for special exponents, other than 3, 4, 5, 7. The methods
used were specific to the exponent in question and in most instances
not susceptible of generalization.

We note that according to an oral communication of Terjanian,
Hayashi’s proof (1911) for the second case and exponent 13 has a
mistake.

Brčić-Kostić studied the equation x4+y2 = z6 in 1956 and showed
that it has no solution in relatively prime integers; however, it has
nontrivial solutions in integers which are not pairwise relatively prime.

Now we indicate the elementary proofs of Breusch (1960) for the
exponents 6 and 10. Of course, the theorem for these exponents
follows from the truth for the exponents 3 and 5. But the proofs
which we present will be entirely independent of the above results.
The following preliminary results, by the method of infinite descent,
were also proved by Breusch:
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Table 5. FLT for various exponents.

Author Exponent Case Year
Kausler 6 both 1806
Sophie Germain all primes less first 1823
(Legendre) than 100 (see Chapter III)
Dirichlet 14 both 1832
Lamé3 11, 17, 23, 29, 41 first 1847
Matthews 11, 17 first 1885–6
Tafelmacher4 11, 17, 23, 29 first 1892
Thue 6 both 1896
Tafelmacher 6 both 1897
Lind 6 both 1909
Mirimanoff 11, 17 first 1909
Kapferer 6, 10 both 1913
Swift 6 both 1914
Kokott 11 first 1915
Fell 11, 17, 23 first 1943
Breusch 6, 10 both 1960
Terjanian 14 both 1974

(8A) There exist no positive integers x, y, u, v such that

x2 + y2 = u2 + v2(8.1)

and

xy = 2uv.(8.2)

Proof. Assume the contrary, and among all possible solutions, con-
sider the one with minimal positive product xy. From this minimal
choice it follows that no three of the four integers x, y, u, v can have
a common factor greater than 1. Also gcd(x, y) = 1, because if p is
any prime dividing x and y then p divides u or v, a contradiction.
Similarly, gcd(u, v) = 1. Hence one of x, y is even, and the other is
odd. For example, let 2 | y, so x2 + y2 is odd, so u or v is even,
say u is. Therefore from (8.2) we deduce that 4 | y; from x2 ≡ 1

3Lamé’s paper (1847) has no proofs.
4Tafelmacher’s proof (1892) holds only for the first case; see also Dickson,

History of the Theory of Numbers, Vol. II, pp. 755.



I.8. Other Special Cases 65

(mod 8) it follows that x2 +y2 ≡ 1 (mod 8). Again, by (8.1), u2 ≡ 0
(mod 8), so u ≡ 0 (mod 4) and 8 | y.

Let y = 2r+1y′ (with r ≥ 2, y′ odd), then u = 2ru′, with u′ odd.
Thus

xy′ = u′v and x, y′, u′v are odd,
gcd(x, y′) = gcd(u′v) = 1.(8.3)

Moreover, if

a = gcd(x, u′), b = gcd(x, v),
c = gcd(y′, u′), d = gcd(y′, v),

then a, b, c, d are pairwise relatively prime and b, d are odd, so b2 ≡
d2 ≡ 1 (mod 8). So x = ab, y′ = cd, u′ = ac, v = bd. Therefore the
original equation becomes

a2b2 + 22r+2c2d2 = 22ra2c2 + b2d2.

Letting t = 2rc, we have

3t2d2 = (a2 − d2)(t2 − b2),(8.4)

where t, a, b, d are pairwise relatively prime and 4 | t. It follows that
d2 divides t2 − b2 and t2 − b2 divides 3d2.

This holds if and only if one of the following conditions is satisfied:
(I) t2 − b2 = 3d2;

(II) t2 − b2 = d2;
(III) t2 − b2 = −3d2; and
(IV) t2 − b2 = −d2.

But t2 ≡ 0 (mod 8) and b2 ≡ d2 ≡ 1 (mod 8). Therefore the cases
I, II, III are not possible. From t2 − b2 = −d2 it follows that 3t2 =
d2 − a2, so

b2 = d2 + t2 = a2 + 4t2.(8.5)

By (1A) there exist integers m,n > 0 and integers r, s > 0 such
that

{
b = m2 + n2,
t = 2mn,

(8.6)

and
{

b = r2 + s2,
2t = 2rs.(8.7)
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From these, we obtain the relations

r2 + s2 = m2 + n2(8.8)

and

rs = 2mn.(8.9)

Since rs = t = 2rc ≤ 2ry′ < y ≤ xy, we have found a new solution
for the original system, contradicting the minimality of the solution
(x, y, u, v).

(8B) There exist no positive integers x, y, u, v such that

x2 − y2 = u2 + v2(8.10)

and

xy = 2uv.(8.11)

Proof. We assume the contrary and consider positive integers sat-
isfying the above relations and such that xy is minimal.

Proceeding as before, one of x, y is even and the other is odd.
Thus x2 − y2 ≡ u2 + v2 ≡ 1 (mod 4); therefore necessarily x is odd
and y is even. As in the preceding proof, we arrive at equations
(8.3), (8.4), (8.5), and (8.6) with t = 2rc, r ≥ 2. And we obtain the
relation a2b2 − 22r+2c2d2 = 22ra2c2 + b2d2, hence

5t2d2 = (a2 − d2)(b2 − t2).(8.12)

So d2 divides b2 − t2 and b2 − t2 divides 5d2. By the same reasoning
as previously, taking congruences modulo 8, we see that b2− t2 = d2.
It follows that 5t2 = a2 − d2, hence

b2 = d2 + t2 and b2 + 4t2 = a2.(8.13)

By (1A) there exist integers m,n > 0 and integers r, s > 0 such
that

{
b = m2 + n2,
t = 2mn,

(8.14)

and
{

b = r2 − s2,
2t = 2rs.(8.15)
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We obtain the relations

r2 − s2 = m2 + n2(8.16)

and

rs = 2mn.(8.17)

Since rs < xy, we have again reached a contradiction to the mini-
mality of the solution (x, y, u, v).

Using these facts, Breusch proved:

(8C) There exist no positive integers x, y, z such that x6+y6 = z6.

Proof. Assume on the contrary that x, y, z are pairwise relatively
prime positive integers such that x6 + y6 = z6. Then 3 does not
divide both x and y, so we may assume that 3 � | x. We have

x6 = z6 − y6 = (z + y)(z − y)(z2 + zy + y2)(z2 − zy + y2).

The last two factors in the above product must be odd, since x, y are
not both even. Moreover, it is easily seen that each factor z2+zy+y2

and z2 − zy + y2 is relatively prime to the three other factors of the
right-hand side (because 3 � | x). Hence by the unique factorization
of integers,

{
z2 + zy + y2 = b6,
z2 − zy + y2 = c6,

with integers b > c > 0. Adding and subtracting these relations, we
have 2(z2 + y2) = b6 + c6 and 2zy = b6 − c6. But b, c are odd, so
b3 + c3 = 2m, b3 − c3 = 2n (with m > 0, n > 0), so squaring and
adding, we get b6 + c6 = 2(m2 +n2), and multiplying, b6− c6 = 4mn.
Hence z2 + y2 = m2 + n2, zy = 2mn. According to (8A), this is
impossible.

(8D) There exist no positive integers x, y, z such that

x10 + y10 = z10.
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Proof. Let x, y, z be positive, pairwise relatively prime integers
such that x10 + y10 = z10. Then 5 does not divide both x and y,
so we may assume 5 � | x. We have

x10 = z10 − y10

= (z + y)(z − y)(z4 + z3y + z2y2 + zy3 + y4)
×(z4 − z3y + z2y2 − zy3 + y4).

The last two factors in the above product must be odd, since y, z are
not both even. Moreover, it is easily seen that each of the last two
factors is relatively prime to the three other factors on the right-hand
side (since 5 � | x). Hence by the unique factorization of integers,

{
z4 + z3y + z2y2 + zy3 + y4 = b10,
z4 − z3y + z2y2 − zy3 + y4 = c10,

with integers b > c > 0. Adding and subtracting these relations, we
have 2(z4 + z2y2 + y4) = b10 + c10, 2(z3y + zy3) = b10 − c10. But
b, c are odd, so b5 + c5 = 2m, b5 − c5 = 2n (with m > 0, n > 0), so
squaring and adding, we get b10 +c10 = 2(m2 +n2), and multiplying,
b10 − c10 = 4mn. Hence

{
z4 + z2y2 + y4 = m2 + n2,

zy(z2 + y2) = 2mn.

Now letting z2 + y2 = r, zy = s, then r2 − s2 = m2 + n2, rs = 2mn.
This is impossible by (8B).

Fermat’s theorem for the exponent 14 was established by Dirichlet
(1832) before Lamé settled the case of exponent 7. Dirichlet also
showed:

(8E) The equation

X14 − Y 14 = 2m71+nZ14

(with m ≥ 0, n ≥ 0) has no solution in nonzero integers x, y, z with
x, y relatively prime.

Terjanian proved in 1974:

(8F) If a is a natural number, a �= 0, multiple of 7, and without
prime factor p ≡ 1 (mod 7), if x, y, z are natural numbers, x, y �= 0,
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x, y relatively prime, if

x14 − y14 = az14,

then x = y = 1 and z = 0.

From this, he deduced a simple proof of Fermat’s theorem for the
exponent 14.

In 1885, Matthews gave a proof for the first case of Fermat’s the-
orem for the exponents 11 and 17. In 1943, Fell indicated a distinct
proof for 11 and claimed that his method also solved the first case
for the exponents 17 and 23.
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I.9. Appendix

Would this Be Fermat’s “Marvelous Proof”?5

We can see in Euler’s Opera Posthuma Mathematica et Physica,
Petropoli, 1862, Vol. 1, pp. 231–232, in “Fragmenta arithmetica
ex adversariis mathematicis deprompta” the following argument, at-
tributed to A.J. Lexell. It represents an attempt to apply the method
of infinite descent to Fermat’s equation, in a way which could have
been Fermat’s.

The attempt failed.
Assume that FLT is false for some exponent n > 2. We may

assume n to be an odd prime (in the argument we only require n
to be odd) and that there exist nonzero integers (not necessarily
positive) a, b, c, such that an + bn = cn and c is even, a and b are
odd, a �= b, and gcd(a, b, c) = 1. Let






x = cn/2,
y = (an − bn)/2,
z = abcn−2/2,

so x, y, z are integers, x is even. Then
{

x + y = an,
x− y = bn,

hence
x2 − y2

4x2
=
(
ab

c2

)n

=
(
z

x

)n

.

It follows that

x(xn − 4zn) = xn−1
[

x2 − 4x2
(
z

x

)n]

= xn−1y2 = (x(n−1)/2y)2.

Let d = gcd(x, z), so d = cn−2/2 because gcd(ab, c) = 1. Let x = dx′,
z = dz′, so x′ is even, gcd(x′, z′) = 1 and dn+1x′(x′n − 4z′n) is a
square, hence so is x′(x′n − 4z′n), with the two factors relatively
prime. Thus there exist integers r, s such that

{
x′ = r2,

x′n − 4z′n = s2.

5I am indebted to E. Bombieri who called my attention to what follows.
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So
r2n − s2 = (rn + s)(rn − s) = 4z′n.

Since r ≡ s (mod 2), then gcd(rn + s, rn − s) = 2, so
{

rn + s = 2t2,
rn − s = 2un,

and adding, we obtain rn = tn+un, which gives a nontrivial solution
of Fermat’s equation, with r even. If we would have r < c then by
descent we would reach a contradiction. However,

r2 = x′ =
x

d
= c2,

so r = c and the descent method is not applicable.



II
4 Interludes

In this chapter we discuss topics which will be required in the sub-
sequent developments. Their importance is not restricted to their
applications to Fermat’s last theorem.

II.1. p-Adic Valuations

Let p be a prime, let a be a nonzero integer, and let vp(a) be the
exponent of p in the factorization of a as a product of prime-powers:

a = pvp(a)b, where p � | b,
vp(a) is the p-adic value of a. By convention we also set vp(0) = ∞.

We note:





vp(ab) = vp(a) + vp(b);
vp(a + b) ≥ min{vp(a), vp(b)};

if vp(a) < vp(b1), vp(b2), . . . , vp(bk)
then vp(a + b1 + b2 + · · · + bk) = vp(a).

(1.1)

If vp(a) = e ≥ 1 we say that pe is the exact power of p dividing a
and we write pe ‖ a.
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More generally, if gcd(a, a′) = 1, a′ > 0, we define vp (a/a′) =
vp(a) − vp(a′). Then for any rational numbers r, s, the above prop-
erties (1.1) are still satisfied. The mapping vp : Q → Z ∪ {∞} is the
p-adic valuation of Q.

We say that r = a/a′ is p-integral if vp(r) ≥ 0. Clearly every
integer is p-integral (for every prime p). The set Zp of p-integral
rational numbers is a subring of the field Q of rational numbers.
Explicitly, r ∈ Zp if and only if r = 0 or r = pka/b with k ≥ 0, b >
0, gcd(a, b) = 1, p � | a, p � | b.

If r, s ∈ Q, e ≥ 1, we write r ≡ s (mod pe) when vp(r − s) ≥ e;
we also say that pe divides r − s (with respect to Zp). This relation
of congruence satisfies the ordinary properties of the congruence of
integers modulo a natural number.

It is also clear that a rational number r is in Z if and only if r is
p- integral for every prime p.

The following two results have numerous applications. For any
real numbers x let [x] denote the unique integer such that [x] ≤ x <
[x] + 1. [x] is called the integral part of x.

In 1808, Legendre determined the exact power pm of the prime p
that divides a factorial a! (so pm+1 does not divide a!). There is a
very nice expression of m in terms of the p-adic development of a:

a = akp
k + ak−1p

k−1 + · · · + a1p + a0,

where pk ≤ a < pk+1 and 0 ≤ ai ≤ p − 1 (for i = 0, 1, . . . , k). The
integers a0, a1, . . . , ak are the digits of a in base p.

For example, in base 5, we have 328 = 2 × 53 + 3 × 52 + 3, so the
digits of 328 in base 5 are 2, 3, 0, 3. Using the above notation:

(1A) If a ≥ 1 then vp(a!) = m where

m =
∞∑

i=1

[
a

pi

]

=
a− (a0 + a1 + · · · + ak)

p− 1
.

Proof. By definition a! = pmb, where p � | b. Let a = q1p + r1 with
0 ≤ q1, 0 ≤ r1 < p; so q1 = [a/p]. The multiples of p, not bigger
than a, are p, 2p, . . . , q1p ≤ a. So pq1(q1!) = pmb′, where p � | b′. Thus
q1 + m1 = m, where pm1 is the exact power of p which divides q1!.
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Since q1 < a, by induction,

m1 =
[
q1

p

]

+
[
q1

p2

]

+
[
q1

p3

]

+ · · · ;

but
[
q1

pi

]

=
[
[a/p]
pi

]

=
[

a

pi+1

]

,

as may be easily verified. So

m =
[
a

p

]

+
[
a

p2

]

+
[
a

p3

]

+ · · · .

Now we derive the second expression, involving the p-adic digits
of a = akp

k + · · · + a1p + a0. Then
[
a

p

]

= akp
k−1 + · · · + a1,

[
a

p2

]

= akp
k−2 + · · · + a2,

...
[
a

pk

]

= ak.

So
∞∑

i=0

[
a

pi

]

= a1 + a2(p + 1) + a3(p2 + p + 1) + · · ·

+ ak(pk−1 + pk−2 + · · · + p + 1)

=
1

p− 1
{a1(p− 1) + a2(p2 − 1) + · · · + ak(pk − 1)}

=
1

p− 1
{a− (a0 + a1 + · · · + ak)}.

In 1852, Kummer used Legendre’s result to determine the exact
power pm of p dividing a binomial coefficient

(
a + b

a

)

=
(a + b)!
a! b!

,

where a ≥ 1, b ≥ 1.
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(1B) The exact power of p dividing
(a+b

a

)
is equal to ε0+ε1+· · ·+εt,

which is the number of “carry-overs” when performing the addition
of a, b written in base p.

Proof. Let

a = a0 + a1p + · · · + atp
t,

b = b0 + b1p + · · · + btp
t,

where 0 ≤ ai ≤ p − 1, 0 ≤ bi ≤ p − 1, and either at �= 0 or bt �= 0.
Let Sa =

∑t
i=0 ai, Sb =

∑t
i=0 bi be the sums of the p-adic digits of

a, b. Let ci, 0 ≤ ci ≤ p − 1, and εi = 0 or 1, be defined successively
as follows:

a0 + b0 = ε0p + c0,

ε0 + a1 + b1 = ε1p + c1,

ε1 + a2 + b2 = ε2p + c2,
...

εt−1 + at + bt = εtp + ct.

Multiplying these equations successively by 1, p, p2, . . . and adding
them,

a + b + ε0p + ε1p
2 + · · · + εt−1p

t = ε0p + ε1p
2 + · · · + εtp

t+1

+ c0 + c1p + · · · + ctp
t.

So, a+ b = c0 + c1p+ · · ·+ ctp
t + εtp

t−1, and this is the expression
of a + b in the base p. Similarly, by adding those equations,

Sa + Sb + (ε0 + ε1 + · · · + εt−1) = (ε0 + ε1 + · · · + εt)p + Sa+b − εt.

By Legendre’s result,

(p− 1)m = (a + b) − Sa+b − a + Sa − b + Sb

= (p− 1)(ε0 + ε1 + · · · + εt).

Hence, the result of Kummer.

This theorem of Kummer was rediscovered by Lucas in 1878.
In 1991, Frasnay extended the result replacing integers by p-adic
integers.1

1This result is apparently still unpublished; a preprint was given to the
author.
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The results of Legendre and Kummer have found many applica-
tions in the so-called p-adic Analysis.
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II.2. Cyclotomic Polynomials

Let n ≥ 1 and ζn = cos(2π/n) + i sin(2π/n). So ζ1 = 1, ζ2 = −1,
ζ3 = (−1 + i

√
3)/2, ζ4 = i, ζ5 = cos 72◦ + i sin 72◦, ζ6 = (1 + i

√
3)/2,

etc. . . .
All the powers of ζn are also nth roots of 1, so they are roots of the

polynomial Xn−1. If ω is any nth root of 1, the smallest d ≥ 1 such
that ωd = 1 is called the order of the root of unity ω and necessarily
d divides n; we say then that ω is a primitive dth root of q.

The powers ζjn for j = 1, 2, . . . , n are all distinct with ζnn = 1;
so ζn is a primitive root of unity of order n. Since there are n nth
roots of 1, every nth-root of 1 is a power ζjn. Moreover, as is easily
seen, ζjn is a primitive nth root of 1 if and only if gcd(j, n) = 1. Thus
the number of primitive nth roots of 1 is equal to ϕ(n), where ϕ(n)
denotes the totient of n and ϕ is Euler’s function.

The nth cyclotomic polynomial is

Φn(X) =
∏

gcd(j,n)=1

(X − ζjn)(2.1)

(product for all j, 1 ≤ j < n, gcd(j, n) = 1). It is a monic polyno-
mial of degree ϕ(n). Since the polynomial remains invariant by the
permutation of its roots, from Galois theory the coefficients are in
Z.
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By grouping the nth roots of 1 according to their order, we obtain

Xn − 1 =
∏

d|n
Φd(X).(2.2)

From this, or directly, we obtain

Φp(X) = Xp−1 + Xp−2 + · · · + X + 1,(2.3)

Φpe(X) =
Xpe − 1
Xpe−1 − 1

(2.4)

= Xpe−1(p−1) + Xpe−1(p−2) + · · · + Xpe−1
+ 1,

for any prime p and e ≥ 1.
If m | n and m �= n we have therefore

Xn − 1 = (Xm − 1)Φn(X)
∏

d

Φd(X)(2.5)

(product for all d, 1 ≤ d < n, d | n, d � | m). Let µ be the Möbius
function

µ(p1 · · · pr) =
{

0 if the primes pi are not distinct,
(−1)r otherwise.(2.6)

Then

Φn(X) =
∏

d|n
(Xn/d − 1)µ(d).(2.7)

We note the following properties: If p is a prime and p divides m
then

Φpm(X) = Φm(Xp) (when p | m).(2.8)

If p does not divide m and s ≥ 1 then

Φpsm(X) =
Φm(Xps

)
Φm (Xps−1)

(when p � | m, s ≥ 1).(2.9)

We now consider the corresponding homogenized polynomials in
two indeterminates. Let

Φn(X,Y ) = Y ϕ(n)Φn

(
X

Y

)

,(2.10)
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then

Xn − Y n =
∏

d|n
Φd(X,Y ).(2.11)

If m | n and m �= n then

Xn − Y n = (Xm − Y m)Φn(X,Y )
∏

d

Φd(X,Y )(2.12)

(product for all d, 1 ≤ d < n, d | n, d � | m). We have also

Φn(X,Y ) =
∏

d|n

(
Xn/d − Y n/d

)µ(d)
,(2.13)

and, as before,

Φpm(X,Y ) = Φm(Xp, Y p) (when p | m),(2.14)

Φpsm(X,Y ) =
Φm

(
Xps

, Y ps)

Φm (Xps−1 , Y ps−1)
(when p � | m, s ≥ 1).(2.15)

II.3. Factors of Binomials

Let a, b be nonzero distinct integers. In this section we consider
binomials an ± bn as well as the integers (an − bn)/(a − b) and we
discuss their factors.

(3A) Let a, b be nonzero distinct integers.
(1) If p �= 2, p � | ab, and vp(a− b) = e ≥ 1, then vp

(
apr − bp

r)
=

e + r for every r ≥ 1.
(2) If 2 � | ab and v2(a− b) = e ≥ 2, then v2

(
a2r − b2

r)
= e+ r for

every r ≥ 1.
(3) If p is any prime and p | ap − bp, then p2 | ap − bp.

Proof. (1) It suffices to show that vp(ap − bp) = e + 1, and then
repeat the argument. By hypothesis, a = b+ kpe, where p � | k. Then

ap = bp +

(
p

1

)

bp−1kpe +

(
p

2

)

bp−2k2p2e + · · · + kpppe.
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Since p divides
(p
j

)
for j = 1, . . . , p− 1, then

vp

[(
p

j

)

bp−jkjpje
]

≥ 1 + je.

From vp(kpppe) = pe, it follows that vp(ap − bp) = e + 1.
(2) As in (1), it suffices to show that v2(a2 − b2) = e + 1. By

hypothesis, a = b + 2ek with e ≥ 2 and a, b, k odd. Then a2 =
b2 + 2e+1k + 22ek2; since e + 1 < 2e, then v2(a2 − b2) = e + 1.

(3) By hypothesis, a ≡ ap ≡ bp ≡ b (mod p); raising to the pth
power, ap ≡ bp (mod p2), so p2 | ap − bp.

If n ≥ 1 and a, b are distinct nonzero integers, let

Qn(a, b) =
an − bn

a− b
=

n−1∑

k=0

akbn−1−k.(3.1)

By convention we define Q0(a, b) = 0. We note the following expres-
sion for Qn(a, b) (n ≥ 1):

Qn(a, b) =
[(a− b) + b]n − bn

a− b
(3.2)

= (a− b)n−1 +

(
n

1

)

(a− b)n−2b + · · ·

+

(
n

n− 2

)

(a− b)bn−2 + nbn−1

= (a− b)e + nbn−1,

where e ∈ Z. Also, if n = p is a prime number, then

Qp(a, b) = (a− b)p−1 + pf,(3.3)

where f ∈ Z.
We shall now indicate some properties of the integers Qn(a, b).

Jacquemet (before 1729) proved (5) below when n = p is an odd
prime. Euler proved in 1738: if p is an odd prime, a > 1, then
gcd (Qp(a,±1), a± 1) = 1 or p; if p divides a± 1 then vp(Qp(a,±1))
= 1; moreover, if p �= 3, a �= 2, then Qp(a,±1) is odd and greater
than 1.

In 1769 Lagrange proved (4) below, as well as (6) when n = p is a
prime number. In 1837, Kummer proved (4) when n = p is a prime
number. In 1888, Sylvester proved a special case of (3). In 1897, F.



II.3. Factors of Binomials 81

Lucas proved special cases of (5) and (6). More recently, properties
(4), (5), (6), and (7) have been established by Inkeri (1946) and
Vivanti (1947). In the present form, most of the proposition is in
Möller’s paper (1955).

(3B) Let n > m ≥ 1, and let a, b be nonzero distinct integers.
Then

(1) If n = mq + r with r ≥ 0 then

Qn(a, b) = arQq(am, bm)Qm(a, b) + bmqQr(a, b).

If n = mq − r with r ≥ 0 then

Qn(a, b) =
[
am−rQq−1(am, bm) + bn−m

]
Qm(a, b)

− am−rbn−mQr(a, b).

Assuming a, b relatively prime, we have:
(2) If d = gcd(n,m) then Qd(a, b) = gcd (Qn(a, b), Qm(a, b)).
(3)

∏
p|n Qp(a, b) divides Qn(a, b).

(4) gcd(Qn(a, b), a− b) = gcd(n, a− b).
(5) If p | a− b, p � | n then p � | Qn(a, b).
(6) If p is an odd prime dividing a−b then vp (Qn(a, b)) = vp(n).
(7) If 4 | a− b then v2 (Qn(a, b)) = v2(n).

If 2 | a− b but 4 � | a− b then v2 (Qn(a, b)) ≥ v2(n).
(8) If n is odd then Qn(a, b) is odd.
(9) If n is odd and e > 0 then gcd(Qn(a, b), a2en + b2

en) = 1.
(10) If every prime factor of n divides a− b then n(a− b) divides

an − bn.

Proof. (1) Let n = mq + r. Then

Qn(a, b) =
amq+r − bmq+r

a− b

=
amq+r − arbmq + arbmq − bmq+r

a− b

= ar × amq − bmq

a− b
+

ar − br

a− b
× bmq

= ar × amq − bmq

am − bm
× am − bm

a− b
+

ar − br

a− b
× bmq

= arQq(am, bm)Qm(a, b) + Qr(a, b)bmq.
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Now let n = mq − r. Then
[
am−rQq−1(am, bm) + bn−m

]
Qm(a, b) − am−rbn−mQr(a, b)

= am−r a
(q−1)m − b(q−1)m

am − bm
× am − bm

a− b
+ bn−m × am − bm

a− b

−am−rbn−mar − br

a− b

=
an − am−rb(q−1)m + ambn−m − bn − ambn−m + am−rbn−m+r

a− b

=
an − bn

a− b
= Qn(a, b).

(2) Since a, b are relatively prime then for every k ≥ 1, a and b are
also relatively prime to Qk(a, b) = ak−1 + ak−2b+ · · ·+ abk−2 + bk−1.
By (1), Qd(a, b) divides Qn(a, b) and Qm(a, b). Let r, s be positive
integers such that d = sm − rn (or d = rn − sm). So sm = rn + d
and by (1),

Qs(am, bm)Qm(a, b) = Qsm(a, b) = adQr(an, bn)Qn(a, b)+brnQd(a, b).

If t divides Qm(a, b) and Qn(a, b) then t divides brnQd(a, b); but
Qm(a, b) and b are relatively prime, hence t | Qd(a, b), showing the
statement.

(3) By (2), the integers Qp(a, b) (for primes p dividing n) are
pairwise relatively prime. By (1) if p|n then Qp(a, b) divides Qn(a, b).
Hence

∏
p|n Qp(a, b) divides Qn(a, b).

(4) Since gcd(a, b) = 1, it follows from (3.2) that gcd(Qn(a, b), a−
b) = gcd(n, a− b).

(5) This is an obvious consequence of (4).
(6) Let n = prm, p � | m, r ≥ 0 so vp(n) = r. Let a1 = am, b1 =

bm. Since p | a − b, by (5) p does not divide Qm(a, b) = (am −
bm)/(a− b) = (a1 − b1)/(a− b), so vp(a1 − b1) = vp(a− b) ≥ 1. Hence
vp
(
apr

1 − bp
r

1

)
= vp(a1 − b1) + r. Thus

vp (Qn(a, b)) = vp

(
apr

1 − bp
r

1

a1 − b1

)

+ vp

(
a1 − b1
a− b

)

= r = vp(n).

(7) Let n = 2rm, 2 � | m, r ≥ 0, so v2(n) = r. Let a1 = am, b1 =
bm. As in (6), v2(a1 − b1) = v2(a − b) = e ≥ 1. If e ≥ 2 then
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v2
(
a2r

1 − b2
r

1

)
= e + r, so

v2 (Qn(a, b)) = v2

(
a2r

1 − b2
r

1

a1 − b1

)

+ v2

(
a1 − b1
a− b

)

= r = v2(n).

However, if e = 1 then v2
(
a2r

1 − b2
r

1

) ≥ r + 1 (and it may be greater
than r + 1), so we can only conclude that v2 (Qn(a, b)) ≥ v2(n).

(8) If a �≡ b (mod 2) then an �≡ bn (mod 2) so Qn(a, b) is odd.
If a ≡ b (mod 2) since a, b are relatively prime, they are odd. It
follows that Qn(a, b) = an−1 + an−2b+ · · ·+ abn−2 + bn−1 is the sum
of an odd number of odd summands, so it is odd.

(9) Let p be a prime, r ≥ 1, and pr | Qn(a, b), pr | a2en +b2
en. By

(7), p �= 2. Since pr | an− bn then a2en ≡ b2
en (mod pr) so pr | 2a2en.

Therefore p divides a, hence also b, which is not possible.
(10) Let p be any prime factor of n; by hypothesis p | a − b,

hence by (6) or (7), vp(n) ≤ vp (Qn(a, b)), therefore vp(n(a − b)) ≤
vp(Qn(a, b)(a − b)) = vp(an − bn). Since p is arbitrary, this shows
that n(a− b) divides an − bn.

We indicate now the following complementary result proved by
Inkeri in 1946:

(3C) Let p be an odd prime, n ≥ 1, and let a, b be nonzero
relatively prime integers such that a �= b. Then:

(1) Qpn(a, b) =
∏n

m=1 Qp(apm−1
, bp

m−1
).

(2) If p does not divide apn −bp
n

then the integers a−b, Qp(a, b),
Qp(ap, bp), . . . , Qp(apn−1

, bp
n−1

) are pairwise relatively prime.
(3) If p | apn − bp

n

, if i, j are integers such that 1 ≤ i < j ≤ n
then

gcd
(
Qp

(
api−1

, bp
i−1
)
, Qp

(
apj−1

, bp
j−1
))

= p,

gcd
(
a− b, Qp

(
api−1

, bp
i−1
))

= p.

(4) If vp
(
apn − bp

n)
= e ≥ 1 then e ≥ n+1 and vp(a−b) = e−n.

Proof. (1)

Qpn(a, b) =
n∏

m=1

apm − bp
m

apm−1 − bpm−1 =
n∏

m=1

Qp

(
apm−1

, bp
m−1
)
.
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(2) We have apn − bp
n

= q0q1 · · · qn where q0 = a− b,

qj =
apj − bp

j

apj−1 − bpj−1 = Qp

(
apj−1

, bp
j−1
)
.

By hypothesis, p � | qj (for j = 0, 1, . . . , n). If l is a prime and l

divides qi, qj (with 0 ≤ i < j ≤ n), then l �= p and l | api − bp
i

. Since

Qpj−i

(
api

, bp
i
)

=
apj − bp

j

api − bpi = qi+1qi+2 · · · qj,

then l divides Qpj−1(api

, bp
i

). By (3B)(4), we have l = p, a contra-
diction.

(3) Assume that l is a prime, e ≥ 1, and le divides qi and
qj (0 ≤ i < j ≤ n). Then le divides api − bp

i

and also apj−1 −
bp

j−1
= (api − bp

i

)qi+1 · · · qj−1. Since le divides Qp(apj−1
, bp

j−1
) = qj,

by (3B)(4) le divides p, so le = p.
(4) If p divides apn − bp

n

then p � | a, p � | b. From

apn−1 ≡
(
apn−1

)p ≡
(
bp

n−1
)p ≡ bp

n−1
(mod p),

it follows that p | apn−1 − bp
n−1

. By (3B)(6), vp(Qp(apn−1
, bp

n−1
))

= 1, hence vp(apn−1 − bp
n−1

) = e− 1, with e− 1 ≥ 1. Repeating this
argument, vp(a− b) = e− n with e ≥ n + 1.

We shall need later the following estimates:

(3D) Let n be odd, n ≥ 3, and let a, b be nonzero distinct integers
such that a + b ≥ 1. Then Qn(a, b) ≥ n. The equality holds exactly
when n = 3, a = 2, b = −1 or n = 3, a = −1, b = 2.

Proof. Since Qn(a, b) = Qn(b, a) and a �= b, we may assume with-
out loss of generality that a > b. If b ≥ 1 then

Qn(a, b) = an−1 + an−2b + · · · + abn−2 + bn−1 ≥ 1 + 1 + · · · + 1 = n.
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If b ≤ −1 then a ≥ 1 − b ≥ 2, b2 ≥ 1 and

Qn(a, b) = (a + b)(an−2 + an−4b2 + · · · + abn−3) + bn−1

≥ 2n−2 + 2n−4 + · · · + 2 + 1

= 2
(
4(n−3)/2 + 4(n−5)/2 + · · · + 1

)
+ 1

= 2 · 4(n−1)/2 − 1
4 − 1

+ 1 = 2
3

(
2n−1 − 1

)
+ 1

=
2n + 1

3
≥ n,

when n ≥ 3. If we have Qn(a, b) = n then we must have equalities all
through, and this requires that n = 3, a = 2, b = −1. By symmetry,
we may have Qn(a, b) = n also when n = 3, a = −1, b = 2.

We note explicitly that if p is an odd prime, if a > b ≥ 1 then
Qp(a, b) > p. This fact is a special case of the above result, but may
also be seen directly, since Qp(a, b) = ap−1 + ap−2b + · · · + abp−2 +
bp−1 > p.

Before proceeding, we note: If 1 ≤ b < a, by (2.13), Φn(a, b) > 0.
If n is odd, n ≥ 3, and a, b are not both even, then Φn(a, b) is
odd. Also, if n is odd, n ≥ 3, and a, b are not both even, then
Φ2n(a, b) = Φn(−a, b) is odd.

Let a, b be nonzero distinct relatively prime integers, let n ≥ 1.
We say that the prime p is a primitive factor of an−bn (respectively,
an + bn) if p divides an − bn (respectively, an + bn) but p does not
divide am − bm (respectively, am + bm) for every m, 1 ≤ m < n. We
first note that if 2 is a primitive factor of an±bn then n = 1, because
a ≡ b (mod 2).

Next we observe:

(3E) If n ≥ 2 then p is a primitive factor of an + bn if and only
if p is a primitive factor of a2n − b2n.

Proof. If p is a primitive factor of a2n − b2n then p � | an − bn so
p | an + bn; moreover if p | ak + bk where 1 ≤ k ≤ n then p | a2k− b2k,
so 2k = 2n, showing that p is a primitive factor of an + bn.

Conversely, if p is a primitive factor of an + bn (with n ≥ 2) then
p �= 2 and p | a2n − b2n. If 1 ≤ k < 2n and p | ak − bk, let k = 2em,
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with e ≥ 1 and m odd. Then

ak − bk =
(
a2e−1m − b2

e−1m
) (

a2e−1m + b2
e−1m

)
.

Since 2e−1m < n, by hypothesis p � | a2e−1m + b2
e−1m, so p | a2e−1m −

b2
e−1m. Repeating this argument, p divides am − bm, where m is

odd. Thus am ≡ bm (mod p) and also an ≡ −bn (mod p). Then
amn ≡ bmn (mod p), anm ≡ −bnm (mod p) hence p | b (because
p �= 2), so p | a, contrary to the hypothesis. Thus p is a primitive
factor of a2n − b2n.

The first result is very easy to prove!

(3F) Let a, b be nonzero relatively prime integers, let n ≥ 1, and
let p be a prime. The following statements are equivalent:

(1) p is a primitive factor of an − bn.
(2) p | an − bn, but if 1 ≤ m < n, m | n, then p � | am − bm.
(3) p | Φn(a, b), but if 1 ≤ m < n, then p � | Φm(a, b).
(4) p | Φn(a, b), but if 1 ≤ m < n, m | n, then p � | Φm(a, b).
(5) p � | b and if b′ is such that bb′ ≡ 1 (mod p) then the order of

ab′ modulo p is equal to n.

Proof. The implications (1) → (2) and (3) → (4) are trivial. The
equivalences (1) ↔ (3) and (2) ↔ (4) follow at once from the ex-
pression an − bn =

∏
d|n Φd(a, b).

Noting that (ab′)d ≡ 1 (mod p) holds if and only if p | ad − bd,
then (5) is obviously equivalent to (1) and to (2).

Let p be a prime not dividing n. Then the congruence Xn−1 ≡ 0
(mod p) does not have double roots, since the derivative nXn−1 has
only the root 0 modulo p. It follows from (2.5) that if a is an integer,
a �= 1, and p � | a if Φp−1(a) ≡ D (mod p) then Φm(a) �≡ 0 (mod p)
for every m, 1 ≤ m < p− 1, m dividing p− 1.

From this observation and from (3F) we deduce: If a �= 1 and p
does not divide a, then a is a primitive root modulo p (i.e., the order
of a modulo p is p− 1) if and only if Φp−1(a) ≡ 0 (mod p).

The following proposition appears in the paper of Birkhoff and
Vandiver (1904) and once more in Inkeri’s paper (1946) for the case
where n is an odd prime. The inclusion E1 ⊆ E2 was first shown by
Legendre (1830).



II.3. Factors of Binomials 87

(3G) Let n ≥ 2. With the preceding hypothesis, the following sets
of primes coincide:

E1: the set of primitive factors of an − bn;
E2: the set of primes p such that p ≡ 1 (mod n) and p | Φn(a, b);

and
E3: the set of primes p such that p � | n and p | Φn(a, b).

Proof. We show that E1 ⊆ E2. By hypothesis, p | an − bn but
p � | am − bm for all m, 1 ≤ m < n. By (3F), if bb′ ≡ 1 (mod p)
then the order of ab′ modulo p is n. Hence n | p − 1. Moreover, if
1 ≤ m < n, m | n, then Φm(a, b) divides am − bm; since p � | am − bm

then p � | Φm(a, b). But p divides an − bn =
∏

m|n Φm(a, b), hence p
divides Φn(a, b).

Obviously E2 ⊆ E3, because if n | p− 1 then n < p, hence p � | n.
Now we show that E3 ⊆ E1. Clearly p | an − bn. Suppose p is not

a primitive factor of an−bn. Then there exists m, 1 ≤ m < n, m | n,
such that p | am − bm. From

an − bn = Φn(a, b)(am − bm)
∏

d�=n, d|n, d� | m
Φd(a, b),

by hypothesis p divides (an−bn)/(am−bm). We write n = md, am =
a1, b

m = b1, hence

an − bn

am − bm
=

ad
1 − bd1

a1 − b1
=

d−1∑

i=0

ad−1−i
1 bi1 ≡ dad−1

1 (mod p).

But p | a1−b1, so p � | a1, hence p | d, so p | n, which is a contradiction,
concluding the proof.

Next we prove:

(3H) Let a, b be nonzero distinct relatively prime integers, and
n ≥ 1. Let p be a primitive factor of ad − bd, let vp(ad − bd) = r ≥ 1
and assume that r ≥ 2 if p = 2. Then

(1) vp(Φd(a, b)) = r;
(2) if t ≥ 1 then vp (Φdpt(a, b)) = 1; and
(3) if t ≥ 0, k > 1, p � | k then vp(Φkdpt(a, b)) = 0.

Proof. (1) By (3F), p � | Φl(a, b) for all l, 1 ≤ l < d. It follows that
vp(Φd(a, b)) = vp(ad − bd).
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(2) We have, by (2.12),

adpt − bdp
t

= Φdpt(a, b) ·
(
adpt−1 − bdp

t−1
) ∏

e|d, 1≤e<d

Φept(a, b).

We note that p � | Φept(a, b) when e < d, otherwise p | aept −bep
t

; since
p is a primitive factor of ad − bd then by (3F)(5), d divides ept; but
p � | d so d | e, a contradiction. But by (3B)(6) and (3B)(7),

vp
(
adbt − bdb

t
)

= r + t,

vp
(
adbt−1 − bdp

t−1
)

= r + t− 1.

Therefore vp(Φdpt(a, b)) = 1.
(3) We have

adkpt − bdkp
t

= Φdkpt(a, b)
∏

e|dkpt, e� | dpt, e<dkpt

Φe(a, b) ·
(
adpt − bdp

t
)
.

By (3B)(6) and (3B)(7), vp(adkpt − bdkp
t

) = r + t, vp(adpt − bdp
t

) =
r + t, hence vp(Φdkpt(a, b)) = 0.

For every integer n ≥ 2, let P [n] denote the largest prime factor
of n.

(3I) Let a > b ≥ 1, let gcd(a, b) = 1, and let n ≥ 2. Let p be a
primitive factor of af − bf such that p | Φn(a, b). Then:

(1) There exists j ≥ 0 such that n = fpj with p � | f .
(2) If j > 0, then p = P [n].
(3) If j > 0 and p2 | Φn(a, b), then n = p = 2.
(4) gcd(Φn(a, b), n) = 1 or P [n].

Proof. (1) By (2.11), Φn(a, b) divides an − bn; then p | an − bn,
hence f | n by (3F). Since p | ap−1 − bp−1, again f | p− 1, so f < p.
Let n = fpjw with j ≥ 0, p � | fw. Write r = fpj. By (3.2),

an − bn

ar − br
≡ wbw−1 (mod ar − br).

Since p | ar − br (because f | r), then

an − bn

ar − br
≡ wbw−1 (mod p).
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If n < m then by (2.12), Φn(a, b) divides (an − bn)/(ar − br). Since
p � | b, (because gcd(a, b) = 1), then p | w, which is absurd. So
n = fpj.

(2) From f < p, if j > 0, then p = P [n].
(3) Let j > 1 and s = fpj−1, so n = ps. Then

an − bn

as − bs
=

[(as − bs) + bs]p − bsp

as − bs

= pbs(p−1) +

(
p

2

)

(as − bs)bs(p−2) +

(
p

3

)

(as − bs)2bs(p−3)

+ · · · + (as − bs)p−1.

If p ≥ 3, since p | as − bs, then

an − bn

as − bs
≡ p (mod p2).

On the other hand, by (2.12), Φn(a, b) divides (an − bn)/(as − bs),
hence p2 | Φn(a, b). Thus, if p2 | Φn(a, b), then necessarily p = 2. So
f ≤ p− 1 implies f = 1 and n = 2j, so Φn(a, b) �≡ 0 (mod r), which
is absurd. This shows that j = 1 and n = 2.

(4) Assume that there exists a prime p dividing gcd(Φn(a, b), n).
By (1) and (2), p = P [n]. By (3), if p2 | gcd(Φn(a, b), n), then
n = p = 2, so p2 � | n. This shows the assertion.

The following very interesting theorem was proved by Bang (1886)
in a particular case. In 1892, Zsigmondy proved the stronger ver-
sion presented here. It was rediscovered by Birkhoff and Vandiver
(1904) and by various other mathematicians, like Dickson (1905),
Carmichael (1913), Kanold (1950), Artin (1955), Hering (1974), Lü-
neburg (1981) and maybe others.

(3J) Let a > b ≥ 1, gcd(a, b) = 1, n ≥ 1.

(1) an − bn has a primitive factor, with the following exceptions:
(a) n = 1, a− b = 1;
(b) n = 2, a + b a power of 2; and
(c) n = 6, a = 2, b = 1.

(2) an + bn has a primitive factor, with the following exception:
n = 3, a = 2, b = 1.
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Proof. (1) It is clear that in cases (a), (b), (c), an − bn does not
have a primitive factor. If n = 1 and a− b does not have a primitive
factor, then a− b = 1.

Let n = 2 and assume that a2−b2 does not have a primitive factor.
From a2 − b2 = (a + b)(a − b) and gcd(a + b, a − b) = 1 or 2, if p
is an odd prime dividing a + b, then p divides a2 − b2. But p is not
a primitive factor, so p | a − b, hence p divides a and b, which is
absurd. This shows that a + b is a power of 2.

Now let n ≥ 3 and assume again that an − bn does not have a
primitive factor. Let p = P [n] and vp(Φn(a, b)) = j ≥ 0. Define

Φ∗
n(a, b) =

Φn(a, b)
pj

.

(1◦) Assume that Φ∗
n(a, b) = 1. Let ζ1, ζ2, . . . , ζϕ(n) be the primi-

tive nth roots of 1. From

|a− ζib| =
∣
∣
∣
∣
a

b
− ζi

∣
∣
∣
∣ > b

(
a

b
− 1
)

= a− b

and a previous remark,

Φn(a, b) = |Φn(a, b)| =
ϕ(n)∏

i=1

|a− ζib| > (a− b)ϕ(n) ≥ 1 = Φ∗
n(a, b).

So j ≥ 1 and p | Φn(a, b), hence p divides an − bn; so p is a primitive
factor of af − bf , where f divides n. By (3I), gcd(n,Φ(a, b)) = p and
also p2 � | Φn(a, b).

In conclusion, Φn(a, b) = p, because Φ∗
n(a, b) = 1. Moreover, from

p | n, it follows that p − 1 divides ϕ(n). This implies in turn that
p = Φn(a, b) ≥ (a− b)ϕ(n) ≥ (a− b)p−1, hence a− b = 1.

If p2 | n let n = pm, then p− 1 ≤ ϕ(m) and by (2.14)

p = Φn(a, b) = Φm(ap − bp) > (ap − bp)ϕ(m) ≥ (ap − bp)p−1,

because p | m. Thus ap − bp = 1, which is not compatible with
a− b = 1.

Thus, from (3I), n = pf, p � | f , where p is a primitive factor of
af − bf . Note also that f | p− 1, so f < p. From ϕ(n) = (p− 1)ϕ(f)
it follows that

p(ap−bp) > p(af−bf ) ≥ Φn(a, b)Φf (a, b) = Φf (ap−bp) > (ap−bp)ϕ(f),

using (2.12). Therefore p > (ap− bp)ϕ(f)−1, hence necessarily ϕ(f) =
1, thus f = 1 or f = 2, so n = p or n = 2p.
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If n = p, then p = Φp(a, b) = ap−1 + ap−2b + · · · + abp−2 + bp−1 =
(ap − bp)/(a− b) = ap − bp, and this is absurd because a− b = 1. If
n = 2p, from 3 ≤ p it follows from (2.12) that

p = Φ2p(a, b) =
ap + bp

a + b
.

By (3D), necessarily a = 2, b = 1, and p = 3, so n = 6.
(2◦) Assume that an − bn does not have a primitive factor. If

suffices to show that Φ∗
n(a, b) = 1 and the result follows from (1◦).

Let p be a prime dividing Φn(a, b), so p | an − bn. Then there exists
f , dividing n, 1 ≤ f < n, such that p is a primitive factor of af − bf .
By (3I), p = P [n] and Φn(a, b) = pj with j ≥ 1. Hence Φ∗

n(a, b) = 1.
(2) If n = 3, a = 2, b = 1, then an + bn = 23 +1 has no primitive

factor. Conversely, if n = 1 and a + b ≥ 2, so there is a primitive
factor.

If n = 2 and a2+b2 does not have a primitive factor, then a2+b2 =
2k (with k ≥ 2). Indeed, if p is an odd prime dividing a2 + b2, then
p | a + b, so p | a2 − b2, hence p | 2a2; it follows that p | a and also
p | b, which is absurd. From a2 + b2 = 2k (k ≥ 2), gcd(a, b) = 1,
it follows that a, b are odd, hence a2 + b2 ≡ 2 (mod 4), which is a
contradiction, proving that a2 + b2 has a primitive factor.

If n ≥ 3, it follows from (1) that a2n − b2n has a primitive factor
p with the only exception n = 3, a = 2, b = 1. If p = 2 then a, b are
odd, so 2 | a + b, which is not compatible with 2 being a primitive
factor of an − bn.

By (3E), an + bn has a primitive factor, with the exception indi-
cated.

It follows from this theorem and (3F) that if a ≥ 2, then each
number in the sequence

Φ3(a), Φ4(a), Φ5(a), Φ6(a), Φ7(a), . . .

(with Φ6(a) deleted when a = 2) has a prime factor which is not a
factor of any of the preceding numbers.

The following results are also of interest:

(3K) Let 1 ≤ m < n, and a > b ≥ 1, with gcd(a, b) = 1. If
gcd(Φm(a, b),
Φn(a, b)) �= 1, then P [n] = gcd(Φm(a, b), Φn(a, b)).
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Proof. If n = 2, then m = 1. If gcd(a − b, a + b) �= 1, then
gcd(a− b, a + b) = 2.

Now assume n ≥ 3. Let p be a prime and let e ≥ 1 be such
that pe | Φm(a, b), pe | Φn(a, b). Then p | am − bm, p | an − bn,
so p is not a primitive factor of an − bn. By (3G) p | n and
by (3I), p = P [n], Φn(a, b) = pc, p � | c, so e = 1. Since p was
an arbitrary common divisor of Φm(a, b), Φn(a, b), this proves that
P [n] = gcd(Φm(a, b),Φn(a, b)).

(3L) Let p be any prime, let 0 ≤ i < j, and let a ≥ b >
1, gcd(a, b) = 1. Then

gcd(Φpi(a, b), Φpj (a, b)) =
{

1 if p � | a− b,
p if p | a− b.

Proof. By (3K), if d = gcd(Φpi(a, b), Φpj (a, b)) �= 1 then d = p.
Assume first that p �= 2. If p | a − b, then apj−1 ≡ a ≡ b ≡ bp

j−1

(mod p) so by (3B), p divides Φpj (a, b) = (apj − bp
j

)/(apj−1 − bp
j−1

).
Similarly, p divides Φpi(a, b). Finally, if p � | a − b, then apj ≡ a �≡
b ≡ bp

j

(mod p), so p � | apj − bp
j

and a fortiori p � | Φpj (a, b). Thus,
gcd(Φpi(a, b), Φpj (a, b)) = 1.

If p = 2, then Φ1(a, b) = a − b and Φ2k(a, b) = a2k−1
+ b2

k−1
(for

k ≥ 1). So if a ≡ b (mod 2), then 2 divides gcd(Φ2i(a, b),Φ2j (a, b)),
and conversely.

The following corollary of (3L) will be useful:

(3M) If a > b ≥ 1 are integers and n ≥ 2 then P [an − bn] > n
and P [an + bn] > 2n.

Proof. We may assume without loss of generality that gcd(a, b)
= 1. Indeed, let d = gcd(a, b) and let a = da1, b = db1, so a1 >
b1 ≥ 1 and gcd(a1, b1) = 1. Moreover, an ± bn = dn(an

1 ± bn1 ), hence
P [an

1 ± bn1 ] ≤ P [an ± bn]; so it suffices to show that n < P [an
1 − bn1 ]

and 2n < P [an
1 + bn1 ]. Thus, we assume gcd(a, b) = 1.

(1) If a = 2, b = 1, n = 6 then an−bn = 26−1 = 63 = 32×7 and
P [26 − 1] = 7 > 6. In the other cases, by (3L) let p be a primitive
factor of an − bn. By (3G), p ≡ 1 (mod n) so p = 1 + kn, hence
P [an − bn] ≥ p > n.
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(2) By (3L), let p be a primitive factor of a2n − b2n. By (3G),
p ≡ 1 (mod 2n), so p = 1 + 2kn > 2n. By a previous remark p is
also a primitive factor of an + bn. Hence P [an + bn] ≥ p > 2n.
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II.4. The Resultant and Discriminant of Polynomials

Let

F (X,Y ) = a0X
n + a1X

n−1Y + · · · + anY
n (with a0 �= 0),

G(X,Y ) = b0X
m + b1X

m−1Y + · · · + bmY
m (with b0 �= 0),

where the coefficients ai, bj belong to an integral domain A.
We shall define the resultant of F,G, denoted by R(F,G) or also

by Res(F,G). First, if m = 0 we define R(F, b0) = bn0 , while if n = 0
we define R(a0, G) = am

0 . In particular, R(a0, b0) = 1. Next, if m �= 0
and n �= 0 we define R(f, g) to be the determinant of the following
matrix with m + n rows and columns:


















a0 a1 · · · · · · an 0 0
0 a0 a1 · · · · · · an 0
...

...
...

...
...

...
...

0 0 · · · a0 a1 · · · an

0 0 · · · b0 b1 · · · bm
...

...
...

...
...

...
...

0 b0 b1 · · · bm · · · 0
b0 b1 · · · bm · · · 0 0


















;

note that there are m rows containing a0, . . . , an as entries, followed
by n rows with b0, . . . , bm.

R(F,G) is called the resultant of F (X,Y ) and G(X,Y ). R(F,G)
is a polynomial with coefficients in Z of degree m in the coefficients
ai and of degree n in the coefficients bj.

The resultant of ∂F (X,Y )/∂X, ∂F (X,Y )/∂Y is called the dis-
criminant of F (X,Y ):

Discr(F ) = R

(
∂F

∂X
,
∂F

∂Y

)

.

We recall the following well-known properties (see Bôcher (1907)
or Cohn (1974)):

(4A) Let F (X,Y ), G(X,Y ) be binary forms of degrees, respec-
tively, n ≥ 1, m ≥ 1. Then:

(1) F (X,Y ) has a (nonconstant) factor proportional to a factor
of G(X,Y ) if and only if R(F,G) = 0.
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(2) If n ≥ 2 then F (X,Y ) has a multiple linear factor if and only
if Discr(F ) = 0.

(3) If F (X,Y ) =
∏n

i=1(αi
′X−αiY ) and G(X,Y ) =

∏m
j=1(βj

′X−
βjY ) (with αi, αi

′, βj, βj
′ elements of a field containing the

coefficients of F,G and αi
′ �= 0 for each i and βj

′ �= 0 for
each j) then

R(F,G) =
n∏

i=1

G(αi, αi
′) = (−1)mn

m∏

j=1

F (βj, βj
′)

=
∏

i,j

(βj
′αi − βjαi

′) = (−1)mn
∏

i,j

(ai
′βj − aiβj

′).

In particular, R(G,F ) = (−1)mnR(F,G).
(4) If H(X,Y ) is also a binary form of degree l, then R(FG,H)

= R(F,H)R(G,H) and R(H,FG) = R(H,F )R(H,G).
(5) If n ≥ m and H(X,Y ) is a form of degree deg(H) = n−m,

then R(F − HG,G) = R(F,G). Similarly, if m ≥ n and
K(X,Y ) is a form of degree deg(K) = m− n then R(F,G−
KF ) = R(F,G).

Now let f(X), g(X) be any nonzero polynomials of degrees n,m,
respectively. Let F (X,Y ) = Y nf (X/Y ) , G(X,Y ) = Y mg (X/Y ) so
F (X,Y ), G(X,Y ) are binary forms of degrees n,m, respectively.

The resultant of f, g is by definition R(f, g) = R(F,G). The dis-
criminant of f is, by definition: Discr(f) = R(f, f ′).

If n ≥ 1, m ≥ 1 and F (X,Y ) =
∏n

i=1 (αi
′X − αiY ), G(X,Y ) =

∏m
j=1

(
βj

′X − βjY
)

(as in (1A)), with ai
′ �= 0, βj

′ �= 0, then αi/αi
′

are the roots of f(X), βj/βj
′ are the roots of g(X).

If f(X) = a0X
n + a1X

n−1 + · · · + an (with n ≥ 1, a0 �= 0), let
F (X,Y ) = Y nf (X/Y ) =

∏n
i=1 (αi

′X − αiY ).
The discriminants of the polynomial f(X) and of the binary form

F (X,Y ) are related as follows:

Discr(F ) =
nn−2

a0
Discr(f).(4.1)

Indeed, the derivative of f(X) is

f ′(X) = na0X
n−1 + (n− 1)a1X

n−2 + · · · + an−1;

the corresponding binary form is G(X,Y ) = Y n−1f ′ (X/Y ). On
the other hand, ∂F/∂X = Y n−1f ′(X/Y ) = G(X,Y ), ∂F/∂Y =
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nY n−1f(X/Y ) −XY n−2f ′ (X/Y ) = (1/Y )[nF (X,Y ) −XG(X,Y )].
So, we have, on the one hand

R

(
∂F

∂X
, Y

∂F

∂Y

)

= R

(
∂F

∂X
, Y

)

R

(
∂F

∂X
,
∂F

∂Y

)

= na0 Discr(F ).

On the other hand,

R

(
∂F

∂X
, Y

∂F

∂Y

)

= R(G,nF −XG) = R(G,nF )

= R(G,n) ·R(G,F ) = nn−1(−1)n(n−1)R(F,G)
= nn−1(−1)n(n−1)R(f, f ′) = nn−1Discr(f).

For the convenience of the reader we write explicitly the prop-
erties of the resultant and the discriminant for polynomials in one
indeterminate.

(4B) For polynomials f, g, h, k, with deg(f) = n, deg(g) = m:
(1) R(g, f) = (−1)mnR(f, g).
(2) If n ≤ m and deg(h) ≤ m− n then R(f, g) = R(f, g + fh).
(3) R(hk, g) = R(h, g) ·R(k, g),

R(g, hk) = R(g, h) ·R(g, k).
(4) R(f s, g) = [R(f, g)]s for every integer s ≥ 1.
(5) R((X − a)s, g) = [g(a)]s where a ∈ A, s ≥ 1.
(6) If f = a0

∏n
i=1(X − αi) and g = b0

∏m
j=1(X − βi) then

R(f, g) = am
0 bn0

n∏

i=1

m∏

j=1

(αi − βj)

= am
0

n∏

i=1

g(αi)

= (−1)mnbm0

n∏

j=1

f(βj).

(7) If f = a0
∏n

i=1(X − αi), then

Discr(f) = (−1)n(n−1)/2a2n−1
0

∏

i<j

(αi − αj)2.

(8) If f = hk, deg(h) = r, and deg(k) = s, then

Discr(f) = (−1)rsDiscr(h)Discr(k)[R(h, k)]2.
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(4C)
(1) If f, g ∈ A[X] are nonconstant and R(f, g) �= 0, then f, g are

relatively prime.
(2) If A = K is a field, and if f, g ∈ K[X] are relatively prime,

then R(f, g) �= 0.

Proof. (1) Assume that f, g have a common nonconstant factor
h ∈ A[X]. So f = hf1 and g = hg1. By (4B)(3),

R(f, g) = R(h, h) ·R(h, g1) ·R(f1, h) ·R(f1, g1) = 0.

(2) Assume that f, g ∈ K[X] are relatively prime. By Bézout’s
theorem, there exist f1, g1 ∈ K[X] such that g1f + f1g = 1; in
particular, deg(g1f) = deg(f1g). By (4B)(3),

R(g1f, f1g) = R(g1, f1) ·R(g1, g) ·R(f, f1) ·R(f, g).

If R(f, g) = 0, then R(g1f, f1g) = 0. However, by (4B)(2),

R(g1f, f1g) = R(g1f, 1 − g1f) = R(g1f, 1) = 1,

which is a contradiction.
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III
Algebraic Restrictions
on Hypothetical Solutions

Assume that n > 3 and x, y, z are nonzero pairwise relatively prime
integers such that

xn + yn = zn.

In this chapter we derive algebraic relations which must be satisfied
by x, y, z, n. In some cases, these lead to a contradiction showing
that for the exponent in question, Fermat’s equation has only the
trivial solution.

III.1. The Relations of Barlow

Let p be an odd prime and suppose that there exist nonzero pairwise
relatively prime integers x, y, z such that xp + yp + zp = 0. To
begin, we observe that x + y + z �= 0. Indeed, x, y, z cannot be
all positive (nor all negative), so we assume, for example, that x >
0, y > 0 and z < 0. Then (x+y)p > xp+yp = −zp since x+y > −z,
thus x + y + z �= 0.

We shall indicate relations which the integers x, y, z must satisfy.
The first such results were proved by Barlow (1810, 1811) and

discovered independently by Abel in 1823, who stated them with-
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out proof, in a letter to Holmboe. The results below were given
with complete proofs by Legendre, as early as 1823, and were known
to Sophie Germain. Later, they were rediscovered by Lindemann
(1901, 1907) and appeared in papers by Catalan (1886), Tafelmacher
(1892), Fleck (1909), Lind (1910), Bachmann (1919), James (1938),
Racliş (1944), etc.

(1A) If there exist nonzero integers x, y, z such that xp+yp+zp =
0, gcd(x, y, z) = 1 and p does not divide z, then there exist relatively
prime integers t, t1, not multiples of p, such that

x + y = tp,
xp + yp

x + y
= tp1, z = −tt1.

Moreover, t1 is odd and t1 > 1.

Proof. From the hypothesis, x, y, z are pairwise relatively prime.
Consider the integer

Qp(x,−y) =
xp + yp

x + y
= xp−1 − xp−2y + · · · − xyp−2 + yp−1.

(1.1)

Since x+ y + z ≡ xp + yp + zp ≡ 0 (mod p) and p � | z then p � | x+ y.
By Chapter II, (3B), gcd(x + y,Qp(x,−y)) = 1.

From (−z)p = xp + yp = (x + y)Qp(x,−y) we conclude that x +
y, Qp(x,−y) are pth powers, i.e., there exist integers t, t1 such that
x + y = tp, Qp(x,−y) = tp1, so −z = tt1 and gcd(t, t1) = 1.

We show that t1 is odd. From (1.1) we see that Qp(x,−y) is the
sum of an odd number of terms; among these terms, xp−1 or yp−1 is
odd (because x, y are not both even). Thus Qp(x,−y) must be odd,
hence t1 is also odd. Finally, from (1E) since x > y (or y > x) then
x− y ≥ 1 (or y − x ≥ 1), hence tp1 = Qp(x,−y) = Qp(y,−x) ≥ p, so
t1 > 0 and in fact t1 > 1.

If x, y, z satisfy xp + yp + zp = 0, if p does not divide x, y, z and
if gcd(x, y, z) = 1 then by the previous result there exist integers
r, s, t, r1, s1, t1, not multiples of p, such that






x + y = tp, (xp + yp)/(x + y) = tp1, z = −tt1,
y + z = rp, (yp + zp)/(y + z) = rp1 , x = −rr1,
z + x = sp, (zp + xp)/(z + x) = sp1, y = −ss1.

(1.2)
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Moreover, r, s, t, r1, s1, t1 are pairwise relatively prime, r1, s1, t1 are
odd and greater than 1. We note that rp +sp + tp = 2(x+y+z) �= 0.
By addition and subtraction, it follows that






x = −rp + (rp + sp + tp)/2 = (−rp + sp + tp)/2,
y = −sp + (rp + sp + tp)/2 = (rp − sp + tp)/2,
z = −tp + (rp + sp + tp)/2 = (rp + sp − tp)/2.

(1.3)

We have the following complement of (1A) known to Sophie Ger-
main and reproduced by Legendre (1823). Proofs were also given
by Fleck (1909), Lind (1910), Pomey (1923) and again by Spunar
(1928), James (1938), Pérez-Cacho (1958), and Draeger (1959) (in a
different form).

(1B) If p is an odd prime not dividing z, every prime divisor q of
t1 is congruent to 1 modulo 2p. In particular, t1 ≡ 1 (mod 2p). If,
moreover, p does not divide xyz, then every prime divisor of r1s1t1 is
congruent to 1 modulo 2p2. In particular, r1 ≡ 1 (mod 2p2), s1 ≡ 1
(mod 2p2) and t1 ≡ 1 (mod 2p2).

Proof. Let q be a prime dividing t1. Then q divides xp + yp but
q does not divide x + y = tp because gcd(t, t1) = 1. By Chapter II,
(3G), q ≡ 1 (mod p). Since q − 1 is even then q ≡ 1 (mod 2p).

Now we suppose that p � | xyz and that q is a prime dividing r1,
hence q divides x. Therefore q does not divide yz. We note also that
gcd(r, r1) = 1, so q does not divide y + z.

Thus we have y ≡ tp (mod q), z ≡ sp (mod q), hence tp + sp ≡
y + z �≡ 0 (mod q) and tp

2
+ sp

2 ≡ yp + zp ≡ −xp ≡ 0 (mod q). So q
is a primitive factor of tp

2
+sp

2
. By Chapter II, (3E), q is a primitive

factor of t2p
2 − s2p2

, hence by Chapter II, (3G), q ≡ 1 (mod 2p2). In
particular, r1 ≡ 1 (mod 2p2).

The proof is similar for the prime factors of s1 and t1.

Now we give the relations which must be satisfied by would-be
solutions in the second case; these facts (including n ≥ 2) were
known to Sophie Germain and were given by Legendre (1823).

(1C) Let x, y, z be nonzero integers such that p divides z, xp +
yp + zp = 0 and gcd(x, y, z) = 1. Then there exist an integer n ≥ 2
and pairwise relatively prime integers r, s, t, r1, s1, t1, not multiples
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of p, such that r1, s1, t1 are odd and greater than 1 and satisfy the
relations






x + y = ppn−1tp, (xp + yp)/(x + y) = ptp1, z = −pntt1,
y + z = rp, (yp + zp)/(y + z) = rp1 , x = −rr1,
z + x = sp, (zp + xp)/(z + x) = sp1, y = −ss1.

(1.4)

Moreover, if q is any prime dividing t1 then q ≡ 1 (mod p2); in
particular, t1 ≡ 1 (mod 2p2).

Proof. x, y, z are pairwise relatively prime. If p divides z then p
does not divide x nor y, and from x + y + z ≡ xp + yp + zp ≡ 0
(mod p) it follows that x + y ≡ −z ≡ 0 (mod p).

Let m ≥ 2 be such that x + y = pm−1t′, where p does not divide
t′. Let Qp(x,−y) = (xp +yp)/(x+y). Since p divides u = x+y then
by Chapter II, (3B)(6), vp (Qp(x,−y)) = vp(p) = 1. So Qp(x,−y) =
pt1

′, p � | t1′. By Chapter II, (3B)(4), gcd(x + y, Qp(x,−y)) = p, so
gcd(t′, t1′) = 1.

Since −zp = xp + yp = pmt′t1′ then by unique factorization p
divides m, and t′, t1′ are pth powers of integers. We may write
m = pn,

x + y = ppn−1tp,
xp + yp

x + y
= ptp1,

z = −pntt1,

where n ≥ 1, t, t1 ∈ Z, gcd(t, t1) = 1, p does not divide t nor t1.
Since p � | x and p � | y, by (1A) there exist integers r, r1, s, s1, not

multiples of p, such that

y + z = rp, (yp + zp)/(y + z) = rp1 , x = −rr1,

z + x = sp, (zp + xp)/(z + x) = sp1, y = −ss1,

and gcd(t, r, s) = gcd(t1, r1, s1) = 1, gcd(r, r1) = gcd(s, s1) = 1. The
proofs that r1, s1, t1 are odd and that r1 > 1, s1 > 1 are the same as
in (1A).

Now we show that t1 > 1. By Chapter II, (3D), ptp1 = (xp +
yp)/(x + y) = Qp(x,−y) = Qp(y,−x) ≥ p, hence t1 ≥ 1 and it
suffices to show that t1 �= 1. If t1 = 1 then again by the same result,
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assuming for example x > y, this would imply: p = 3, x = 2, y = 1,
hence 23 + 13 + z3 = 0 which is impossible.

Now we show that if q is any prime factor of t1 then q ≡ 1
(mod p2). We have z ≡ 0 (mod q) hence y ≡ rp (mod q), x ≡ sp

(mod q) and 0 ≡ −xp + yp + zp ≡ rp
2
+ sp

2
(mod q). On the other

hand, q does not divide rp + sp (otherwise q divides x + y hence q
divides t, contrary to the fact that gcd(t, t1) = 1). It follows from
Chapter II, (3D), that q ≡ 1 (mod p2). This implies that t1 ≡ 1
(mod 2p2).

It remains to show that n ≥ 2. In fact, rp + sp = 2z + (x + y) =
−2pntt1 + ppn−1tp ≡ 0 (mod p). By Chapter II, (3H), rp + sp ≡ 0
(mod p2). Since p � | tt1 it follows that 2z = (rp + sp) − ppn−1tp ≡ 0
(mod p2), so n ≥ 2.

From (1.1) we deduce that rp + sp + ppn−1tp = 2(x + y + z) �= 0.
The fact that the exact power of p dividing x+y is ppn−1 has been

proved again and again (even in 1955 by Stone) by authors unaware
that this result has been known for a long time.

We write the relations analogous to (1.3), assuming that p | z:






x = −rp + (rp + sp + ppn−1tp)/2 = (−rp + sp + ppn−1tp)/2,
y = −sp + (rp + sp + ppn−1tp)/2 = (rp − sp + ppn−1tp)/2,
z = −ppn−1tp + (rp + sp + ppn−1tp)/2 = (rp + sp − ppn−1tp)/2.

(1.5)

In the case of a squarefree exponent it is still possible to indicate
some relations which are reminiscent of the Barlow relations; see
Stewart (1977):

(1D) If n > 2 is a square-free integer, if x, y, z are nonzero pairwise
relatively prime integers such that xn + yn = zn (respectively, if n
is odd and xn − yn = zn), then z − y = 2udn−1an (respectively,
z + y = 2udn−1an) where a, d are natural numbers, u is equal to 0 or
1, and 2u and d divide n.

Proof. We first consider the case where xn + yn = zn and we write
z − y = a′an where a, a′ ≥ 1 and for every prime p the p-adic value
of a′ is vp(a′) < n.

If p is a prime dividing a′ then p divides n. Otherwise, p � | n
and by Chapter II, (3B)(5), p � | Qn(z, y) = (zn − yn)/(z − y). So
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vp(a′) + nvp(a) = vp(z − y) = vp(zn − yn) = vp(xn) = nvp(y). Hence
n divides vp(a′) and n ≤ vp(a′), which contradicts the hypothesis.
This shows that p | n, so vp(n) = 1, because n is square free.

Now we determine vp(a′) when p divides a′. First, let p be an
odd prime. By Chapter II, (3B)(6), vp (Qn(z, y)) = vp(n) = 1. So
vp(a′)+nvp(a)+1 = vp(z−y)+vp(Qn(z, y)) = vp(zn−yn) = vp(xn) =
nvp(x); hence vp(a′) ≡ −1 (mod n) and therefore vp(a′) = n− 1.

Now let p = 2. If 4 | z − y, by the result already quoted, Part
(7), we have v2(Qn(z, y)) = v2(n) = 1, so as above we conclude that
v2(a′) = n − 1. If 2 | z − y but 4 � | z − y then v2(a′) + nv2(a) =
v2(z − y) = 1, so v2(a′) = 1. There remains the possibility that 2
does not divide z − y.

Putting these facts together, we may write z − y = 2udn−1an,
where u = 0 or 1, 2u divides n, and dn−1 divides n. Now let n be
odd and xn − yn = zn. Then xn + (−y)n = zn and by the first part
of the proof z + y has the form indicated.

In particular, if n is a square-free integer, n > 2, if x, y, z are
nonzero pairwise relatively prime integers such that xn + yn = zn,
then {

z − x = 2u1dn−1
1 an

1 ,
z − y = 2u2dn−1

2 an
2 ,

and, moreover, if n is odd then

x + y = 2u3dn−1
3 an

3

where a1, a2, a3, d1, d2, d3 are natural numbers, u1, u2, u3 are equal to
0 or 1, and 2u1 , 2u2 , 2u3 , d1, d2, d3 divide n.
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Mém. Acad. Sci., Institut France, 6 (1823), 1–60; appeared
as “Second Supplément” in 1825, to a printing of Essai sur la
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III.2. Secondary Relations for Hypothetical Solutions

In §1 we have seen that if x, y, z are nonzero pairwise relatively prime
integers, p an odd prime and if xp + yp + zp = 0 then the Bar-
low relations must be satisfied; in particular, there exist integers
r, s, t, r1, s1, t1 satisfying certain properties. In this section, we give
further properties which must be satisfied by these integers.

If m,n are nonzero integers, gcd(m,n) = 1 and n is odd, let (m/n)
denote the Jacobi symbol.

The following consequence of Barlow’s relations was first indicated
by Pierre in 1943.

(2A) Let x, y, z be nonzero relatively prime integers such that xp +
yp + zp = 0.

(1) If p � | xyz then

(
r1

s1t1

)

=
(

s1

t1r1

)

=
(

t1
r1s1

)

= +1.

(2) If p | z then

(
r1

ps1t1

)

=
(

s1

pt1r1

)

=
(

pt1
r1s1

)

= +1.

Proof. (1) To begin, we note that the polynomial pXY (X + Y )
divides (X + Y )p − (Xp + Y p) (in Z[X,Y ]) (see also Section VII.2).
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By (1A) we have (x + y)p−1 − tp1 ≡ 0 (mod pxy). Then tp1 ≡
(x + y)p−1 (mod r1s1), hence

(
t1
r1s1

)

=
(

tp1
r1s1

)

= +1.

By symmetry, (
r1

s1t1

)

=
(

sp1
r1t1

)

= +1.

(2) If p | z, by (1C) we have (x + y)p−1 − ptp1 ≡ 0 (mod pxy).
Hence ptp1 ≡ (x + y)p−1 (mod r1s1). Therefore,

(
pt1
r1s1

)

=
(

ptp1
r1s1

)

= +1.

As in the proof of (1), (y + z)p−1 − rp1 ≡ 0 (mod pxy). Therefore

rp1 ≡ (y + z)p−1 (mod ps1t1),

hence (
r1

ps1t1

)

=
(

rp1
ps1t1

)

= +1.

Similarly, (
s1

pr1t1

)

= +1.
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IV
Germain’s Theorem

In this chapter we give the beautiful theorem of Sophie Germain for
the first case of Fermat’s theorem.

IV.1. Sophie Germain’s Theorem

Sophie Germain, a French mathematician, contemporary of Cau-
chy and Legendre, proved a very beautiful theorem of an entirely
new kind which established “d’un trait de plume” (in Legendre’s
expression) the first case of Fermat’s theorem for every prime p <
100. Her method is still being explored by other mathematicians.
Legendre developed S. Germain’s ideas in his paper of 1823.

We begin with an easy observation; (3) was also given by Bang
(1935).

(1A) Let q be a prime and n ≥ 3 be an odd integer. The following
statements are equivalent:

(1) There exist integers a, b, c, not multiples of q, such that an +
bn + cn ≡ 0 (mod q).
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(2) There exist integers d, e, not multiples of q, such that dn ≡
en + 1 (mod q).

Moreover, if q − 1 = 2kn, the above statements are equivalent to:
(3) There exist roots u, u′ of the congruence X2k−1 ≡ 0 (mod q)

such that u′ ≡ u + 1 (mod q).

Proof. (1) → (2) Since q � | c there exist integers d, e ∈ Z such that
{

dc ≡ −a (mod q),
ec ≡ b (mod q).

Then q � | de, (dc)n ≡ (ec)n + cn (mod q), so dn ≡ en + 1 (mod q).
(2) → (1) This is trivial.
Now we assume that q − 1 = 2kn.
(2) → (3) Let u = en, u′ = dn, then u2k ≡ eq−1 ≡ 1 (mod q) and

similarly (u′)2k ≡ dq−1 ≡ 1 (mod q), with u′ ≡ u + 1 (mod q).
(3) → (2) Let h be a primitive root modulo q. Let u = hm,

so h2km ≡ u2k ≡ 1 (mod q), hence q − 1 = 2kn divides 2km, so n
divides m. Thus u ≡ en (mod q). Similarly u′ ≡ dn (mod q) and
dn ≡ en + 1 (mod q).

Now we give Legendre’s version of Sophie Germain’s theorem:1

(1B) Let p, q be distinct odd primes and assume that the following
conditions are satisfied:

(1) If a, b, c are integers such that ap + bp + cp ≡ 0 (mod q) then
q | abc.

(2) p is not congruent modulo q to the pth power of an integer.
Then the first case of Fermat’s theorem is true for the exponent p.

Proof. Let x, y, z be pairwise relatively prime integers, not multi-
ples of p, such that xp + yp + zp = 0. Then xp + yp + zp ≡ 0 (mod q)

1See footnote, p. 13 of Legendre’s paper of 1823, where he wrote: “This
proof which, one has to agree, is very ingenious, is due to Mlle. Sophie Ger-
main, who cultivates with success the physical and mathematical sciences,
as witnesses the prize she has been awarded by the Academy for her paper
on vibrations of elastic blades. She is also the author of the proposition
in art. 13 as well the one which concerns the particular form of the prime
divisors of α, given in art. 11.” [Here, these correspond to propositions
((2B), (2C)).]
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and by hypothesis (1), q | xyz. We may assume, for example, that
q | x, hence q � | yz.

Since p � | xyz there exist integers r, s, t, r1, s1, t1 satisfying the rela-
tions (1.2) and (1.3) of Chapter III. Since q | x then −rp+sp+tp ≡ 0
(mod q). By hypothesis (1), q divides one of the integers r, s, t. Since
s divides y, t divides z, and q does not divide yz and q does not di-
vide st, so q divides r. But tp1 = (xp + yp)/(x + y) ≡ yp−1 (mod q),
because q | x.

Since q divides r, so y ≡ −z (mod q). Hence

rp1 =
yp + zp

y + z
= yp−1 + yp−2(−z) + · · · + (−z)p−1

≡ pyp−1 ≡ ptp1 (mod q).

Since t1 �≡ 0 (mod q) there exists an integer t′ such that t′t1 ≡ 1
(mod q), hence p ≡ (t′r1)p (mod q), which contradicts the second
assumption.

Before proceeding, we comment on the above conditions.
In the next section, we shall introduce the Wendt determinant,

which will serve to test the existence of integers x, y, z, not multiples
of q, such that xp + yp + zp ≡ 0 (mod q).

(1C) If p and q are odd primes and q−1 = 2pk, k a natural number,
then condition (2) of (1B) is equivalent to each of the following:

(2′) (2k)2k �≡ 1 (mod q); and
(2′′) p2k �≡ 1 (mod q).

Proof. We show first that (2) implies (2′). Let h be a primitive
root modulo q and let p ≡ hs (mod q). If (2k)2k ≡ 1 (mod q) then
h2ks ≡ p2k ≡ (2k)2kp2k ≡ (2kp)2k ≡ (q − 1)2k ≡ 1 (mod q); hence
q − 1 = 2kp divides 2ks so p | s and p ≡ ap (mod q) with a ≡ hs/p

(mod q).
Now we show that (2′) implies (2′′). If p2k ≡ 1 (mod q) then

(2k)2k ≡ (2k)2kp2k ≡ (q − 1)2k ≡ 1 (mod p).
Finally, we prove that (2′′) implies (2). If there exists an a such

that p ≡ ap (mod q) then p2k ≡ a2kp ≡ aq−1 ≡ 1 (mod q).

In Table 6 (see Legendre, 1823), we indicate, for each p < 100,
the choice of q, of a primitive root h modulo q and the set R of
residues of pth powers, modulo q. The computations, which are
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quite lengthy, are done using the primitive root modulo q. They
establish condition (2).

For larger values of p the computations become forbidding. How-
ever, a glance at the table reveals that in each case, q has been chosen
to equal 2p+1, or 4p+1, or 8p+1, or 10p+1, or 14p+1, or 16p+1.
Indeed, the following corollaries of Sophie Germain’s theorem hold
(Legendre, 1823):

(1D) If p is an odd prime and q = 2p + 1 is also a prime, then
the first case of Fermat’s conjecture is true for p.

Proof. We show that q satisfies the assumptions of (1B).
If x, y, z are integers not multiples of q and xp + yp + zp ≡ 0

(mod q), then from p = (q − 1)/2 we have xp ≡ ±1 (mod q), yp ≡
±1 (mod q), zp ≡ ±1 (mod q). Hence 0 ≡ xp+yp+zp ≡ ±1±1±1 �≡
0 (mod q), a contradiction.

Similarly, if p ≡ ap (mod q) then condition (2′) is not satisfied, so
2p + 1 = q divides 22 − 1 = 3, which is absurd.

Legendre extended this criterion (1823):

(1E) If p is a prime, p > 3 and q = 4p+ 1, or q = 8p+ 1, or q =
10p + 1, or q = 14p + 1, or q = 16p + 1 is also a prime, then the
first case of Fermat’s theorem is true for the exponent p.

Proof. We show that in each case q satisfies the assumptions of
(1B).

Case 1: Let q = 4p + 1.
If p ≡ ap (mod q) then by condition (2′) above, 44 ≡ 1 (mod q)

so 4p + 1 = q divides 255 = 3 × 5 × 17, which is absurd.
For the first condition, let w be a primitive fourth root of 1, mod-

ulo q. So {1, w, w2, w3} are the roots of X4 − 1 ≡ 0 (mod q), and
w2 ≡ −1 (mod q), w3 ≡ −w (mod q). If the first condition is not
verified, then by (1A) there exist i �= j, 0 ≤ i, j ≤ 3, such that
wj ≡ wi + 1 (mod q). Apart from trivial cases, this leads to one of
the following possibilities: w ≡ ±2 (mod q) or 2w ≡ ±1 (mod q).
Raising to the square it follows that q = 5, which is absurd.

Case 2: Let q = 8p + 1.
If p ≡ ap (mod q), then proceeding as before, 8p + 1 = q divides
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Table 6

p q h R

3 7 = 2 × 3 + 1 3 ±1
5 11 = 2 × 5 + 1 2 ±1
7 29 = 4 × 7 + 1 2 ±1, ±12
11 23 = 2 × 11 + 1 5 ±1
13 53 = 4 × 13 + 1 2 ±1, ±23
17 137 = 8 × 17 + 1 3 ±1, ±10, ±37, ±41
19 191 = 10 × 19 + 1 19 ±1, ±7, ±39, ±49, ±82
23 47 = 2 × 23 + 1 5 ±1
29 59 = 2 × 29 + 1 2 ±1
31 311 = 10 × 31 + 1 17 ±1, ±6, ±36, ±52, ±95
37 149 = 4 × 37 + 1 2 ±1, ±44
41 83 = 2 × 41 + 1 2 ±1
43 173 = 4 × 43 + 1 2 ±1, ±80
47 659 = 14 × 47 + 1 2 ±1, ±12, ±55, ±144, ±249

±270, ±307
53 107 = 2 × 53 + 1 2 ±1
59 827 = 14 × 59 + 1 2 ±1, ±20, ±124, ±270, ±337

±389, ±400
61 977 = 16 × 61 + 1 3 ±1, ±52, ±80, ±227, ±252

±357, ±403, ±439
67 269 = 4 × 67 + 1 2 ±1, ±82
71 569 = 8 × 71 + 1 3 ±1, ±76, ±86, ±277
73 293 = 4 × 73 + 1 2 ±1, ±138
79 317 = 4 × 79 + 1 2 ±1, ±114
83 167 = 2 × 83 + 1 5 ±1
89 179 = 2 × 89 + 1 2 ±1
97 389 = 4 × 97 + 1 2 ±1, ±115
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88 − 1, so it divides 84 − 1 = 4095 = 32 × 5 × 7 × 13 or 84 + 1 =
4097 = 17 × 241, which is an absurdity.

If the first condition is not verified, if w is a primitive eighth root
of 1 modulo q, there exist i �= j, 0 ≤ i, j ≤ 7, such that wj ≡ wi + 1
(mod q). Since w4 ≡ −1 (mod q) we may consider the congruences
wj ≡ ±wi ± 1 (mod q), with 0 ≤ i ≤ 3. The primitive eighth roots
of 1 modulo q being ±w, ±w3, and w3 ≡ −w−1 (mod q), we are
reduced to study the following possibilities:

(i) wj ≡ ±2 (mod q) (j = 1, 2);
(ii) w2 ≡ w ± 1 (mod q); and
(iii) 2w ≡ ±1 (mod q).

We discuss the various cases.
(i) Raising to the fourth power leads to q | 15 or q = 17, an

absurdity.
(ii) Raising to the square,

−1 ≡ w2 ± 2w + 1 ≡
{

w + 1 + 2w + 1 ≡ 3w + 2 (mod q),
w − 1 − 2w + 1 ≡ −w (mod q).

Hence w ≡ ±1 (mod q), an absurdity.
(iii) Raising to the fourth power, q = 17, absurd.

Case 3: Let q = 16p + 1.
If p ≡ ap (mod q), then with the same method, 16p+1 = q divides

1616 − 1 = (168 +1)(164 +1)(162 +1)× 17× 15. Clearly 16p+1 does
not divide 15, 17, 257. If 16p + 1 divides 164 + 1 = 65537, which
is a prime (in fact a Fermat prime, 216 + 1), then p = 163, which
is absurd. If 16p + 1 divides 168 + 1 = 232 + 1 = 641 × 6700417
(decomposition into primes given by Euler), then p = 40 or 418776,
again absurd.

If the first condition is not verified, if w is a primitive sixteenth
root of 1 modulo q, since ±w, ±w3, ±w5, ±w7 are all the primitive
sixteenth roots of 1 modulo q, and since w8 ≡ −1 (mod q) there exist
i, j, 0 ≤ i ≤ j ≤ 7, such that wj ≡ ±wi ± 1 (mod q). This leads to
one of the following congruences, with all possible sign combinations:

(i) wj ≡ ±2 (mod q) (j = 1, 2, . . . , 7);
(ii) w2 ≡ w ± 1 (mod q);
(iii) w3 ≡ ±w + 1 (mod q);
(iv) w4 ≡ w ± 1 (mod q); and
(v) w4 ≡ ±w2 ± 1 (mod q).



IV.1. Sophie Germain’s Theorem 115

We discuss the various possibilities.
(i) Raising to the eighth power leads to q | 257 or q | 255 =

3 × 5 × 17, an absurdity.
(ii) Raising to the square leads to w4 ≡ −w (mod q), which is

impossible, or w4 ≡ 3w + 2 (mod q). Squaring again, this leads to
−1 ≡ 9w2 + 12w+ 4 (mod q), and substituting w2 ≡ w+ 1 (mod q)
we obtain 3w ≡ −2 (mod q). Hence w4 ≡ 3w + 2 ≡ 0 (mod q),
which is impossible.

(iii) Raising to the cube:

−w ≡ ±w3 + 3w2 ± 3w + 1 (mod q)

and substituting,

−w ≡ w ± 1 + 3w2 ± 3w + 1 (mod q).

According to the choice of the sign, we have 3w2 + 5w + 2 ≡ 0
(mod q) or 3w2 − w ≡ 0 (mod q).

In the first case, multiplying with w and substituting, we obtain
5w2 + 5w + 3 ≡ 0 (mod q); subtracting, 2w2 ≡ −1 (mod q) and
therefore −24 ≡ 1 (mod q), so q | 17, impossible. If 3w ≡ 1 (mod q),
then 3w3 ≡ −3w + 3 ≡ 2 (mod q) so raising to the cube, −33w ≡ 8
(mod q), hence q divides 17, an absurdity.

(iv) Squaring: −1 ≡ w2 ± 2w + 1 (mod q), so w2 ≡ ∓2w − 2
(mod q), hence w ± 1 ≡ w4 ≡ 4w2 ± 8w + 4 (mod q). This gives,
according to the choice of sign,

4w2 ≡
{ −7w − 3

9w − 5 (mod q)

and subtracting,

0 ≡
{
w + 5
w + 3 (mod q).

So w4 ≡ w ± 1 ≡ −4 (mod q) and raising to the square, −1 ≡ 16
(mod q) so q | 17, impossible.

(v) Raising to the square, −1 ≡ w4 ± 2w2 + 1 (mod q) and
substituting w4 ≡ ±w2 ± 1 (mod q), in all cases we obtain w2 ≡ ±1
(mod q), which is impossible.

Case 4: Let q = 10p + 1.
If p ≡ ap (mod q), by the above method 10p + 1 = q divides

(105 + 1)(105 − 1). If q divides 105 + 1 = 100 001 = 11 × 9091 (this
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last number is a prime) then p = 909, an absurdity. If q divides
105 − 1 = 99 999 = 32 × 41 × 271 then p = 4 or 27, an absurdity.

If the first condition is not verified, if w is a primitive tenth root
of 1 modulo q, then there exist i, j, 0 ≤ i ≤ j < 4, such that wj ≡
±wi ± 1 (mod q). The above conditions lead to either one of the
following congruences:

(i) wj ≡ ±2 (mod q) (j = 1, 2, 3, 4);
(ii) w2 ≡ w ± 1 (mod q); and
(iii) w4 ≡ w ± 1 (mod q).

We discuss the various possibilities.
(i) Raising to the fifth power leads to q | 31 or q | 33 = 3 × 11,

impossible.
(ii) We have

w4 ≡ w2 ± 2w + 1 ≡ w ± 1 ± 2w + 1 ≡
{

3w + 2
−4 (mod q).

The second case is not possible. In the first case multiplying with
w and substituting −1 ≡ 3w2 + 2w = 3w + 3 + 2w (mod q) so
5w ≡ −4 (mod q). Multiplying with the previous congruence, −5 ≡
−12w − 8 (mod q) so 12w ≡ −3 (mod q) and 4w ≡ −1 (mod q)
hence subtracting, w ≡ −3 (mod q) and therefore q | 11, absurd.

(iii) Multiplying with w: −1 ≡ w2 ±w (mod q), so w2 ≡ ∓w−1
(mod q) and this was considered in case (ii).

Case 5: Let q = 14p + 1.
If p ≡ ap (mod q), we see in the same way that q divides 147 +

1 or 147 − 1. But 147 + 1 = 105 413 505 = 3 × 5 × 7 027 567 (this
last number is a prime). Then p = 501 969, an absurdity since this
number is a multiple of 3. Also, 147−1 = 105 413 503 = 13×8 108 731
(this last number is a prime). Then p = 579 195, which is absurd.

If the first condition is not verified, if w is a primitive fourteenth
root of 1 modulo q, then there exist i �= j, 0 ≤ i, j ≤ 13, such that
wj ≡ wi +1 (mod q). Since w7 ≡ −1 (mod q), the above conditions
lead to either one of the following congruences:

(i) wj ≡ ±2 (mod q) (j = 1, 2, . . . , 6);
(ii) w2 ≡ w ± 1 (mod q); and
(iii) w3 ≡ ±w + 1 (mod q).

We discuss the various cases.



IV.1. Sophie Germain’s Theorem 117

(i) −1 ≡ ±27 (mod q), so q | 127 or 129 = 3 × 43, which gives
p = 3, and this was excluded.

(ii) w2 ≡ w ± 1 (mod q) gives

w4 ≡ w2 ± 2w + 1 ≡ w ± 1 ± 2w + 1 ≡
{

3w + 2
−w

(mod q),

the second case being impossible. Squaring,

−w ≡ 9w2 + 12w + 4 ≡ 9w + 9 + 12w + 4 (mod q),

so 22w≡−13 (mod q). Then 22w2 − 22≡−13 (mod q) so 22w2≡9
(mod q). Then −13w≡9 (mod q) and from this we obtain 9w≡−4
(mod q), −4w ≡ 5 (mod q), 5w ≡ 1 (mod q); so 25 ≡ −20w ≡ −4
(mod q), hence q | 29, which is impossible.

(iii) w3 ≡ ±w + 1 (mod q) gives, to the cube:

−w2 ≡ ±w3 + 3w2 ± 3w + 1
≡ ±w + 1 + 3w2 ± 3w + 1 ≡ 3w2 ± 4w + 2 (mod q),

hence 2w2±2w+1 ≡ 0 (mod q) so 2(±w+1)±2w2+w ≡ 0 (mod q)
and {

2w2 + 3w + 2 ≡ 0 (mod q),
−2w2 − w + 2 ≡ 0 (mod q),

hence {
w + 1 ≡ 0 (mod q),

−3w + 3 ≡ 0 (mod q),

and this gives w ≡ ∓1 (mod q), which is impossible.

With this criterion, Legendre had actually shown that the first
case of Fermat’s theorem holds for every prime exponent p < 197.
Indeed, for each such prime p, there exists a prime q = 2kp+1, with
2k ∈ {2, 4, 8, 10, 14, 16}. On the other hand, 38 × 197 + 1 = 7487 is
a prime, but 2k × 197 + 1 is not a prime if 2k < 38, 6 � | 2k.

The limitation in Legendre’s results was due to the size of the
numbers involved. For example, to test whether p = 197 is not a pth
power modulo q = 7487, would lead to find whether 7487 divides
3819 ± 1. Maillet extended Legendre’s result in 1897, pushing the
limit up to p = 211.

Mirimanoff used a method involving Bernoulli numbers, in 1905,
to extend the results to 257.
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In 1908, Dickson published two papers in which he explored Legen-
dre’s ideas and with a more careful analysis involving congruences,
he showed that the first case of Fermat’s theorem holds for every
prime exponent p < 7000 (with the exception of p = 6857, which he
did not take the trouble to examine). See also Maillet’s comments
(1908).

More progress along this line was made by Krasner (1940), Dénes
(1951), and Rivoire (1968).

For the primes p such that 6p + 1 or 12p + 1 is also a prime, the
method of proof breaks down and does not lead to any conclusion. It
should be noted that in 1974 Gandhi announced without proof that
if p and 6p+1 are primes then the first case holds for p; since no proof
has ever been published, there is reason to doubt of the justification
of the statement. In this connection, we quote the paper by Granville
and Powell (1988).

An interesting, but very difficult question is whether there exist
infinitely many primes p such that 2p + 1 (or 4p + 1, or 8p + 1,
etc. . . ) is also a prime. We discuss this problem in the Appendix to
this chapter.

We still note here the following result of Vandiver (1926) :

(1F) Let p and q = 2kp + 1 be odd primes (with k ≥ 1). If
2k = 2vph, where h ≥ 0 and p does not divide v, and if 2 is not a
pth power modulo q, then condition (2) above is satisfied.

Proof. We show (2′). If (2k)2k ≡ 1 (mod q) or equivalently p2k ≡ 1
(mod p), then 22hv ≡ 22kvp2kh = (2vph)2k ≡ (2k)2k ≡ 1 (mod q).
Since p does not divide v, there exist integers a, b such that av =
1 + bp. Then

1 ≡ 22kva ≡ 2(1+bp)2k ≡ 22k(22kp)b = 22k(2q−1)b ≡ 22k (mod q).

If g is a primitive root modulo q and 2 ≡ gs (mod q), then 1 ≡
22k ≡ g2ks (mod q). So q − 1 = 2kp divides 2ks, hence s = ps′ and
2 ≡ (gs

′
)p (mod q), which is a contradiction.

Using (1B), Vandiver deduced in 1926 the following result which
however had been proved by Wendt in 1894, using his form of Sophie
Germain’s theorem:
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(1G) If p and q = 2kp+ 1 are odd primes, with 2k = 2vph, h ≥ 0
and v not divisible by p, if the congruence Xp+Y p+Zp ≡ 0 (mod q)
has only the trivial solution, then the first case of Fermat’s theorem
holds for the exponent p.

Proof. By (1B) and (1F) it suffices to show that 2 is not a pth
power modulo q. If 2 ≡ ap (mod q) then ap + (−1)p + (−1)p ≡
2 + (−1) + (−1) ≡ 0 (mod q) contrary to the hypothesis.

Sophie Germain’s theorem, corollaries and variations were redis-
covered by several authors. In 1953, Thébault proved:

(1H) If m ≥ 2 is an integer such that 2m + 1 is a prime, if
there exist pairwise relatively prime nonzero integers x, y, z such that
xm + ym = zm then 2m + 1 divides xyz.

Proof. If 2m+1 does not divide x then by Fermat’s little theorem
x2m ≡ 1 (mod 2m + 1) hence xm ≡ ±1 (mod 2m + 1).

Similarly

ym ≡ ±1 (mod 2m + 1),
zm ≡ ±1 (mod 2m + 1),

hence 0 = xm + ym− zm = (±1)+(±1)− (±1) (mod 2m+1), which
is impossible.

This same result (even with the further hypothesis that m be
prime) is proved again by Stone in 1963 and Gandhi in 1966, in the
same journal!

Gandhi showed, also in 1965, a result similar to Thébault’s:

(1I) If m ≥ 2 is an integer such that 4m+1 is a prime, if x, y, z are
nonzero pairwise relatively prime integers such that xm + ym = zm

then 4m + 1 divides xyz.

Proof. If m = 3, the statement is trivially true, by Chapter I, §4.
Let m > 3 and assume that 4m + 1 does not divide xyz. From

xm+ym = zm it follows that x2m+y2m+2xmym = z2m. Since 4m+1
is a prime not dividing x then by Fermat’s little theorem x4m ≡ 1
(mod 4m + 1), so x2m ≡ ±1 (mod 4m + 1). Similarly

y2m ≡ ±1 (mod 4m + 1)
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and

z2m ≡ ±1 (mod 4m + 1).

Hence ±1 ± 1 + 2xmym ≡ ±1 (mod 4m + 1) so 2xmym ≡ ±1 or ±3
(mod 4m + 1) and ±4 ≡ 4x2my2m ≡ 1 or 9 (mod 4m + 1). This
implies that 4m + 1 = 3, 5, or 13, hence m = 3, which is a contra-
diction.

This same result (with the further hypothesis that m is prime) is
proved again by Gandhi in 1966 and 1970 and by Christilles in 1967.

Perisastri (1969) proved:

(1J) If p > 51 is a prime such that 8p+1 is also a prime, if x, y, z
are nonzero pairwise relatively prime integers such that xp + yp = zp

then 8p + 1 divides xyz.

(1K) If m ≥ 3 is an integer such that 3m+1 is a prime, if x, y, z
are pairwise nonzero relatively prime integers such that xm + ym =
zm, then 3m + 1 divides xyz.

Krishnasastri and Perisastri proved in 1965:

(1L) If p is an odd prime, if x, y, z are integers such that xp+yp =
zp and p does not divide xz, then there exists an integer k ≥ 1 such
that 1 + kp divides z.

Combining (1C) with Sophie Germain’s theorem, we have (see
Stone (1963), Perisastri (1968)):

(1M) Let p and 2p + 1 be odd primes. If x, y, z are nonzero,
pairwise relatively prime integers such that xp + yp + zp = 0, then p2

divides one (and only one) of the integers x, y, z.

Proof. By Sophie Germain’s theorem we may assume, for example,
that p divides z. By (1C), p2 divides z.

Pomey obtained in 1923 and 1925, with similar methods, several
sufficient conditions for the first case of Fermat’s theorem for the
prime exponent p:
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(1N) Let p be an odd prime and assume that either one of the
following conditions is satisfied:

(a) p ≡ 1 (mod 4) and 2p + 1 divides 2p + 1.
(b) p ≡ 3 (mod 4) and 2p + 1 divides 2p − 1.
(c) 4p + 1 divides 22p + 1.
(d) 4p + 1 ≡ 5 (mod 12) and 4p + 1 divides 33p + 1.
(e) 8p + 1 divides 24p − 1.
(f) 10p + 1 divides 55p − 1.

Then the first case of Fermat’s theorem is true for the exponent p.

All the above results do not suffice to conclude that there exist
infinitely many prime exponents p for which the first case of Fermat’s
theorem is true. This was first proved, with analytical methods, in
1985 by Adleman and Heath-Brown and and by Fouvry.

Earlier, in 1897, studying the class group of the cyclotomic field,
Maillet showed that for every odd prime p there exists an exponent
e (depending on p) such that the first case of Fermat’s theorem is
true for the exponent pe. In particular, this implied the existence of
an infinite set of pairwise relatively prime exponents for which the
first case is true. This last statement was proved again by Kapferer
in 1964. His proof was not elementary, since it used the theorems of
Furtwängler, as generalized by Moriya (requiring class field theory).
In 1978, Powell discovered independently the following very simple
proof:

(1O)
(1) If p is any odd prime, n = p(p− 1)/2 = 2um where u ≥ 0, m

is odd, if x, y, z are nonzero integers such that xn+yn+zn = 0
then gcd(m, xyz) �= 1.

(2) There exists an infinite set of pairwise relatively prime expo-
nents for which the first case of Fermat’s theorem is true.

Proof. (1) If p = 3 then n = 3 and the hypothesis is not satis-
fied. Let p > 3. Suppose that gcd(m, xyz) = 1. Then p � | xyz so
x(p−1)/2 ≡ ±1 (mod p) and xn ≡ ±1 (mod p). Similarly yn ≡ ±1
(mod p), zn ≡ ±1 (mod p), hence xn + yn + zn �≡ 0 (mod p) and a
fortiori, xn + yn + zn �= 0.

(2) Assume that n1, . . . , nk are pairwise relatively prime expo-
nents for which the first case of Fermat’s theorem is true. Consider
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the arithmetic progression {−1 + 4n1n2 · · ·nkt | t = 0, 1, 2, . . . }. By
Dirichlet’s theorem on primes in arithmetic progressions there exists
an odd prime p such that p ≡ −1 (mod 4n1n2 · · ·nk). Let nk+1 =
p(p − 1)/2, so nk+1 is odd. Since gcd (p(p− 1)/2, (p + 1)/2) = 1
then gcd(nk+1, n1 · · ·nk) = 1. By (1), the first case is true for the
exponent nk+1, and this suffices to complete the proof.
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+ byλt

= czλ,
Assoc. Franca̧ise Avanc. Sci., St. Etienne, 26 (1897), 156–
168.

1905 Mirimanoff, D., L’équation indéterminée xl +yl +zl = 0 et le
critérium de Kummer, J. Reine Angew. Math., 128 (1905),
45–68.

1908 Dickson, L.E., On the last theorem of Fermat, Messenger
Math., 38 (1908), 14–32.

1908 Dickson, L.E., On the last theorem of Fermat (second paper),
Quart. J. Pure Appl. Math., 40 (1908), 27–45.

1908 Maillet, E., Question 612 de Worms de Romilly, L’Interm.
Math., 15 (1908), 247–248.

1910 Bachmann, P., Niedere Zahlentheorie, Teubner, Leipzig, 1910;
reprinted by Chelsea, New York, 1966.

1923 Pomey, L., Sur le dernier théorème de Fermat, C. R. Acad.
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théorème de Fermat, Invent. Math., 79 (1985), 383–407.

1988 Granville, A. and Powell, B., On Sophie Germain’s type cri-
teria for Fermat’s last theorem, Acta Arith., 50 (1988), 265–
277.

IV.2. Wendt’s Theorem

Wendt indicated in 1894 a determinantal criterion for the existence
of a nontrivial solution of Fermat’s congruence

Xp + Y p + Zp ≡ 0 (mod q),(2.1)

where p, q are distinct odd primes.
To begin, we wish to exclude from our discussion the following

trivial case; it also holds without assuming the exponent in (2.1) to
be a prime:

(2A) If q is an odd prime, if n ≥ 1 is such that gcd(n, q− 1) = 1
then there exist integers x, y, z, not multiples of q, such that xn +
yn + zn ≡ 0 (mod q).

Proof. By hypothesis, gcd(n, q− 1) = 1, so there exist integers a, b
such that an + b(q − 1) = 1. Let x0, y0, z0 be integers, not multiples
of q, such that x0 + y0 + z0 ≡ 0 (mod q). Then






xan
0 ≡ x0 (mod q),

yan
0 ≡ y0 (mod q),
zan0 ≡ z0 (mod q),

so (xa
0)

n + (ya
0)

n + (za0 )n ≡ 0 (mod q).

In particular, if n = p is a prime not dividing q− 1 then (2.1) has
a nontrivial solution.
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Wendt’s criterion is expressed in terms of the circulant of binomial
coefficients. More generally, let n ≥ 1 and let ξi = cos 2πi/n +√−1 sin 2πi/n (for i = 0, 1, . . . , n − 1) be the n nth roots of 1; so
ξ0 = 1. The circulant of the n-tuple (a0, a1, . . . , an−1) of complex
numbers ai is, by definition, the determinant of the matrix

C =








a0 a1 . . . an−1

an−1 a0 . . . an−2
...

...
. . .

...
a1 a2 . . . a0







.(2.2)

We denote it by Circ(a0, a1, . . . , , an−1). The circulant is expressed
in terms of nth roots of 1 and equally as the resultant of two poly-
nomials (see Chapter II, §4). Spottiswoode (1853) and also Stern
(1871) and Muir (1920) proved:

Lemma 2.1. Let a0, a1, . . . , an−1 ∈ K, let G(X) = a0 + a1X + · · · +
an−1X

n−1 and let ξ0 = 1, ξ1, . . . , ξn−1 be the nth roots of 1. The
circulant of a0, a1, . . . , an−1 is equal to

Circ(a0, a1, . . . , an−1) =
n−1∏

i=0

G(ξi) = Res(G(X), Xn − 1)

(where Res denotes the resultant).

Proof. Let

A =








0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

1 0 0 · · · 0








(n× n matrix), so I, A,A2, . . . , An−1 are distinct and An = I. As is
easily seen,

C = a0I + a1A + a2A
2 + · · · + an−1A

n−1.

The characteristic polynomial of A is det(XA− I) = Xn − 1. Since
it has distinct roots ξ0 = 1, ξ1, . . . , ξn−1, then A is diagonalizable,
that is, there exists an invertible matrix U (with complex entries)
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such that

UAU−1 =








ξ0 0 · · · 0
0 ξ1 · · · 0
...

...
. . .

...
0 0 · · · ξn−1







.

Hence

UCU−1 =








G(ξ0) 0 · · · 0
0 G(ξ1) · · · 0
...

...
. . .

...
0 0 · · · G(ξn−1)







,

where G(X) = a0+a1X+· · ·+an−1X
n−1. So Circ(a0, a1, . . . , an−1) =

det(C) = det(UCU−1) =
∏n−1

i=0 G(ξi). By Chapter II, (4B), we also
have Circ(a0, a1, . . . , an) = Res(G(X), Xn − 1).

The following result of Wendt is about the circulant of binomial
coefficients. Accordingly, for every n ≥ 1 we define the Wendt de-
terminant to be

Wn = Circ

(

1,

(
n

1

)

,

(
n

2

)

, . . . ,

(
n

n− 1

))

.(2.3)

If G(X) = 1+
(n
1

)
X+

(n
2

)
X2+· · ·+( n

n−1

)
Xn−1 = (1+X)n−Xn then by

the lemma, Wn = Res(G(X), Xn − 1) =
∏n−1

n=0 [(1 + ξi)n − 1]. Now
we give Wendt’s criterion (1894); see also Matthews (1895), Bang
(1935), and an expository presentation by Rivoire (1968):

(2B) Let p be an odd prime and assume that q = 2kp + 1 (with
k ≥ 1) is also a prime. Then there exist integers x, y, z, not multiples
of q, such that xp +yp +zp ≡ 0 (mod q) if and only if q divides W2k.

Proof. By (1A), Fermat’s congruence Xp + Y p + Zp ≡ 0 (mod q)
has a nontrivial solution if and only if the system of congruences

{
X2k ≡ 1 (mod q),

(X + 1)2k ≡ 1 (mod q),

has a nontrivial solution, or equivalently, the system of congruences
{

X2k − 1 ≡ 0 (mod q),
(X + 1)2k −X2k ≡ 0 (mod q),
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has a nontrivial solution. This holds exactly when the resultant of
the polynomials X2k−1 and G(X) = (X +1)2k−X2k = 1+

(2k
1

)
X +

(2k
2

)
X2 + · · · + ( 2k

2k−1

)
X2k−1 is congruent to 0 modulo q; by Lemma

2.1 this means that W2k ≡ 0 (mod q).

Now we turn our attention to the computation of Wendt’s deter-
minant

Wn =
n−1∏

j=0

[(1 + ξj)n − 1] .(2.4)

The following result was stated without proof by Wendt (1894), and
proved thereafter also by Matthews (1895), E. Lehmer (1935), Bang
(1935), and Frame (1980):

(2C) Wn = 0 if and only if 6 divides n.

Proof. Assume that 6 divides n, and let ξ = ξ1 = cos 2π/n +√−1 sin 2π/n. Let l = n/3, so ω = ξl is a primitive cubic root of 1.
Hence 1 +ω +ω2 = 0, therefore 1 + ξl = −ξ2l and (1 + ξl)n = 1. We
conclude that Wn = 0.

Conversely, if Wn = 0 there exists j such that (1 + ξj)n = 1,
so ξj, 1 + ξj are nth roots of 1 and since the triangle with vertices
0, 1, 1 + ξj,

ξj

0 1

1 + ξj

θ

�
�
�
�
��

�
�
�
��

�
�
�
�

is equilateral, then θ = 2π/6 (or θ = −2π/6) and 1+ξj is a primitive
sixth root of 1. But (1 + ξj)n = 1 hence 6 divides n.

As a corollary:

(2D) If p and 6mp + 1 = q are primes then the congruence
Xp + Y p + Zp ≡ 0 (mod q) has a nontrivial solution.

Proof. This follows at once from (2B) and (2C).
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In view of (2C), it is customary to modify the definition of the
Wendt determinant when 6 divides n, by putting

Wn =
n−1∏

i=0

G(ξi),

where

G(X) =
(X + 1)n −Xn

X2 + X + 1
.(2.5)

In 1935, E. Lehmer indicated, without proof:

(2E) If d divides n then Wd divides Wn.

Proof. We may assume that Wd �= 0, i.e., 6 � | d. We note that since
d | n then each dth root of 1 is also an nth root of 1. From Wd �= 0,
then

Wn

Wd

=
∏

ξd
j
=1

(1 + ξj)n − 1
(1 + ξj)d − 1

×
∏

ξn
i
=1,ξd

i
�=1

[(1 + ξi)n − 1].

If n = de then

(1 + ξj)n − 1
(1 + ξj)d − 1

= (1 + ξj)d(e−1) + · · · + (1 + ξj)d + 1.

Therefore Wn/Wd is an algebraic integer, but also a rational number,
hence a rational integer.

The next property was also indicated by E. Lehmer, without proof.
A proof (not the one below) appears in Frame’s paper (1980); the
weaker statement 2n − 1 divides Wn was proved by Bang (1935):

(2F) If n ≥ 1 then Wn = (−1)n−1(2n−1)u2, where u is an integer.

Proof.

Wn =
n−1∏

j=0

[(1 + ξj)n − 1],

where ξ = cos 2π/n +
√−1 sin 2π/n. Thus Wn has the factor 2n − 1

(when j = 0) and if n is even, also the factor −1 (when j = n/2).
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So

Wn = (−1)n−1(2n − 1)
∏

j �=0,n/2

[(1 + ξj)n − 1].

Let u =
∏

0<j<n/2[(1 + ξj)n − 1]. We note that for every j �= 0, n/2
we have (1+ξ−j)n−1 = [ξ−j(1 + ξj)]n−1 = (1+ξj)n−1 so u is real
and Wn = (−1)n−1(2n − 1)u2, and it remains to show that u ∈ Z.
Let σ be any automorphism of the field Q(ξ), so σ(ξ) = ξl where
1 ≤ l < n and gcd(l, n) = 1. Hence σ [(1 + ξj)n − 1] = (1 + ξk)n − 1
where 0 < k < n/2 and jl ≡ ±k (mod n) because (1 + ξ−k)n − 1 =
(1+ξk)n−1. If 0 < j, j′ < n/2, let k, k′ be such that 0 < k, k′ < n/2
and jl ≡ ±k (mod n), j′l ≡ ±k′ (mod n). We note that if j �= j′

then k �= k′, because if jl ≡ ±j′l (mod n) then j ≡ ±j′ (mod n)
and this would imply j = j′. Therefore, different factors of u have
distinct images by σ, so σ(u) = u hence u ∈ Q, being invariant by
the automorphism of Q(ξ). But u is also an algebraic integer, hence
u ∈ Z.

For n even, Frame proved (1980):

(2G) If n = 2m and 3 � | n then Wn = −3((2n − 1)/3)3u6 where
u is an integer. In particular, if p is a prime, p ≡ 5 (mod 6), then
Wp−1 = −3((2p−1 − 1)/3)3u6, where u is an integer.

Proof. Let n = 2m. Since 3 � | n, ρ = ξ3 is also a primitive nth root
of 1. From ρm = −1 by (2.4) we have

Wn =
2m−1∏

j=0

2m−1∏

k=0

(1 + ρm+j + ρm+k).

If j = m we have
∏2m−1

k=0 (2 + ρm+k) = 22m − 1, similarly if k =
m we have

∏2m−1
k=0 (2 + ρm+j) = 22m − 1, while if j = k we have

∏2m−1
j=0 (1−2ρj) = 1−22m. Discounting the repetition of factors with

equal summands, and noting that for j = k = m we have the factor
3, then Wn = −3((2n − 1)/3)3v where

v =
∏′

(1 + ρm+j + ρm+k)

(
∏′ indicates the product for all (j, k) such that 0 ≤ j, k ≤ 2m −

1, j �= m, k �= m, and j �= k).



130 IV. Germain’s Theorem

The geometric mean of 1, ρm+j, ρm+k is ξj+k (because ρ = ξ3);
dividing each factor in the above product by the geometric mean of
the summands, we get

v =
∏′

ξj+k
∏′

(ξ−j−k + ξm+2j−k + ξm+2k−j).

The first product is equal to
∏

j �=m

∏

k �=m,k �=j

ξjξk =
∏

j �=m

ξj(2m−2)
∏

k �=m,k �=j

ξk

=
∏

j �=m

(−1)ξj(2m−3)
2m−1∏

j=0

ξk

=
∏

j �=m

(−1)ξj(2m−3)ξ(2m−1)2m/2

=
∏

j �=m

ξj(2m−3)

= (−1)2m−3
2m−1∏

j=0

ξj(2m−3)

= −ξ(2m−3)(2m−1)2m/2

= (−1)(2m−3)(2m−1)+1 = 1.

The second product is equal to
∏′′(ξe + ξf + ξg) (where

∏′′ is the
product for all (e, f, g) such that 0 ≤ e, f, g ≤ 2m − 1, e, f, g are
distinct and e + f + g ≡ 0 (mod 2m)). Indeed, since j �= k, j �=
m, k �= m, and 3 � | m, letting e, f, g be such that 0 ≤ e, f, g ≤ 2m−1,
and






e ≡ −j − k (mod 2m),
f ≡ m + 2j − k (mod 2m),
g ≡ m + 2k − j (mod 2m),

then e, f, g are distinct and e + f + g ≡ 0 (mod 2m).
Conversely, for every triple (e, f, g) as indicated, let j, k be such

that 0 ≤ j, k ≤ 2m− 1, and

j ≡ f − e−m (mod 2m),
k ≡ g − e−m (mod 2m),

so j �= m, k �= m, and j �= k.
Let u =

∏′′(ξe + ξf + ξg) (where
∏′′ is the product for all (e, f, g)

such that 0 ≤ e < f < g ≤ 2m− 1 and e + f + g ≡ 0 (mod 2m)).
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We show that u is invariant by every automorphism σ of Q(ξ).
If σ(ξ) = ξl, with gcd(l, n) = 1, 1 ≤ l < n, then σ(ξe + ξf + ξg) =
ξel + ξfl + ξgl which is a factor of u. If (e′, f ′, g′) �= (e, f, g) then
el, f l, gl cannot be congruent modulo 2m to e′l, f ′l, g′l, respectively,
or to these numbers in any order. So different factors of u have
different images by σ, hence σ(u) = u, showing that the algebraic
integer u is rational, hence u ∈ Z. But v = u6 because each factor
ξe+ξf +ξg of v is equal to a factor ξe

′
+ξf

′
+ξg

′
of u, where (e′, f ′, g′)

is obtained by permutation of (e, f, g).
Hence Wn = −3((2n − 1)/3)3u6.

Before the next result we need to establish a lemma.

Lemma 2.2. Let n be such that 2n + 1 = p is a prime, let ξ =
cos 2π/n+

√−1 sin 2π/n, and let P be any prime ideal of the cyclo-
tomic field Q(ξ) which divides p, i.e., P ∩Z = Zp. Then there exists
a primitive root s modulo p such that ξ ≡ s2 (mod P ).

Proof. Indeed, let g be any primitive root modulo p, i.e., g mod-
ulo p has order p − 1 = 2n, so g2 modulo p has order n, and the
set of elements modulo p with order n is {g2j (mod p) | 1 ≤ j <
n, gcd(j, n) = 1}. If 1 ≤ j, k < n, gcd(j, n) = gcd(k, n) = 1, and
j �= k then g2j �≡ g2k (mod p). By Chapter II, (3F), Φn(g2j) ≡ 0
(mod p) for all such exponents j. On the other hand, Φn(ξj) = 0
so Φn(ξj) ≡ 0 (mod P ) for all j, 1 ≤ j < n, gcd(j, n) = 1. Hence
there exists j such that ξ ≡ g2j (mod P ), and we just take s to be
s ≡ ±gj (mod p), 1 ≤ s < p.

Frame also proved the next statement (while Bang had noted in
1935 that p | Wn):

(2H) If 2n + 1 = p is a prime then p[(n−1)/2] divides Wn.

Proof. To begin, let ξ = cos 2π/n +
√−1 sin 2π/n. Given u, v,

1 ≤ u, v < n, gcd(u, n) = gcd(v, n) = 1, for every j, 1 ≤ j < n, such
that gcd(j, n) = 1 let fj = 1 − ξju − ξjv.

Let du,v =
∏

gcd(j,n)=1 fj. We show that du,v ∈ Z. Indeed, let σ be
any automorphism of Q(ξ), so σ(ξ) = ξl with gcd(l, n) = 1. Then
σ(1−ξju−ξjv) = 1−ξku−ξkv where 1 ≤ k < n and k ≡ jl (mod n),
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i.e., σ(fj) = fk. Every factor fk of du,v is so obtained, therefore σ
defines a permutation of the set of factors fj of du,v. Thus

σ(du,v) =
∏

gcd(j,n)=1

σ(fj) =
∏

gcd(j,n)=1

fj = du,v.

This proves that du,v ∈ Q and since du,v is an algebraic integer, then
du,v ∈ Z. If P is any prime ideal of Q(ξ) such that P ∩ Z = Zp, if s
is a primitive root modulo p such that ξ ≡ s2 (mod P ) then

du,v ≡
∏

gcd(j,n)=1

(1 − s2ju − s2jv) (mod P ),

so
du,v ≡

∏

gcd(j,n)=1

(1 − s2ju − s2jv) (mod p).

For every h, 2 ≤ h ≤ p − 2, and such that h2 �≡ −1 (mod p) in
case p ≡ 1 (mod 4), we define ah, bh, 0 ≤ ah, bh ≤ p− 1 by

{
ah ≡ 2h/(h2 + 1) (mod p),
bh ≡ −(h2 − 1)/(h2 + 1) (mod p).

Then ah �≡ 0, 1 (mod p) and bh �≡ 0, 1 (mod p). Hence there exist
u = uh, v = vh such that 1 ≤ u, v ≤ p− 1 and

{
ah ≡ su (mod p),
bh ≡ sv (mod p).

We have a2
h + b2h ≡ 1 (mod p) so 1−s2u−s2v ≡ 0 (mod p), therefore

p divides du,v.
If h, h′ with 2 ≤ h, h′ ≤ p−2 are such that h2 �≡ −1 (mod p), h′2 �≡

−1 (mod p) when p ≡ 1 (mod 4), and if h′ ≡ ±h or ± h (mod p),
where hh ≡ 1 (mod p) then it is easy to check that ah′ ≡ ±ah

(mod p) or ah′ ≡ ±bh (mod p) while bh′ ≡ ±bh (mod p) or bh′ ≡
±ah (mod p), respectively; hence, with obvious notations, 1− s2u −
s2v = 1 − s2u′ − s2v′

. Conversely, if h, h′ are such that this equal-
ity holds then either ah ≡ ±ah′ (mod p), bh ≡ ±bh′ (mod p) or
ah ≡ ±bh′ (mod p), bh ≡ ±ah′ (mod p). Examining all possible
cases, this leads to h′ ≡ ±h or ± h (mod p).

If p �≡ 1 (mod 4), the number of possible values for h is p − 3 =
2n − 2; this yields [(2n − 2)/4] = [(n − 1)/2] factors 1 − s2u − s2v

which are multiples of p.
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If p ≡ 1 (mod 4), the number of possible values for h is p − 5 =
2n − 4; this yields [(2n − 4)/4] = [(n − 1)/2] (because n is even)
factors 1 − s2u − s2v which are multiples of p.

Thus, in all cases, p[(n−1)/2] divides
∏

u,v du,v. Let Wn =
∏

u,v du,vt

where t ∈ Z (since t is an algebraic integer and t ∈ Q); thus p[(n−1)/2]

divides Wn.

For example, 4711 divides W23 and 10124 divides W50.
The next divisibility result concerns Lucas numbers. For the con-

venience of the reader we shall recall some relevant facts about Fi-
bonacci and Lucas numbers (see also Chapter V, §3).

The Fibonacci numbers Fn (n ≥ 0) are defined as follows:

F0 = 0, F1 = 1,

and for n ≥ 2:
Fn = Fn−1 + Fn−2.

Similarly, the Lucas numbers Ln (n ≥ 0) are defined as follows:

L0 = 2, L1 = 1,

and for n ≥ 2:
Ln = Ln−1 + Ln−2.

Let α, β be the roots of the polynomial X2 −X − 1, so

α =
1 +

√
5

2
= 1.6180 . . . ,

β =
1 −√

5
2

= −0.6180 . . . ,

and
α + β = 1, α− β =

√
5, αβ = −1.

As is known, α is called the golden number (or golden ratio).
The following lemma is attributed to Binet (1843):

Lemma 2.3. For every n ≥ 0 :

Fn =
αn − βn

α− β
, Ln = αn + βn.
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Proof. We have α2 = α + 1, β2 = β + 1, so αn = αn−1 + αn−2 and
also βn = βn−1 + βn−2 (for n ≥ 2).

Let Tn = (αn − βn)/(α− β), so T0 = 0, T1 = 1 and

Tn−1 + Tn−2 =
αn−1 − βn−1

α− β
+

αn−2 − βn−2

α− β
=

αn − βn

α− β
= Tn

(for n ≥ 2). Thus, the sequence {Tn | n ≥ 0} coincides with the
Fibonacci sequence. Similarly, let Un = αn + βn, so U0 = 2, U1 =
1 and Un−1 +Un−2 = αn−1 +βn−1 +αn−2 +βn−2 = αn+βn = Un (for
n ≥ 2). Thus, the sequence {Un | n ≥ 0} coincides with the Lucas
sequence.

For more results about Fibonacci and Lucas numbers, see, for ex-
ample, the books by Vorob’ev (1961), Hoggatt (1969) or Ribenboim
(1995).

Frame proved:

(2I) If n is odd then L2
n divides Wn.

Proof. By (2C) we may assume that 3 � | n. We have
n−1∏

j=1

(1 − ξj − ξ2j) = −
n−1∏

j=0

(1 − ξjα)(1 − ξjβ)

= −(1 − αn)(1 − βn)
= −1 + (αn + βn) − (−1)n

= Ln,

since n is odd, and using the preceding lemma. Similarly,
∏n−1

k=1(1−
ξ2k−ξk) = Ln. Now we note that if 1 ≤ j, k ≤ n−1, then the pairs (j
mod n, 2j mod n) and (2k mod n, k mod n) are distinct. Indeed,
otherwise j ≡ 2k (mod n) and 2j ≡ k (mod n), hence 3j ≡ 3k
(mod n) and j ≡ −k (mod n). Therefore j = k and j = n − k, so
n = 2k is even, contrary to the hypothesis.

This shows that Wn = L2
nv where v ∈ Q, and v is an algebraic

integer, so v ∈ Z.

For example, the squares of the Lucas numbers

L47 = 6 643 838 879
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and
L53 = 119 218 851 371

(which are known to be primes), divide W47, W53, respectively.
Improving on a result of Lubelski (1935) and independently of

Bang (1935), E. Lehmer indicated in 1935 the following divisibility
property of the Wendt determinant:

(2J) If p is an odd prime then pp−2(2p−1 − 1)/p divides Wp−1.

Proof. Consider the matrix C whose determinant is Wp−1:

C =























1

(
p− 1

1

) (
p− 1

2

)

· · ·
(
p− 1
p− 2

)

(
p− 1
p− 2

)

1

(
p− 1

1

)

· · ·
(
p− 1
p− 3

)

(
p− 1
p− 3

) (
p− 1
p− 2

)

1 · · ·
(
p− 1
p− 4

)

...
...

...
. . .

...(
p− 1

1

) (
p− 1

2

) (
p− 1

3

)

· · · 1























.

Adding every column of C to its last column, we obtain a matrix C ′

whose last column has all its elements equal to

1 +

(
p− 1

1

)

+

(
p− 1

2

)

+ · · · +
(
p− 1
p− 2

)

= 2p−1 − 1.

Adding to each column of C ′ (up to the column p − 3) the next
column, we obtain a matrix C ′′ such that the elements of the first
p− 3 columns are of the form

(
p− 1
k

)

+

(
p− 1
k + 1

)

=

(
p

k + 1

)

,

for k = 0, 1, . . . , p − 2. These elements are all multiples of p. Thus
Wp−1 = detC ′′ is a multiple of pp−3(2p−1−1) = pp−2(2p−1−1)/p.

For a recent related result, see Helou (1997).



136 IV. Germain’s Theorem

Frame observed experimentally that if n ≤ 50 and 6 � | n then
∣
∣log10 |Wn| − n2 log10 c

∣
∣ < 0.33,

where

log c =
2
π

∫ π/3

0
log(2 cos θ)dθ,

so log10 c = 0.140305. Thus Wn has about 0.1403 n2 digits. The
knowledge of the size of Wn and of some prime factors of Wn may
guarantee that the factorization of Wn is already complete.

In 1982, Boyd showed that the sequence {�n}, with

�n = log10 |Wn| − n2 log10 c,

is bounded and has exactly three limit points 0, 1
2 log10 3, 2

3 log10 2,
corresponding, respectively, to n ≡ ±1, ±2 or 3 (mod 6).

The values of Wn (for n = 2k ≥ 20) in the table below have been
kindly provided to me by J.S. Frame.

Wendt determinant:
W1 = 1,
W2 = −3,
W3 = 28 = 22 × 7,
W4 = −375 = −3 × 53,
W5 = 3751 = 112 × 31,
W6 = 0,
W7 = 26 × 292 × 127,
W8 = −37 × 53 × 173,
W9 = 22 × 7 × 194 × 372 × 73,
W10 = −3 × 119 × 313,
W11 = 235 × 672 × 89 × 1992,
W12 = 0,
W13 = 36 × 532 × 792 × 1312 × 5212 × 8191,
W14 = −224 × 3 × 296 × 433 × 1273,
W15 = 214 × 7 × 112 × 317 × 614 × 151 × 2712,
W16 = −37 × 53 × 76 × 1715 × 2573,
W20 = −3 × 524 × 119 × 313 × 419 × 616,
W22 = −3 × 2321 × 676 × 893 × 1996 × 6833,
W26 = −325 × 536 × 796 × 1316 × 5216 × 27313 × 81913,
W28 = −260 × 3 × 53 × 136 × 2921 × 433 × 1136 × 1273 × 1976,
W32 = −37 × 56 × 76 × 1715 × 476 × 9712 × 1936 × 2576 × 3536

× 4496 × 655373,
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W34 = −3 × 10312 × 13712 × 2396 × 3076 × 4096 × 6136 × 35716

× 436913 × 1310713,
W38 = −3 × 76 × 19112 × 22912 × 4196 × 4576 × 6476 × 7616

× 14836 × 93496 × 1747633 × 5242873,
W40 = −319 × 524 × 1115 × 319 × 4139 × 2416 × 28112 × 6416 × 8816

× 10485773,
W44 = −3 × 53 × 2318 × 676 × 8921 × 1996 × 3979 × 6176 × 10136

× 21139 × 23336 × 32576 × 32576 × 43576 × 157093,
W46 = −3 × 4745 × 13912 × 4616 × 59912 × 69112 × 8296 × 11516

× 23476 × 43576 × 1784813 × 27962033,
W50 = −3 × 116 × 10124 × 15118 × 2519 × 4016 × 6013 × 115112

× 13016 × 16016 × 19516 × 38516 × 46516 × 58016 × 61016

× 445613 × 558313,
W52 = −325 × 53 × 5351 × 796 × 1316 × 15715 × 2336 × 31312

× 5216 × 6776 × 13016 × 16139 × 27313 × 67096 × 81913

× 134176 × 205936.

In 1991, Fee and Granville computed the factors of (the modified)
Wn for every even n ≤ 200 (including when 6 divides n). From these
calculations, it followed:

(2K) If k ≤ 100, if p and 2kp + 1 are primes, then the first case
of Fermat’s last theorem is true for the exponent p.

Proof. The result follows from the explicit determination of the
factors of W2k (for 2k ≤ 200) and the verification that the conditions
of (2B) are satisfied.

From the values of W2k (for 2k = 2, 4, 8, 16) it follows at once
that Fermat’s congruence Xp + Y p + Zp ≡ 0 (mod q), where p and
q = 2kp + 1 are odd primes, has only the trivial solution. However
X3 + Y 3 + Z3 ≡ 0 (mod 31) and X3 + Y 3 + Z3 = 0 (mod 43) have
nontrivial solution, because 31 | W10 and 43 | W14.

According to a result of Dickson (1909) (see Chapter X, (2C)), if
p, q are primes and q ≥ (p− 1)2(p− 2)2 +6p− 2 then the congruence
(2.1) has a nontrivial solution. Therefore, if q = 2kp + 1 and 6 � | 2k
then by (2B) q | W2k.

We conclude this section by referring to statements made by Gan-
dhi (1975, 1976) if the first case of Fermat’s theorem is false for
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p. These conditions are expressed in terms of appropriate circulant
determinants, however the proofs were never published, due to the
untimely death of Gandhi.
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IV.3. Appendix: Sophie Germain’s Primes

We have mentioned that it is a very difficult problem to know whether
there exist infinitely many primes p such that 2p + 1 (or 4p + 1, or
8p + 1, etc . . . ) is also a prime. A heuristic argument points to the
validity of a much more general statement, as we shall explain.

If x is any positive number, we denote by π(x) the number of
primes p such that p ≤ x. The famous prime number theorem of
Hadamard and de la Vallée Poussin (1899) states that

lim
x→∞

π(x)
x/ log x

= 1,
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which we write also as π(x) ∼ x/log x.
Dirichlet’s theorem states that if a,m are relatively prime (pos-

itive) integers then there exist infinitely many primes in the arith-
metic progression {a + km | k ≥ 0}. If πa,m(x) denotes the number
of primes p in this arithmetic progression and such that p ≤ x, then

lim
x→∞

πa,m(x)
π(x)

=
1

ϕ(m)
,

that is,

πa,m(x) ∼ 1
ϕ(m)

· x

log x
.

Considering the polynomial f(X) = mX + a, πa,m(x) represents
the number of integers n, 1 ≤ n ≤ (x− a)/m such that f(n) is a
prime.

More generally, we may consider the following situation. Let
f1(X), f2(X), . . . , fk(X) be polynomials with integral coefficients,
and positive leading coefficient. Let dj ≥ 1 be the degree of fj(X).
Assume moreover that these polynomials are irreducible over Q and
that none is a constant multiple of another. Let N be any positive
integer and let Q(N) = Qf1,... ,fk(N) denote the number of integers
n, 1 ≤ n ≤ N , such that f1(n), f2(n), . . . , fk(n) are primes.

The probability that a large positive integer m be a prime is
π(m)/m ∼ 1/logm, by virtue of the prime number theorem.

Since we shall be interested in the values of the polynomials f1(X),
f2(X), . . . , fk(X), we have to discount the fact that k-tuples of such
values are not randomly distributed.

If p is an arbitrary prime, let sp denote the chance that none of
the integers of a random k-tuple be divisible by p. Then

sp =
(
p− 1
p

)k

=
(

1 − 1
p

)k

.

Similarly, let rp denote the chance that for a random integer n, none
of the integers f1(n), f2(n), . . . , fk(n) be divisible by p. If w(p) de-
notes the number of solutions of the congruence

f1(X)f2(X) · · · fk(X) ≡ 0 (mod p),

then rp = (p − w(p))/p = 1 − w(p)/p. It may be shown that the
product

∏
p rp/sp is convergent, say to a limit C = C(f1, . . . , fk). If

we agree that this number measures the extent to which the values
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of f1(X), . . . , fk(X) form a nonrandom k-tuple, then the probability
that f1(n), f2(n), . . . , fk(n) are all primes (for large n) is equal to

C(f1, . . . , fn)
1

log f1(n) · · · log fk(n)

∼ C(f1, . . . , fn)
1

d1 · · · dk × 1
(log n)k

,

since log fi(n) ∼ di log n. Then

Q(N) ∼ C(f1, . . . , fk)
1

d1 · · · dk
N∑

n=2

1
(log n)k

.

In particular limN→∞ Q(N) = ∞. Thus, we see in a heuristic way
that there should exist an infinite number of primes p with the re-
quired properties.

Now we consider the following special cases:
(1) f1(X) = X, f2(X) = 2X+; and
(2) f1(X) = X, f2(X) = X + 2.

Case (1) deals with Sophie Germain’s primes while case (2) refers
to twin primes. In both cases w(2) = 1 and w(p) = 2 if p > 2. Hence
the constant is

C =
1 − 1

2
(
1 − 1

2

)2

∏

p>2

1 − 2
p

(

1 − 1
p

)2 = 1.3203236,

so

Q(N) ∼ 1.3203236
N∑

n=2

1
(log n)2

.

This expression had been conjectured by Hardy and Littlewood
in 1923, for the count of twin primes less than N . It agrees rather
closely with the actual number of twin primes; see Sexton (1954),
Wrench (1961), Shanks (1962), and Brent (1975).
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V
Interludes 5 and 6

In this chapter, we give more background material.

V.1. p-Adic Numbers

A. The Field of p-Adic Numbers. In order to study divisibil-
ity properties by a prime p, it is often convenient to consider the
development of integers in the base p:

a = a0 + a1p + · · · + amp
m,

with 0 ≤ ai ≤ p− 1, pm ≤ a < pm+1.
Hensel also introduced infinite p-adic developments. The new

numbers so defined are the p-adic integers. He described the op-
erations of addition and multiplication among the p-adic integers
and proved a very important theorem concerning the existence of
p-adic integers which are roots of certain polynomials.

The p-adic numbers may be considered as being limits of sequences
of integers, relative to the p-adic distance. These considerations al-
lowed the introduction of methods of analysis in the study of divisi-
bility properties.
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We shall describe here very briefly the concepts of p-adic numbers
and the results which we shall require to discuss Fermat’s equation.

In Chapter II, §1, we have defined, for every prime p, the p-adic
valuation vp of Q. We recall that the set of p-integral rational num-
bers is

Zp =
{
a

b
| a, b ∈ Z, b �= 0, p � | b, gcd(a, b) = 1

}

∪ {0}.

It is a subring of Q containing Z. Moreover, if r ∈ Q then vp(r) ≥ 0
if and only if r ∈ Zp.

Zp is called the valuation ring of vp. The only maximal ideal of
Zp is equal to Zpp = {a/b ∈ Zp | p divides a}. The field Zp/Zpp is
isomorphic with the field Fp (with p elements); it is called the residue
field of vp.

The valuation vp defines, on the field Q, the function dp given as
follows. If a, b ∈ Q, then

{
dp(a, b) = p−vp(a−b) when a �= b,
dp(a, a) = 0.

It is easy to verify the following properties:

dp(a, b) ≥ 0,
dp(a, b) = dp(b, a),
dp(a, b) = dp(a− b, 0),

dp(a + c, b + c) = dp(a, b),
dp(a, b) ≤ max{dp(a, c), dp(b, c)},

≤ dp(a, c) + dp(b, c).

So dp is a distance, compatible with the operation of addition. It is
called the p-adic distance of Q.

The completion of Q relative to the p-adic distance is again a field,
denoted Q̂p and called the field of p-adic numbers. The nonzero
elements α of Q̂p are represented by p-adic developments

α =
∞∑

i=m

aip
i,

with 0 ≤ ai ≤ p − 1, m ∈ Z, and am �= 0. If αn =
∑n

i=m aip
i

(with n ≥ m) then α = limn→ αn (the limit is relative to the p-adic
distance).
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The p-adic valuation may be extended by continuity to a valuation
v̂p of the field Q̂p, which is defined by

v̂p

( ∞∑

i=m

aip
i

)

= m (if am �= 0).

Thus, the values of v̂p are also integers or infinity.
The topological closure of Zp in the field Q̂p is a ring, denoted by

Ẑp. Its elements are called the p-adic integers. Thus α ∈ Q̂p is a p-
adic integer exactly when v̂p(α) ≥ 0. It is also clear that Ẑp∪Q = Zp.
The only nonzero prime ideal of Ẑp is Ẑpp, consisting of the multiples
of p. The residue field of v̂p is Ẑp/Ẑpp, which is isomorphic to the
field Fp.

If α, β ∈ Q̂p, we say that α divides β if there exists γ ∈ Ẑp such
that αγ = β; this means that v̂p(α) ≤ v̂p(β). α ∈ Ẑp is a unit in
Ẑp when α divides 1, i.e., v̂p(α) = 0. The set Up of units of Ẑp is a
multiplicative group.

If α, β, γ ∈ Q̂p, γ �= 0, we write α ≡ β (mod γ) if γ divides α− β.
Similarly, if γ ∈ Q̂p, γ �= 0 and F (X), G(X) ∈ Q̂p[X] we write
F (X) ≡ G(X) (mod γ) when γ divides each coefficient of F (X) −
G(X).

These congruence relations satisfy the usual properties of congru-
ences of integers.

B. Polynomials with p-Adic Coefficients. We discuss briefly
polynomials with coefficients in the field Q̂p.

If f(X) = a0X
n + a1X

n−1 + · · · + an ∈ Q̂p[X], we make the
definition ṽp(f) = min0≤i≤n{vp(ai)}. If f, g ∈ Q̂p[X], with g �= 0, we
define

ṽp

(
f

q

)

= ṽp(f) − ṽp(g),

which is well defined. Then ṽp is a valuation of the field Q̂p(X),
whose restriction to Qp is the valuation vp. For simplicity, we shall
write vp, instead of ṽp.

If f, g ∈ Q̂p[X], we write f ≡ g (mod pn) when vp(f − g) ≥ n,
or equivalently, pn divides each coefficient of f − g. For every f =
∑m

i=0 aiX
i ∈ Ẑp[X], we denote by f = f mod p the polynomial

∑m
i=0 aiX

i ∈ Fp[X].
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We recall now some well-known facts about polynomials in Q̂p[X].
The polynomial f ∈ Ẑp[X] is said to be primitive when vp(f) = 0.
Every polynomial f ∈ Zp[X] may be written as f = af1, where
a ∈ Z, f1 ∈ Ẑp[X] and f1 is primitive.

(1A) Gauss’ Lemma. If f, g ∈ Ẑp[X] are primitive polynomials,
then f · g is also a primitive polynomial.

(1B) If f ∈ Zp[X] is primitive and f = g · h with g, h ∈ Q̂p[X],
then f = f1 · g1 for some primitive polynomials f1, g1 ∈ Zp[X], such
that deg g1 = deg g, deg h1 = deg h.

The nonconstant polynomial f ∈ Zp[X] (respectively, f ∈ Qp[X])
is irreducible in Zp[X] (respectively, in Qp[X]) if it is impossible to
write f = g · h, with g, h nonconstant polynomials in Zp[X] (respec-
tively, Qp[X]).

(1C) If f ∈ Ẑp[X], then f is irreducible in Ẑp[X] if and only if it
is irreducible in Q̂p[X].

The nonconstant polynomials f, g ∈ Ẑp[X] are said to be relatively
prime whenever, if h ∈ Zp[X] and h divides f and g, then deg(h) = 0.

(1D) If f ∈ Ẑp[X] is nonconstant and primitive, and if f does
not divide the nonconstant polynomial g ∈ Ẑp[X], then f and g are
relatively prime.

(1E) If f, g ∈ Ẑp[X] are nonconstant and relatively prime, then
there exist polynomials s, t ∈ Ẑp[X] such that s · f + t · g is a nonzero
element of Ẑp.

(1F) If f, g, h ∈ Ẑp[X], if f is irreducible and if f divides g · h,
then either f divides g or f divides h.

(1G) If g, h ∈ Ẑp[X] are nonconstant and relatively prime, if g or
h is primitive and both g and h divide f , then g · h divides f .
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(1H) Every nonzero polynomial f ∈ Ẑp[X], may be written as
a product f = ag1 · · · gm, where a ∈ Ẑp, and g1, . . . , gn ∈ Ẑp[X]
are primitive irreducible polynomials with n ≥ 0. Moreover, a and
g1, . . . , gn are uniquely defined up to a unit in Ẑp.

Now we shall consider the resultant and the discriminant of poly-
nomials in Ẑp[X].

(1I) Let f, g be nonconstant polynomials in Ẑp[X]. Then the
following conditions are equivalent:

(a) There exists a nonconstant polynomial h ∈ Ẑp[X] which di-
vides both f and g.

(b) There exist nonzero polynomials f1, g1 ∈ Ẑp[X] such that
deg(f1) < deg(f), deg(g1) < deg(g), and

g1 · f + f1 · g = 0.

Proof. (a) ⇒ (b) We assume that f = h · f1 and g = −h · g1

with f1, g1 ∈ Ẑp[X]; then deg(f1) < deg(f), deg(g1) < deg(g), and
g1 · f + f1 · g = 0.

(b) ⇒ (a) Conversely, we assume that there exist polynomials
f1 and g1 ∈ Ẑp[X], such that deg(f1) < deg(f), deg(g1) < deg(g),
and g1f + f1g = 0. If f, g are relatively prime, then by (1E) there
would exist polynomials s, t ∈ Ẑp[X] such that s · f + t · g = c ∈
Ẑp, with c �= 0. Eliminating g from the above relations, we obtain
f(sf1 − tg1) = cf1 where deg(f1) < deg(f), which is impossible.

(1J) In order that f =
∑m

i=0 aiX
m−i and g =

∑n
j=0 bjX

n−j (where
m,n > 0, and f, g ∈ Ẑp[X]) have a common nonconstant factor, it
is necessary and sufficient that R(f, g) = 0.

Proof. It was seen in Chapter II, (4B), that if f, g have a common
nonconstant factor, then R(f, g) = 0.

Conversely, by (1I) it is equivalent to show the existence of nonzero
polynomials f1 ∈ Ẑp[X], g1 ∈ Ẑp[X], f1 =

∑m−1
i=0 ciX

m−1−i, g1 =
∑n−1

i=0 diX
n−1−i, such that g1 · f + f1 · g = 0 (it is not excluded that

c0 = d0 = 0). This relation is equivalent to the following system of
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m+n equations in the unknown quantities c0, . . . , cm−1, d0, . . . , dm−1

(obtained by equating to zero the coefficients of the powers of X):





d0a0 + c0b0 = 0,
d0a1 + d1a0 + c0b1 + c1b0 = 0,
d0a2 + d1a1 + d2a0 + c0b2 + c1b1 + c2b0 = 0,

...

This homogeneous linear system has a nontrivial solution in Q̂p if
and only if the determinant of its matrix vanishes, or equivalently,
the determinant of the matrix obtained after exchanging rows and
columns vanishes; in other words, R(f, g) = 0. Now we finish the
proof by noticing that if there exists a nontrivial solution in Q̂p,
by multiplying by the common denominator of these elements, we
obtain a nontrivial solution in Ẑp.

(1K) Let f, g ∈ Zp[X] be relatively prime nonconstant polynomials,
such that vp(R(f, g)) = ρ. Then every nonzero polynomial h ∈ Ẑp[X]
such that vp(h) ≥ ρ and deg(h) < deg(f)+deg(g) may be written in a
unique way as h = g1 ·f+f1 ·g, where f1, g1 ∈ Ẑp[X], vp(f1) ≥ vp(h)−
ρ, vp(g1) ≥ vp(h) − ρ, deg(f1) < deg(f), and deg(g1) < deg(g).

Proof. Let

f =
m∑

i=0

aiX
m−i,

g =
n∑

i=0

biX
n−i,

h =
m+n−1∑

i=0

e1X
m+n−i.

We want to determine f1 =
∑m−1

i=0 ciX
m−1−i, g1 =

∑n−1
i=0 diX

n−1−i in
Zp[X] such that h = g1 ·f +f1 ·g. Comparing the coefficients of X in
both sides of the above relation, we obtain a linear system of m+ n
equations in the m+n unknown quantities ci, dj, whose determinant
is exactly R(f, g).

Since f, g are relatively prime, by (1J) we have R(f, g) �= 0; hence
the above system has a unique solution.
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The coefficients ci, dj may be computed by Cramer’s rule; their
numerators are linear forms in the ei with coefficients in Ẑp (because
f, g ∈ Ẑp[X]), and their denominators are equal to R(f, g). From
vp(ei) ≥ vp(h) ≥ 0 = vp(R(f, g)), it follows that vp(ci) ≥ 0, vp(dj) ≥
0, so that f1, g1 ∈ Ẑp[X] and vp(f1) ≥ vp(h) − ρ, vp(g1) ≥ vp(h) −
ρ.

(1L) Let g ∈ Ẑp[X] be a nonconstant polynomial. In order that
there exist a nonconstant polynomial g ∈ Ẑp[X] such that g2 divides
f , it is necessary and sufficient that Discr(f) = 0.

Proof. In fact, if g2 divides f , then g divides f and f ′, hence
Discr(f) = R(f, f ′) = 0. Conversely, if Discr(f) = 0, by (1J) there
exists a nonconstant polynomial f ∈ Ẑp[X] dividing f and f ′; by
(1H), we may assume that g is irreducible. We have f = g · h, hence
f ′ = g′ ·h+g ·h′; since g divides f ′, it follows that g divides g′ ·h; from
deg(g′) < deg(g) we see that g does not divide g′, hence g divides h
(by (1F)), and so g2 divides f .

We shall now investigate the behavior of the resultant R(f, g)
when f, g are replaced by sufficiently close polynomials, relative to
the metric defined by the valuation vp on Q̂p(X).

(1M) If f, g, f1, g1 ∈ Ẑp[X] are nonconstant polynomials and
vp(f1 − f) ≥ α, vp(g1 − g) ≥ β, then vp(R(f1, g1) − R(f, g)) ≥
min{α, β}.
Proof. Let a ∈ Ẑp be such that vp(a) = min{vp(f1−f), vp(g1−g)};
then f1 = f + ah and g1 = g + ak, where h, g ∈ Zp[X]. Thus
R(f1, g1) = R(f+ah, g+ak). Writing the eliminating matrix between
f+ah, g+ak, and computing the determinant, we obtain R(f, g)+as,
where s ∈ Ẑp is a certain sum of products of elements equal to a or
to coefficients of f, h, g, k. Thus

vp(R(f1, g1) −R(f, g)) ≥ vp(a) ≥ min{α, β}.

(1N) With the above notations, if f, f1 ∈ Ẑp[X] are nonconstant
polynomials and vp(f − f1) ≥ α, then vp(Discr(f) − Discr(f1)) ≥ α.
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Proof. In fact, since Discr(f) = R(f, f ′), Discr(f1) = R(f1, f1
′),

we have only to remark that vp(f1 − f) ≥ α implies vp(f1
′ − f ′) ≥ α.

Indeed, if m = max{deg(f),deg(f1)} and f =
∑m

i=0 aiX
m−i, f1 =

∑m
i=0 biX

m−i, then

f ′ =
m−1∑

i=0

aiX
m−1−i, f1

′ =
m−1∑

i=0

(m− 1)biXm−1−i;

thus vp((m−1)(bi−ai)) ≥ vp(bi−ai) for every i = 0, . . . ,m−1, and so
vp(f1

′−f ′) ≥ min{vp(bi−ai) : i = 0, . . . ,m−1} ≥ vp(f1−f) ≥ α.

We also have at once:

(1O) If f, g ∈ Ẑp[X] and f = f mod p, g mod p, then the
resultant of f and g (computed in Fp[X]) is R(f, g) = R(f, g) and
the discriminant of f (computed in Fp[X]) is Discr(f) = Discr(f).

We say that the monic nonconstant polynomials f, g ∈ Ẑp[X] are
relatively prime modulo p when f, g are relatively prime polynomials
in Fp[X]. Similarly, f is said to be irreducible modulo p whenever f

is an irreducible polynomial of Fp[X]. Every polynomial f ∈ Ẑp[X]
is congruent modulo p to a product of polynomials in Ẑp[X], which
are irreducible modulo p, and are uniquely defined modulo p.

With these definitions, we have:

(1P) f, g ∈ Ẑp[X] are relatively prime modulo p if and only if the
resultant is a unit in Ẑp, i.e., if and only if vp(R(f, g)) = 0.

Proof. By definition, f, g are relatively prime modulo p when f, g
are relatively prime polynomials in Fp[X]; by Chapter II, (4B), this
means that R(f, g) �= 0; by (1O), this is equivalent to R(f, g) �= 0,
that is, p does not divide R(f, g), or equivalently, vp(R(f, g)) = 0.

(1Q) Let f, g ∈ Zp[X] be irreducible polynomials modulo p. Then
p divides R(f, g) if and only if f ≡ g (mod p).

Proof. In fact, p divides R(f, g) exactly when f, g are not relatively
prime modulo p; hence there exists a nonconstant polynomial h ∈
Zp[X] such that f ≡ h·f1 (mod p), g ≡ h·g1 (mod p); by hypothesis,
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we must have f ≡ h (mod p), g ≡ h (mod p), hence f ≡ g (mod p).
The converse is trivial.

We observe that if f =
∑m

i=0 ∈ Zp[X] and f ′ is a multiple of p,
then f ≡ ∑

i≥0 apiX
pi (mod p). Indeed, the coefficients of f ′ are

jaj; thus if p divides f ′, then p divides aj when p does not divide j.
Therefore,

f ≡



∑

i≥0

apiX
pi





p

(mod p).

In particular, if f is irreducible modulo p, then f ′ �= 0 and hence we
may consider the discriminant of f modulo p.

(1R) If f ∈ Ẑp[X] is irreducible modulo p, then p does not divide
Discr(f).

Proof. We write f = f1+pf2 where all the coefficients of f1 are not
multiples of p. Then f ′ = f1

′+pf2
′ and by (1N), Discr(f) ≡ Discr(f1)

mod p. If p divides Discr(f), then p divides Discr(f1) = R(f1, f1
′).

By (1P), there exists h ∈ Ẑp[X] such that h is nonconstant and h

is a common factor of f1, f1
′
. Thus f1 = h · g, f1

′
= h · k with

g, k ∈ Ẑp[X]. Since f1 = f is irreducible, then g = c with c ∈ Ẑp. So
c · f1

′
= f1 · k. Therefore

deg(f1
′
) ≤ deg(f1

′) = deg(f1) ≤ deg(f1 · k) = deg(f1
′
),

which is absurd.

(1S) Let f ∈ Ẑp[X] be such that f is not constant. Then f has a
multiple irreducible factor modulo p if and only if p divides Discr(f).

Proof. We have f ≡ g1g2 · · · gn (mod p), where g1, g2, . . . , gn are
irreducible modulo p. Hence, by (1M) and Chapter II, (4D),

Discr(f) ≡ Discr(g1g2 · · · gn)

= ±
n∏

i=1

Discr(gi) ·
∏

i<j

[R(gi, gj)]2 (mod p).

By (1R), p does not divide Discr(gi) for 1 ≤ i ≤ n. Then p divides
Discr(f) if and only if there exist indices i < j such that p divides
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R(gi, gj). By (1Q) this means that gi ≡ gj (mod p), concluding the
proof.

C. Hensel’s Lemma. This very important result, proved by Hensel
in 1908, is certainly the raison d’être of the p-adic numbers. It as-
serts the existence, under appropriate conditions, of p-adic roots of
polynomials. We shall prove here Hensel’s lemma in its strong form:

(1T) Let F, g, h ∈ Ẑp[X] be such that:

(i) deg(g) = m > 0, deg(h) = n > 0, deg(F ) = m + n, g is
monic and deg(F − gh) < deg(F );

(ii) vp(R(g, h)) = ρ ≥ 0; and
(iii) vp(F − gh) = α > 2p.

Then there exist G,H ∈ Ẑp[X] such that vp(G− g) ≥ α− ρ, vp(H −
h) ≥ α − ρ, deg(G) = deg(g), deg(H) = deg(h), G is monic, H,h
have the same leading coefficient, and finally, F = G ·H.

Proof. We shall prove the following assertion, for j ≥ 0:

(*) If g, h ∈ Ẑp[X], deg(g) = m, deg(h) = n, g is monic, deg(F−
gh) < deg(F ), vp(F − gh) ≥ α+ j, and vp(R(g, h)) = ρ, then
there exist polynomials g∗, h∗ ∈ Ẑp[X], such that deg(g∗) <
m, deg(h∗) < n, vp(g∗) ≥ α + j − ρ, vp(h∗) ≥ α + j − ρ, and
vp (F − (g + g∗)(h− h∗)) ≥ α + j − 1.

Indeed, since vp(R(g, h)) = ρ then R(g, h) �= 0. By (1J), g and h
are relatively prime.

We note that vp(F − gh) ≥ α+ jαρ and deg(F − gh) < deg(F ) =
deg(g) + deg(h), and it follows from (1K) that there exist uniquely
defined polynomials g∗, h∗ ∈ Ẑp[X], such that the following hold:

F − gh = h∗g + g∗h,

vp(g∗) ≥ vp(F − gh) − ρ ≥ α + j − ρ,

vp(h∗) ≥ vp(F − gh) − ρ ≥ α + j − ρ,

deg(g∗) < deg(g),
deg(h∗) < deg(h).
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Therefore

vp(F − (g + g∗)(h + h∗)) = vp((F − gh) − (h∗g + g∗h) − g∗h∗)
= vp(g∗h∗)
≥ 2(α + j − ρ)
= (α− 2ρ) + (α + 2j)
≥ α + j + 1.

We apply this result, beginning with g = g0, h = h0, j ≥ 0, and
letting g1 = g0 + g∗0 , h1 = h0 + h∗

0. Then we apply the result for
g1, h1, j = 1, obtaining g2 = g1 + g∗1 , h2 = h1 + h∗

1 and so on.
We have to note that

vp(R(gj+1, hj+1)) = vp(R(gj, hj)) = ρ

for every j ≥ 0, because

vp [R(gj+1, hj+1) −R(gj, hj)] ≥ min{vp(g∗), vp(h∗)}
≥ α + j − ρ > ρ,

as follows from (1M).
Thus, we have the sequences of polynomials (gj)j≥0 and (hj)j≥0

such that deg(gj) = m, deg(hj) = n, each gj is monic, hj and h have
the same leading coefficient, and finally

vp(gj+1 − gj) ≥ α + j − ρ,

vp(hj+1 − hj) ≥ α + j − ρ.

Thus (gj)j≥0 and (hj)j≥0 are Cauchy sequences of polynomials of
degree m,n, respectively. This means that if

gj =
m∑

i=0

bijX
i,

hj =
n∑

i=0

cijX
i,

the sequences (bij)j≥0, (cij)j≥0 (for every i), are Cauchy sequences
in Qp. Since Q̂p is complete, let bi = lim bij, ci = lim cij, and G =
∑m

i=0 biX
i, H =

∑n
i=0 ciX

i.



154 V. Interludes 5 and 6

Then vp(G− gj) ≥ α + j − ρ, because

G− gj = lim
s→∞

(
s∑

i=0

g∗j+1

)

and

vp

(
s∑

i=0

g∗j+1

)

≥ α + j − ρ,

for every s ≥ 1. Similarly, vp(H − hj) ≥ α + j − ρ for every j ≥ 0.
Finally,

vp(F −GH) = vp[(F − gjhj) + (gj −G)H + gj(hj −H)]
≥ min{vp(F − gjhj), vp(gj −G) + vp(H),

vp(gj) + vp(hj −H)}
≥ α + j − ρ,

for every j ≥ 0. It follows that F = GH with G monic, and H,h
having the same leading coefficient.

Now we give Hensel’s lemma in its more customary form:

(1U) Let F, g, h ∈ Ẑp[X] be such that:
(i) deg(g) = m > 0, deg(h) = n > 0, deg(F ) = m + n, g is

monic and deg(F − gh) < deg(F );
(ii) g, h are relatively prime modulo p; and
(iii) F ≡ g · h (mod p).

Then there exist polynomials G,H ∈ Zp[X] such that G ≡ g (mod p),
H ≡ h (mod p), deg(G) = deg(g), deg(H) = deg(h), G is monic,
H, h have the same leading coefficient, and F = G ·H.

Proof. This is an immediate corollary of the preceding result. In-
deed, by (1P), vp(R(g, h)) = 0. Since vp(F − gh) ≥ 1, the above
result may be applied.

Another commonly encountered form of Hensel’s lemma concerns
the lifting of roots modulo p.

(1V) Let F ∈ Ẑp[X] with deg(F ) ≥ 1, let a ∈ Ẑp be a simple root
of the congruence F (X) ≡ 0 (mod p). Then there exists b ∈ Ẑp such
that b = a and F (b) = 0.
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Proof. By hypothesis, F ≡ (X − a)h (mod p) where h(A) �≡ 0
(mod p). So X − a, h are relatively prime modulo p. By (1U),
F = GH, with G monic, deg(G) = 1, G = X − a, thus G = X − b

with b ∈ Ẑp, b = a, and therefore F (b) = 0.

We shall apply Hensel’s lemma to the polynomial Xp−1 − 1:

(1W) If p is a prime then Ẑp contains p − 1 (p − 1)th roots of
1. More precisely, for every j = 1, 2, . . . , p− 1 there exists a unique
element ωj ∈ Ẑp such that ωp−1

j = 1 and ωj ≡ j (mod p).

Proof. For every j = 1, . . . , p−1, jp−1 ≡ 1 (mod p), so Xp−1−1 ≡
∏p−1

j=1(X − j) (mod p). Thus 1, 2, . . . , p − 1 are all the roots of the
congruence, and they are simple. By (1V), for every j there exists
ωj ∈ Ẑp such that ωp−1

j = 1 and ωj ≡ j (mod p).
For the uniqueness, we observe that if ω ∈ Ẑp, ω

p−1 = 1, and ω ≡
k (mod p), then ω must coincide with one of the roots of Xp−1 − 1,
say ω = ωj; then j ≡ ωj = ω ≡ k (mod p), so j = k, i.e., ω = ωk.

Let p be a prime and let (Ẑ/p)× denote the multiplicative group
of nonzero residue classes modulo p. Let Ω denote the multiplicative
group of (p− 1)th roots of unity in Ẑp.

As a corollary, we have:

(1X) The mapping which associates to each nonzero residue
class j modulo p the (p − 1)th root of unity ωj in Ẑp such that
ωj ≡ j (mod p), establishes an isomorphism between the multiplica-
tive groups (Z/p)× and Ω. Moreover, ωg is a generator of Ω if and
only if g is a primitive root modulo p.

Proof. Indeed, if 1 ≤ j, k, h ≤ p− 1 and jk ≡ h (mod p), by (1W)
it follows that ωjωk ≡ ωh (mod p). Since ωj ≡ j (mod p), the map-
ping j modulo p �→ ωj is an isomorphism. The last assertion is
trivial.

(1Y) With the above notations:
(1) iF P − 1 � | r then

∑
ω∈Ω ωr = 0; and

(2) if p− 1 | r then
∑

ω∈Ω ωr = p− 1.
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Proof. (1) Let g be a primitive root modulo p, so ωg is a generator
of the multiplicative group Ω. Then

∑

ω∈Ω

ωr =
p−2∑

j=0

ωjr
g =

1 − ω(p−1)r
g

1 − ωr
g

= 0,

when p− 1 � | r.
(2) If p − 1 | r then ωr = 1 for every ω ∈ Ω, hence

∑
ω∈Ω ωr =

p− 1.
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V.2. Linear Recurring Sequences of Second Order

Let A,B be nonzero integers such that D = A2−4B �= 0. Let R0, R1

be given integers and for every k ≥ 2 let Rk = ARk−1 −BRk−2.
If A = 1, B = −1 and R0 = 0, R1 = 1, then Rk is the kth

Fibonacci number. If A = 1, B = −1 and R0 = 2, R1 = 1, then
Rk is the kth Lucas number. These sequences of numbers have been
briefly considered in Chapter IV, §2.

We shall now indicate several elementary properties of the se-
quence of numbers (Rk)k≥0. For our purpose, we shall assume that
R0 = 0 and R1 = 1. There are analogous results when R0 = 2, R1 =
A.

Part (1) of the following lemma was given by Siebeck (1846); it
is a generalization of Binet’s result for Fibonacci numbers (Chapter
IV, Lemma 2.3). In 1878, Lucas published a classical paper on this
subject; see also Lehmer (1930). For further references on recurring
sequences, see Dickson (1920, Vol. I, pp. 393–411).
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Lemma 2.1. With above notations and hypotheses:

(1) If α, β are the roots of the equation X2 − AX + B = 0, that
is,

α =
A +

√
A2 − 4B
2

, β =
A−√

A2 − 4B
2

,

then for every k ≥ 0:

Rk =
αk − βk

α− β
.

(2) If k, h ≥ 1 then Rk+h = RkRh+1 −BRk−1Rh.
(3) (αh + βh)2 = DR2

h + 4Bh.
(4) If k | h then Rk | Rh.
(5) ARn + (αh + βh) = 2Rh+1 for h ≥ 0,

ARh − (αh + βh) = 2BRh−1 for h ≥ 1.
(6) If k ≥ 1 is odd then

2k−1Rk =
(k−1)/2∑

h=0

(
k

2h + 1

)

Ak−2h−1Dh,

2k−1(αk + βk) =
(k−1)/2∑

h=0

(
k

2h

)

Ak−2hDh.

(7) If k ≥ 1 is odd and n ≥ 1 then

Rnk = D(k−1)/2Rk
n+

(k−1)/2∑

h=1

k

h

(
k − h− 1
h− 1

)

BnhD(k−2h−1)/2Rk−2h
n .

Proof. (1) From α2 −Aα+ β = 0 it follows that αk+2 = Aαk+1 −
Bαk and similarly βk+2 = Aβk+1 − Bβk. Noting that α �= β since
A2 − 4B �= 0, by subtraction and division by α− β, we obtain

αk+2 − βk+2

α− β
= A

αk+1 − βk+1

α− β
−B

αk − βk

α− β
.

Let R′
k = (αk − βk)/(α− β) for every k ≥ 0, so R′

k+2 = AR′
k+1 −

BR′
k for k ≥ 0. Since the sequences (Rk)k≥0, (R′

k)k≥0 satisfy the
same recurrence relation and R′

0 = R0 = 0, R′
1 = R1 = 1, then

Rk = R′
k = (αk − βk)/(α− k) for every k ≥ 0.
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(2)

RkRh+1 −BRk−1Rh

=
(αk − βk)(αh+1 − βh+1) − αβ(αk−1 − βk−1)(αh − βh)

(α− β)2

=
αk+h − βk+h

α− β
= Rk+h.

(3)

(αh + βh)2 −DR2
h = α2h + 2αhβh + β2h −D

(
αh − βh

α− β

)2

= α2h + 2αhβh + β2h − (α2h − 2αhβh + β2h)
= 4αhβh = 4Bh,

since (α− β)2 = D, αβ = B.
(4) Let h = nk. If n = 1 it is trivial and we proceed by induction:

R(n+1)k = RnkRk+1 −BRnk−1Rk

is a multiple of Rk.
(5) We have A = α + β, so by (1),

ARh + (αh + βh)

= (α + β)
αh − βh

α− β
+ (αh + βh)

=
αh+1 − αβh + αhβ − βh+1 + αh+1 + αβh − αhβ − βh+1

α− β

= 2
αh+1 − βh+1

α− β
= 2Rh+1.

Similarly,

ARh − (αh + βh)

= (α + β)
αh − βh

α− β
− (αh + βh)

=
αh+1 − αβh + αhβ − βh+1 − αh+1 − αβh − αhβ + βh+1

α− β

= 2αβ
αh−1 − βh−1

α− β
= 2BRh−1.
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(6) Let k ≥ 1 be odd. From
{

2α = A +
√
D,

2β = A−√
D,

by raising to the power k, and subtracting,

2k(αk − βk) = 2




(k−1)/2∑

h=0

(
k

2h + 1

)

Ak−2h−1D(2h+1)/2



 .

Dividing by 2(α− β) = 2
√
D, we have

2k−1Rk =
(k−1)/2∑

h=0

(
k

2h + 1

)

Ak−2h−1Dh.

Similarly, by raising the expressions of 2α and 2β to the power k,
by subtracting and dividing by 2, we obtain

2k−1(αk + βk) =
(k−1)/2∑

h=0

(
k

2h

)

Ak−2hDh.

(7) By Chapter VII, (1D), we have the identity

Xk +Y k = (X+Y )k +
(k−1)/2∑

h=1

(−1)h
k

h

(
k − h− 1
h− 1

)

XhY h(X+Y )k−2h.

We take X = αn, Y = −βn, and since k is odd,

αnk − βnk = (αn − βn)k +
(k−1)/2∑

h=1

k

h

(
k − h− 1
h− 1

)

(αβ)nh(αn − βn)k−2h.

Dividing by α − β, noting that αβ = B and α − β =
√
D then by

(1) we have

Rnk = D(k−1)/2Rk
n +

(k−1)/2∑

h=1

k

h

(
k − h− 1
n− 1

)

BnhD(k−2h−1)/2Rk−2h
n .

Now we investigate the divisibility properties of the terms of the
recurring sequence (Rk)k≥0.

If m ≥ 1 and if there exists an index k such that m divides Rk,
we denote by r(m) the smallest such index. It is called the rank of
appearance of m in the sequence (Rk)k≥0.
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Lemma 2.2. (1) If m ≥ 1 and gcd(m,B) = 1 then there exists
the rank of appearance of m.

(2) If m ≥ 1 and gcd(m,B) = 1 then m divides Rk if and only
if r(m) divides k.

(3) If m, n ≥ 1, gcd(m,B) = gcd(n,B) = gcd(m,n) = 1 then
r(mn) = lcm{r(m), r(n)}.

(4) If p is an odd prime, p � | B, then Rp ≡ (D/r) (mod p) (where
(D/p) denotes the Jacobi symbol).

(5) If p is an odd prime, p � | B, then r(p) divides p− (D/p).
(6) If p is an odd prime, p � | B, if k = vp

(
Rr(p)

)
and e ≥ k, then

r(pe) = pe−kr(p).
(7) If k ≥ 1, h ≥ 1 then Rkh+1 ≡ Rk

h+1 (mod R2
h).

(8) If k ≥ 1, h ≥ 1 then Rkh ≡ kRhR
k−1
h+1 (mod R2

h).

Proof. (1) Consider the set of pairs {(Rk mod m, Rk−1 mod m |
k = 1, 2, . . . }. Since there exist only finitely many couples of residue
classes modulo m, there exist integers k, l, with k < l such that

{
Rk ≡ Rl (mod m),

Rk−1 ≡ Rl−1 (mod m).

Since BRk−2 = ARk−1−Rk then BRk−2 ≡ BRl−2 (mod m) hence
Rk−2 ≡ Rl−2 (mod m), because gcd(m,B) = 1. Repeating this
argument, it follows that 0 = R0 ≡ Rl−k (mod m), so there exists
an integer l−k ≥ 1 such that m | Rl−k. Hence there exists a smallest
integer r(m) such that m | Rr(m).

(2) First we note that for every k ≥ 2, if m divides Rk then
gcd(m,Rk−1) = 1. Otherwise there exists a prime p dividing m,Rk

and Rk−1. From Rk = ARk−1−BRk−2 and gcd(m,B) = 1, it follows
that p | Rk−2. Repeating the argument, we would conclude that
p | R1 = 1, which is a contradiction.

Now let S be the set of all indices k such that m | Rk; by (1),
S �= 0. We show that if k, h ∈ S then k + h ∈ S. Indeed, by Lemma
2.1(2), m | k + h.

Similarly, if k, h ∈ S, k < h, then h − k ∈ S. In fact, Rh =
Rk+(h−k) = RkRh−k+1 − BRk−1Rh−k, hence m | BRk−1Rh−k. But
gcd(m,B) = 1 and, as shown above, gcd(m,Rk−1) = 1, hence m |
Rh−k.

This suffices to show that S is the set of multiples of its smallest
element, namely r(m).
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(3) We have m | mn and mn | Rr(mn) so m | Rr(mn) hence
r(m) | r(mn); similarly r(n) | r(mn) hence l = lcm{r(m), r(n)}
divides r(mn).

Conversely, m | Rr(m) and r(m) | l hence m | Rl; similarly n | Rl,
hence from gcd(m,n) = 1 then mn | Rl, that is, r(mn) | l.

(4) By Chapter II, (3.3), we have

Rp =
αp − βp

α− β
= (α− β)p−1 + pf = D(p−1)/2 + pf.

Since D(p−1)/2 ≡ (D/p) (mod p) then Rp ≡
(

D
p

)
(mod p).

(5) If p | D then (D/p) = 0 and Rp ≡ 0 (mod p). Let (D/p) = 1;
we show that Rp−1 ≡ 0 (mod p) hence by (2), r(p) | p − 1. Indeed,
by Lemma 2.1(5), and by (4) above,

2BRp−1 = ARp − (αp + βp) ≡ A− (αp + αp) (mod p).

By Lemma 2.1(6), 2p−1(αp + βp) ≡ Ap (mod p). Hence

2BRp−1 ≡ 2pBRp−1 ≡ 2p−1A−Ap ≡ A−Ap ≡ 0 (mod p).

Since p � | B, p �= 2, then Rp−1 ≡ 0 (mod p).
Now let (D/p) = −1; we show that Rp+1 ≡ 0 (mod p), hence by

(2), r(p) | p + 1. Indeed, by Lemma 2.1(5), and by (4) above,

2Rp+1 = ARp + (αp + βp) ≡ −A + (αp + βp) (mod p).

By Lemma 2.1(6), 2p−1(αp + βp) ≡ Ap (mod p), hence

2Rp+1 ≡ 2pRp+1 ≡ −2p−1A + Ap ≡ −A + Ap ≡ 0 (mod p).

Since p �= 2 then Rp+1 ≡ 0 (mod p).
(6) Let Rr(p) = pkt, with p � | t, k ≥ 1. By Lemma 2.1(7), we have

for m ≥ 1,

Rr(p)pm = D(pm−1)/2Rpm

r(p)

+
(pm−1)/2∑

h=1

pm

h

(
pm − h− 1

h− 1

)

Br(p)hD(pm−2h−1)/2Rpm−2h
r(p) .

For h = (pm − 1)/2 the summand is equal to pmBr(p)(pm−1)/2Rr(p)

and its p-adic value is m + k, since p � | B.
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If 0 < h < (pm − 1)/2 then

vp

(
pm

h

(
pm − h− 1

h− 1

)

Br(p)hD(pm−2h−1)/2Rpm−2h
r(p)

)

≥ vp

(
pm

h
Rpm−2h

r(p)

)

= m + (pm − 2h)k − vp(h).

However, if m ≥ 1 and 0 < h < (pm−1)/2 then pm > 2h+vp(h)+1.
Indeed, 2h = pm− psr with p � | r, 0 ≤ s < m and if s = 0 then r > 1;
so 2h+ vp(h) + 1 = pm − psr + s+ l < pm because s+ 1 < psr (since
p �= 2). Hence,

m + (pm − 2h)k − vp(h) > m + vp(h)(k − 1) + k ≥ m + k.

We have also

vp
(
D(pm−1)/2Rpm

r(p)

)
≥ pmk > m + k,

when m ≥ 1 (because p �= 2). Thus, for m ≥ 1 we have vp
(
Rr(p)pm

)
=

m + k. This is also true when m = 0.
Taking m = e− k ≥ 0 then vp

(
Rr(p)pe−k

)
= e so pe | Rr(p)pe−k and

therefore, by (2), r(pe) | r(p)pe−k. Since pe | Rr(pe) then r(p) | r(pe).
Hence r(pe) = r(p)pm with 0 ≤ m ≤ e − k. If m < e − k then
vp(Rr(p)pm) = m + k < e, so pe � | Rr(p)pm hence r(pe) �= r(p)pm and
this shows that r(pe) = r(p)pe−k.

(7) The proof is by induction, being trivial when k = 1. We have
by Lemma 2.1(2):

R(k+1)h+1 = R(kh+1)+h

= Rkh+1Rh+1 −BRkhRh

≡ Rkh+1Rh+1

≡ Rk+1
h+1 (mod R2

h)

by induction and since Rh divides Rkh (by Lemma 2.1(4)).
(8) The proof is by induction, being trivial when k = 1. We

have, by Part (7), by Lemma 2.1(2) and (4), and by induction:

R(k+1)h = Rkh+h = RhRkh+1 −BRh−1Rkh

≡ RhR
k
h+1 −BRh−1kRhR

k−1
h+1

≡ RhR
k−1
h+1[Rh+1 −BkRh−1]

≡ RhR
k−1
h+1(k + 1)Rh+1 ≡ (k + 1)RhR

k
h+1 (mod R2

h),



V.2. Linear Recurring Sequences of Second Order 163

noting that

Rh+1 = RhR2 −BRh−1 ≡ −BRh−1 (mod Rh).
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VI
Arithmetic Restrictions on
Hypothetical Solutions
and on the Exponent

Let p be an odd prime and assume that x, y, z are nonzero pairwise
relatively prime integers such that xp + yp + zp = 0.

In this chapter we indicate congruences and divisibility properties
satisfied by expressions involving the numbers x, y, z, p. In some
instances, we will be able to reach a contradiction, proving that
Fermat’s last theorem (or the first case) holds for certain exponents
p. In Section 3 we focus on a conjecture of Abel, which has not yet
been completely established by a direct proof.

VI.1. Congruences

Let p be an odd prime and assume that x, y, z are nonzero relatively
prime integers such that xp + yp + zp = 0. For easy reference, we
recall results from Chapter III, §1.

If p � | xyz then there exist nonzero integers r, s, t, r1, s1, t1 such
that






x + y = tp, (xp + yp)/(x + y) = tp1, z = −tt1,

y + z = rp, (yp + zp)/(y + z) = rp1 , x = −rr1,

z + x = sp, (zp + xp)/(z + x) = sp1, y = −ss1,

(1.1)
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p � | rstr1s1t1 and r, s, t, r1, s1, t1 are pairwise relatively prime. More-
over rp + sp + tp �= 0.

If p � | xy but p | z, then there exist nonzero integers r, s, t, r1, s1, t1,
and n ≥ 2 such that






x + y = ppn−1tp, (xp + yp)/(x + y) = ptp1, z = −pntt1,

y + z = rp, (yp + zp)/(x + y) = rp1 , x = −rr1,

x + y = sp, (zp + xp)/(x + y) = sp1, y = −ss1,

(1.2)

p � | rstr1s1t1 and r, s, t, r1, s1, t1 are pairwise relatively prime. We
have rp + sp + ppn−1tp �= 0.

Moreover: If p � | xyz then r1 ≡ 1 (mod 2p2), s1 ≡ 1 (mod 2p2),
and t1 ≡ 1 (mod 2p2). If p | z, p � | xy then r1 ≡ 1 (mod 2p), s1 ≡ 1
(mod 2p), and t1 ≡ 1 (mod 2p2). If p � | xyz then






x = −rp + k,
y = −sp + k,
z = −tp + k,

(1.3)

where k = (rp + sp + tp)/2. If p | z, p � | xy then






x = −rp + k,
y = −sp + k,
z = −ppn−1tp + k,

(1.4)

where k = (rp + sp + ppn−1tp)/2.
We begin with an easy congruence, soon to be reinforced. From

xp ≡ x (mod p), yp ≡ y (mod p), zp ≡ z (mod p) then −z ≡ −zp =
xp + yp ≡ x + y (mod p), so xp + yp = −zp ≡ (x + y)p (mod p2).

The first result is due to Fleck (1909). It was given by Lind in a
weaker form, in 1910. It was rediscovered by Frobenius in 1914 and
again by Vandiver (1914), Pomey (1923) and Pérez-Cacho (1958).

(1A) Let p be an odd prime, and let x, y, z be nonzero relatively
prime integers, such that xp + yp + zp = 0.

(1) If p does not divide x then xp−1 ≡ 1 (mod p3).
(2) If p � | xyz then (x + y)p ≡ xp + yp (mod p4).
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Proof. (1) 1st Case: p does not divide yz. As recalled above,
r1 ≡ 1 (mod p2). Hence x = −rr1 ≡ −r (mod p2) and xp ≡ −rp

(mod p3).
By symmetry, we have also yp ≡ −sp (mod p3) and zp ≡ −tp

(mod p3). Since xp + yp + zp = 0 then rp + sp + tp ≡ 0 (mod p3). It
follows from the above relations (1.3) that x ≡ −rp (mod p3). Hence
xp ≡ x (mod p3) and xp−1 ≡ 1 (mod p3).

2nd Case: Assume that p divides z, hence p does not divide y.
As recalled above, t1 ≡ 1 (mod p2), hence tp1 ≡ 1 (mod p3).

On the other hand, pn − 1 ≥ 4, so x ≡ −y (mod p4) and ptp1 =
(xp+yp)/(x+y) = xp−1−xp−2y+· · ·−xyp−2+yp−1 ≡ pxp−1 (mod p4)
hence xp−1 ≡ tp1 ≡ 1 (mod p3).

(2) We have 0 = xp + yp + zp ≡ x + y + z (mod p3), hence
x+ y ≡ −z (mod p3). Then (x+ y)p ≡ −zp ≡ xp + yp (mod p4).

With methods from Class Field Theory, as a consequence of the-
orems of Furtwängler, Vandiver proved (1914, 1919):

(1B) With above notations: xp ≡ x (mod p3), yp ≡ y (mod p3),
zp ≡ z (mod p3), and x + y + z ≡ 0 (mod p3).

The result which follows is again due to Fleck (1909). Partial as-
sertions were rediscovered by Pomey (1923), Vandiver (1925), James
(1934), Niewiadomski (1938), and Inkeri (1946).

(1C) Let x, y, z be nonzero relatively prime integers such that
xp + yp + zp = 0.

(1) If p � | xyz then x + y + z is a multiple of 6 and of rstp3 and
r + s + t is a multiple of p2.

(2) If p | z then x+y+z is a multiple of 6 and of rstp2 and r+s
is a multiple of p, while r + s + t is not a multiple of p.

Proof. It follows from the relations (1.1) (respectively, (1.2)), that
in both cases r, s, t divide x + y + z. Also, x + y + z is even and
xp ≡ x (mod 3), yp ≡ y (mod 3), zp ≡ z (mod 3), hence x+y+z ≡
xp + yp + zp = 0 (mod 3).

In the first case, it follows from (1A) that xp ≡ x (mod p3), yp ≡ y
(mod p3), zp ≡ z (mod p3), hence x + y + z ≡ 0 (mod p3). Since
p � | rst then rstp3 divides x + y + z.
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As it was recalled above, r1 ≡ 1 (mod p2), s1 ≡ 1 (mod p2), t1 ≡
1 (mod p2). It follows from relations (1.1) that x ≡ −r (mod p2),
y ≡ −s (mod p2), z ≡ −t (mod p2), hence r + s + t ≡ 0 (mod p2).

Assuming that p | z, then p � | xy, hence it follows from relations
(1.2) that pn divides z and x + y (with n ≥ 2), hence p2 divides
x + y + z; since p � | rst then p2rst divides x + y + z.

As recalled above, r1 ≡ 1 (mod p), s1 ≡ 1 (mod p) so by relations
(1.2), x ≡ −r (mod p), y ≡ −s (mod p). Hence r + s ≡ −(x + y) ≡
z ≡ 0 (mod p). Thus r + s + t ≡ t �≡ 0 (mod p).

The next proposition was proved, in the first case, by Spunar
(1929) and James (1934); a simpler proof was given by Segal (1938).

(1D) Let x, y, z be nonzero relatively prime integers such that
xp + yp + zp = 0.

(1) If p � | xyz then r + s + t �= 0.
(2) If p | z then r + s + pnt �= 0 and also r + s + t �= 0 (where n

was defined in (1.2)).

Proof. (1) Assume that p � | xyz and r+ s+ t = 0. Since gcd(r, s, t)
= 1 we may suppose, for example, that r, s are odd while t is even.
Then rp +sp = (y+z)+(z+x) = x+y+2z = tp−2tt1 (by relations
(1.1)). Hence

rp + sp

r + s
= −rp + sp

t
= 2t1 − tp−1.

The left-hand side is equal to rp−1− rp−2s+ · · ·− rsp−2 +sp−1, hence
it is the sum of p odd numbers, so it is odd. On the other hand,
2t1 − tp−1 is even, which is impossible. Hence r + s + t �= 0 in the
first case.

(2) If p | z then p � | xy and by relations (1.2), rp + sp = (y+ z) +
(z + x) = x + y + 2z = ppn−1tp − 2pntt1. Hence, if r + s + pnt = 0
then

rp + sp

r + s
= −rp + sp

pnt
= 2t1 − ppn−n−1tp−1.

Since p � | t1 and n ≥ 2 then p does not divide (rp +sp)/(r+s). On
the other hand, by Chapter II, (3R)(4), gcd(p, r+s) = gcd(r+s, (rp+
sp)/(r+s)). By (1C), p | r+s, hence p divides (rp+sp)/(r+s), which
is a contradiction. From (1C), since p � | r+s+t, then r+s+t �= 0.
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In connection with this result, Racliş considered in 1944 the fol-
lowing conjecture, where p is an odd prime:

(R′
p) If a, b, c are nonzero integers and pabc divides ap + bp + cp

then a + b + c = 0 or ap + bp + cp = 0.

Racliş showed:

(1E) Let p be an odd prime. If (R′
p) is true then the first case of

Fermat’s theorem is true for the exponent p.

Proof. Assume that x, y, z are nonzero pairwise relatively prime
integers, not multiples of p, such that xp + yp + zp = 0. Let r, s, t
be defined as in relations (1.1), so r, s, t are nonzero integers. We
remarked after (1.1) that rp + sp + tp �= 0, and by (1D), r + s + t �=
0. By (1C), p divides r + s + t. By (1.1) and (1.3), r, s, t divide
rp +sp + tp, and since p, r, s, t are pairwise relatively prime then prst
divides rp + sp + tp, showing that (R′

p) is not true.

The validity of (R′
p) is very questionable. (R′

3) and (R′
5) are false:

p = 3, a = b = c = 1 and p = 5, a = 33, b = −2, c = −1 provide
counterexamples.

Similarly, consider the following statement:

(R′′
p) If a, b, c are nonzero integers and pabc divides ap+bp+ppn−1cp

(for some n ≥ 2) then a + b + pnc = 0 or ap + bp + ppn−1cp = 0.

Then:

(1F) Let p be an odd prime. If (R′′
p) is true then the second case

of Fermat’s theorem is true for the exponent p.

Proof. Assume that x, y, z are pairwise relatively prime integers,
such that p | z and xp+yp+zp = 0. Let r, s, t, and n be defined as in
relations (1.2), so r, s, t are nonzero integers, n ≥ 2. Then by (1D),
r+ s+ pnt �= 0, and by the remark after (1.2), rp + sp + ppn−1tp �= 0.

However, as already shown in (1C), r+s ≡ 0 (mod p), so p divides
rp + sp + ppn−1tp. By (1.4), r, s, t divide rp + sp + ppn−1tp and since
p, r, s, t are pairwise relatively prime then prst divides rp + sp +
ppn−1tp. This contradicts the assumption (R′′

p).



170 VI. Arithmetic Restrictions

In 1946, Inkeri generalized (1A). He also proved the corresponding
result for the second case, with a more powerful method from Class
Field Theory.

(1G) If p is an odd prime, n ≥ 1, if x, y, z are nonzero relatively
prime integers such that xpn

+ypn

+zp
n

= 0, and if p does not divide
x then xp−1 ≡ 1 (mod p2n+1).

Proof. Since x, y, z are pairwise relatively prime, we may assume,
for example, that p � | y.We have

−xpn

= ypn

+ zp
n

= (y + z)
n∏

m=1

Qp

(
ypm−1

,−zp
m−1
)
.

By Chapter II, (3C)(2), the factors on the right are pairwise rela-
tively prime, so y + z = apn

where a | x, p � | a. Similarly, x+ z = bp
n

where b | y, p � | b.
If p � | z, we have similarly x + y = cp

n

where c | z, p � | c and (xp +
yp)/(x + y) = dp

n

where d | z, p � | d and gcd(c, d) = 1. However, if
p | z, by Chapter II, (3C)(3), x+y = phcp

n

, (xp +yp)/(x+y) = pdp
n

where c | z, d | z, p � | c, p � | d, gcd(c, d) = 1, h ≥ 1.
We show that if q is any prime dividing d (whether p | z or p � | z)

then q ≡ 1 (mod pn+1). Indeed, since q | d then q | xp+yp, q | z, q �=
p, and q � | c, hence q � | x + y. So

{
y ≡ apn

(mod q),
x ≡ bp

n

(mod q),

hence q � | apn

+ bp
n

. But apn+1
+ bp

n+1 ≡ xp +yp ≡ 0 (mod q). There-
fore q is a primitive factor of the binomial apn+1

+ bp
n+1

. By Chapter
II, (3G), q ≡ 1 (mod pn+1). It follows that d ≡ 1 (mod pn+1), hence
dp

n ≡ 1 (mod p2n+1).
To conclude the proof, we examine separately the two cases.
If p � | x then (xp+yp)/(x+y) ≡ 1 (mod p2n+1) hence xp+yp ≡ x+y

(mod p2n+1). By symmetry, yp + zp ≡ y + z (mod p2n+1) and xp +
zp ≡ x + z (mod p2n+1). Adding up these congruences, dividing by
2, and subtracting the second one, we obtain xp ≡ x (mod p2n+1),
hence xp−1 ≡ 1 (mod p2n+1).

If p | z, let vp(z) = k ≥ 1, so vp
(
zp

n)
= pnk ≥ n + 1. By

Chapter II, (3C)(4), vp(x + y) = pnk − n, so x ≡ −y (mod pkp
n−n).
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Hence

pdp
n

=
xp + yp

x + y
= xp−1 − xp−2y + · · · − xyp−2 + yp−1

≡ pxp−1 (mod pkp
n−n).

But kpn − n ≥ 2n + 2, because p > 3 (otherwise the hypothesis is
not satisfied); hence xp−1 ≡ dp

n ≡ 1 (mod p2n+1).

The next group of results will involve congruences of the type

(1 + x)p
k ≡ 1 + xpk

(mod pk+1).

It is convenient to precede the discussion with the following easy
result, which is given explicitly by Ferentinou-Nicolacopoulou (1965):

Lemma 1.1. Let p be an odd prime not dividing the integer a.
(1) If n > m ≥ 0 then apn ≡ apn−m

(mod pn−m+1).
(2) If k ≥ 1 then apk − apk−1 ≡ apk−1(ap−1 − 1) (mod pk+1).

If p also does not divide a + 1:
(3) If k ≥ 1 then [(a + 1)p

k − apk − 1] − [(a + 1)p
k−1 − apk−1 − 1]

≡ pk−1 [(a + 1)p − ap − 1] (mod pk+1).
(4) If k ≥ 2 then (a + 1)p

k ≡ apk

+ 1 (mod pk+1) if and only if
(a + 1)p

k−1 ≡ apk−1
+ 1 (mod pk+1).

(5) If k ≥ 1 and (a+1)p
k ≡ apk

+1 (mod pk+2) then (a+1)p
k−1 ≡

apk−1
+ 1 (mod pk+1).

Proof. (1) apm ≡ · · · ≡ ap ≡ a (mod p), hence raising to the
power pn−m:

apn ≡ apn−m

(mod pn−m+1).

(2) apk − apk−1
= apk−1

[apk−1(p−1) − 1]. If ap−1 = 1 + bp then
(
ap−1)p

k−1

≡ 1 + bpk (mod pk+1),

hence
(
ap−1)p

k−1

− 1 ≡ bpk ≡ (ap−1 − 1
)
pk−1 (mod pk+1).

Since apk−1 ≡ a (mod p) then

apk − apk−1 ≡ a(ap−1 − 1)pk−1 (mod pk+1).
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(3) By (2) and the hypothesis, p does not divide a + 1:

(a + 1)p
k − (a + 1)p

k−1 ≡ (a + 1)p
k−1

((a + 1)p−1 − 1) (mod pk+1)

and similarly

apk − apk−1 ≡ apk−1(ap−1 − 1) (mod pk+1).

Therefore, by subtraction,

[(a + 1)p
k − apk − 1] − [(a + 1)p

k−1 − apk−1 − 1]
≡ pk−1 [(a + 1)p − ap − 1] (mod pk+1).

(4) First note that if k ≥ 2 then apk ≡ apk−1 ≡ ap (mod p2) and
also

(a + 1)p
k ≡ (a + 1)p

k−1 ≡ (a + 1)p (mod p2).

Thus

(a + 1)p
k − apk − 1 ≡ (a + 1)p

k−1 − apk−1 − 1
≡ (a + 1)p − ap − 1 (mod p2).

If
(a + 1)p

k − apk − 1 ≡ 0 (mod pk+1)

then also
(a + 1)p

k − apk − 1 ≡ 0 (mod p2),

so (a + 1)p − ap − 1 ≡ 0 (mod p2). By (3),

(a + 1)p
k−1 − apk−1 − 1 ≡ 0 (mod pk+1).

The converse is proved in the same way.
(5) By hypothesis, (a + 1)p

k ≡ apk

+ 1 (mod pk+1) hence also
(a + 1)p

k−1 ≡ apk−1
+ 1 (mod pk+1).

In particular, as was noted by Birkhoff and was published by
Carmichael in his second note of 1913, if p does not divide a, nor
a+1, then (1+a)p ≡ 1+ap (mod p3) if and only if (1+a)p

2 ≡ 1+ap2

(mod p3).
The following result was given by Klösgen in 1970:

(1H) Let p be an odd prime, and m ≥ 1. The following conditions
are equivalent:
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(1) There exist integers x, y, z, not multiples of p, satisfying the
congruence

xpm

+ ypm

+ zp
m ≡ 0 (mod pm+1).

(2) There exists an integer a, 1 ≤ a ≤ (p− 3)/2, such that

1 + apm ≡ (1 + a)p
m

(mod pm+1).

Moreover, if any two of the numbers x, y, z are congruent modulo p
then 2pm−1 ≡ 1 (mod pm+1).

Proof. We need only to show that (1) implies (2), since the other
implication is trivial. Let z′ be an integer such that z′z ≡ 1 (mod p).
Let a ≡ z′x (mod p), −b ≡ z′y (mod p), where 1 ≤ a ≤ p − 1, 1 ≤
b ≤ p− 1. Then

apm ≡ z′p
m

xpm

(mod pm+1), −bp
m ≡ z′p

m

ypm

(mod pm+1),

so apm

+ 1 ≡ bp
m

(mod pm+1). If b ≡ a + t (mod p) then apm

+ 1 ≡
bp

m ≡ (a + t)p
m ≡ a + t (mod p) so t ≡ 1 (mod p), and apm

+ 1 ≡
(a + 1)p

m

(mod pm+1), with 1 ≤ a < a + 1 ≤ p− 1.
If a = (p− 1)/2 then a + 1 = (p + 1)/2 ≡ −(p− 1)/2 (mod p) so

(p− 1)p
m

+ 2pm ≡ −(p− 1)p
m

(mod pm+1)

hence 2pm ≡ 2 (mod pm+1) and we take a = 1, since 1pm

+ 1 = (1 +
1)p

m

(mod pm+1). If (p− 1)/2 < a ≤ p−2 then taking a1 = p−1−a
we have 1 ≤ a1 ≤ (p− 3)/2 and

1 + apm

1 ≡ (1 + a1)p
m

(mod pm+1).

For the last assertion, we may assume, for example, that x ≡ y
(mod p), the other cases being similar. In the course of the proof, we
had a ≡ z′x ≡ z′y ≡ −b (mod p), b ≡ a + 1 (mod p) hence 2a ≡ −1
(mod p), so a = (p− 1)/2. Therefore 2pm−1 ≡ 1 (mod pm+1).

An immediate corollary of this result is the following.
If the first case of Fermat’s theorem fails for the exponent p,

that is, if there exist integers x, y, z, not multiples of p, such that
xp + yp + zp = 0, then we also have xp + yp + zp ≡ 0 (mod p2).
There exists a, 1 ≤ a ≤ (p− 3)/2, such that 1 + ap ≡ (1 + a)p
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(mod p2). Carmichael (1913) and Meissner (1914) obtained the fol-
lowing more precise results (the statement for the first case is also
given by Gandhi, in 1975).

(1I) Let x, y, z be nonzero relatively prime integers such that xp+
yp+ zp= 0.

(1) If p � | xyz there exists an integer a, 1 ≤ a ≤ (p− 3)/2 such
that

(1 + a)p ≡ 1 + ap2
(mod p3),

or equivalently, (1 + a)p ≡ 1 + ap (mod p3).
(2) If p | xyz there exists an integer a, 1 ≤ a ≤ (p− 3)/2, such

that (1 + a)p ≡ 1 + ap (mod p2).

Proof. (1) By (1A), xp ≡ x (mod p3) so xp2 ≡ xp ≡ x (mod p3).
Similarly yp2 ≡ y (mod p3) and zp

2 ≡ z (mod p3). Hence, by (1C),
xp2

+ yp2
+ zp

2 ≡ x + y + z ≡ 0 (mod p3).
By (1H) there exists a, 1 ≤ a ≤ (p− 3)/2, such that (1 + a)p

2 ≡
1 + ap2

(mod p3) and by Birkhoff’s remark following Lemma 1.1,
(1 + a)p ≡ 1 + ap (mod p3).

(2) If p | xyz, we may assume, for example, that p � | xy, p |
z. According to (1C), x + y + z ≡ 0 (mod p2). Then (x + y)p ≡
−zp = xp + yp (mod p3). Since x �≡ 0 (mod p), y �≡ 0 (mod p),
there exists an integer b, 1 ≤ b ≤ p − 1 such that y ≡ bx (mod p).
Then yp ≡ bpxp (mod p2) and (x+ y)p ≡ xp(1+ b)p (mod p2). Thus
xp(1 + b)p ≡ xp(1 + bp) (mod p2). Since p � | x then (1 + b)p ≡ 1 + bp

(mod p2).
As in (1H), if 1 ≤ b ≤ (p− 3)/2 we take a = b, if (p− 1)/2 <

b ≤ p − 1 we take a = p − 1 − b and if b = (p− 1)/2 then we take
a = 1.

We remark that the above criterion for the first case is useless
when p ≡ 1 (mod 6), as pointed out by Birkhoff (in Carmichael’s
second note, 1913). For this purpose, we establish the following easy
lemma:

Lemma 1.2. Let p be an odd prime. Then p ≡ 1 (mod 6) if and
only if p �= 3 and there exists an integer t, 1 ≤ t ≤ p − 1, such that
t2 + t + 1 ≡ 0 (mod p).
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Proof. Let p = 6k + 1, let g be a primitive root modulo p. Let t
be such that 1 ≤ t ≤ p− 1 and t ≡ g2k (mod p). So t �≡ 1 (mod p),
but t3 ≡ 1 (mod p). Hence t2 + t+1 = (t3 − 1)/(t− 1) ≡ 0 (mod p).

Conversely, if t2+t+1 ≡ 0 (mod p), then (2t+1)2 = 4t2+4t+1 =
4(t2+t+1)−3 ≡ −3 (mod p). So −3 is a square modulo p �= 3. Hence
1 = (−3/p) = (p/3) so p ≡ 1 (mod 3), hence p ≡ 1 (mod 6).

Now we use the following fact established by Cauchy in 1841: if
p ≡ 1 (mod 6) then the polynomial pX(X +1)(X2 +X +1)2 divides
(X + 1)p −Xp − 1 (see Chapter VII, (2A)).

Thus, if p ≡ 1 (mod 6), by the lemma there exists t, 1 ≤ t ≤ p−1,
such that t2 + t + 1 ≡ 0 (mod p). It follows that (1 + t)p ≡ 1 + tp

(mod p3) and by a remark of Birkhoff, (1 + t)p
2 ≡ 1 + tp

2
(mod p3).

Proceeding as in the proof of (1H), there exists a, 1 ≤ a ≤ (p− 3)/2,
such that (1 + a)p

2 ≡ 1 + ap2
(mod p3).

This establishes the assertion that if p ≡ 1 (mod 6) then the cri-
terion of (1I) is useless in the first case.

Wagstaff verified in 1975 that for every prime p < 100 000, p ≡ −1
mod 6, the congruence (1 + x)p ≡ 1 + xp (mod p3) has no solution
in integers a, 1 ≤ a ≤ (p− 3)/2. In this way, it was proved that the
first case is true for such exponents.

In the same year of 1975, Gandhi had independently suggested
that such computations be performed. (1I) may be rephrased as
follows:

(1J) Let g be a primitive root modulo p.

(1) If 1+gjp
2
+gkp

2 �≡ 0 (mod p3) for all indices j, k = 1, . . . , p−1
then the first case of Fermat’s theorem holds for the exponent
p.

(2) If 1+gjp+gkp �≡ 0 (mod p2) for all indices j, k = 1, . . . , p−1
then Fermat’s theorem holds for the exponent p.

Proof. (1) If the first case fails for the exponent p, there exists
a, 1 ≤ a ≤ (p− 3)/2, such that (1 + a)p

2 ≡ 1 + ap2
(mod p3).

Note that a �≡ 0, −1 (mod p). Let j, k be indices such that a ≡ gj

(mod p), −(1 + a) ≡ gk (mod p). Then ap2 ≡ gjp
2

(mod p3), (1 +
a)p

2 ≡ −gkp
2

(mod p3) and therefore 1 + gjp
2
+ gkp

2 ≡ 0 (mod p3).
(2) If Fermat’s theorem fails for the exponent p, there exists a, 1 ≤

a ≤ (p− 3)/2 such that (1 + a)p ≡ 1 + ap (mod p2). We conclude
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similarly that there exist indices j, k such that 1 + gjp + gkp ≡ 0
(mod p2).

In 1950, Trypanis announced without proof the following strength-
ening of Carmichael’s result. It was rediscovered by Ferentinou-
Nicolacopoulou in 1965 (we present her proof) and generalized by
Klösgen in 1970 (see (1J)).

(1K) If the first case of Fermat’s theorem fails for the exponent
p > 5, there exists an integer a, 1 ≤ a ≤ (p− 5)/2, such that

(1 + a)p
2 ≡ 1 + ap2

(mod p4),

or equivalently

(1 + a)p
3 ≡ 1 + ap3

(mod p4).

Proof. Assume that x, y, z are positive integers, not multiples of p,
such that

xp + yp = zp.

Let t be the order of p modulo z, so t is the smallest positive integer
such that

pt ≡ 1 (mod z).

We write pt − 1 = dz, for some integer d > 0. Clearly p does not
divide d. Let m = dx, n = dy, hence p does not divide m,n and

mp + np = (pt − 1)p.

So m,n, −(pt−1) satisfy Fermat’s equation. By (1C), m+n ≡ pt−1
(mod p3).

Let us note that m,n are less than pt − 1 and since (m + n)p >
mp + np then m+ n > pt − 1, so pt < m+ n+ 1 < 2pt. This implies
that t ≥ 4, because if t ≤ 3 then

m + n ≡ pt − 1 (mod pt),

that is, m + n + 1 ≡ 0 (mod pt), which is not possible.
Since m+n ≡ −1 (mod p3) then (n+1)p ≡ −mp (mod p4). Also

from mp + np = (pt − 1)p we deduce that

np + 1 ≡ −mp (mod pt+1),
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therefore np + 1 ≡ −mp (mod p5), and combining with the previous
congruence,

(n + 1)p ≡ np + 1 (mod p4).
By (1A), mp−1 ≡ np−1 ≡ (pt − 1)p−1 ≡ 1 (mod p3) and from n+1 ≡
−m (mod p3) we have

(n + 1)p−1 ≡ mp−1 ≡ np−1 ≡ 1 (mod p3).

As is known, there are ϕ(p3) = p2(p− 1) invertible residue classes
modulo p3, and they form a multiplicative cyclic group. If the residue
class of w modulo p3 is any generator of this group, from

np−1 ≡ 1 (mod p3) and (n + 1)p−1 ≡ 1 (mod p3)

it follows that the orders of the residue classes n mod p3 and (n+1)
mod p3 divide p− 1; so there exist positive integers h, k, 0 ≤ h, k ≤
p− 2, such that

n ≡ whp2
(mod p3)

and
n + 1 ≡ wkp2

(mod p3).
Let b ≡ wh (mod p). Then

n ≡ bp
2 ≡ b (mod p)

and
n + 1 ≡ wkp2 ≡ wk (mod p),

so wk ≡ b + 1 (mod p) and we deduce that

np ≡ bp
3

(mod p4)

and
(n + 1)p ≡ (b + 1)p

3
(mod p4).

Since (n + 1)p ≡ np + 1 (mod p4) it follows that

(b + 1)p
3 ≡ bp

3
+ 1 (mod p4).

Let us note that p does not divide b nor b + 1. If 1 ≤ b ≤ (p− 5)/2
we take a = b. If b = (p− 3)/2, from

(
p− 1

2

)p3

≡
(
p− 3

2

)p3

+ 1 (mod p4)

we deduce that

−1 ≡ −3p3
+ 2p3

(mod p4),
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hence we may take a = 2. If b = (p− 1)/2 then

(
p + 1

2

)p3

≡
(
p− 1

2

)p3

+ 1 (mod p4),

hence
1 ≡ −1 + 2p3

(mod p4),

so we take a = 1. If (p + 1)/2 ≤ b < p − 1, let a = p − 1 − b, so
1 ≤ a ≤ (p− 3)/2 and

(a + 1)p
3 ≡ −bp

3 ≡ 1 − (b + 1)p
3 ≡ 1 + ap3

(mod p4).

By Lemma 1.1(4), it follows that

(a + 1)p
2 ≡ ap2

+ 1 (mod p4).

Let us note that according to Lemma 1.1(5), (1K) is in fact a
strengthening of (1I).

From these results, we obtain as an immediate corollary the one
indicated by Gandhi (1976):

(1L) If the first case of Fermat’s theorem fails for the exponent p
then there exists an integer b, not a multiple of p, such that (1+b)p ≡
1 + bp (mod p4).

Proof. By (1J) there exists a, not a multiple of p, such that

(1 + a)p
2 ≡ 1 + ap2

(mod p4).

By Lemma 1.1,

(1 + a)p ≡ 1 + ap (mod p3).

Raising to the pth power:

(1 + a)p
2 ≡ (1 + ap)p (mod p4),

so
(1 + ap)p ≡ 1 + ap2

(mod p4).

Letting b = ap then (1 + b)p ≡ 1 + bp (mod p4).
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Brčić-Kostić proved in 1952 a result of the same kind, under some
special conditions on the prime exponent p. Klösgen proved in 1970
the following generalization of (1K):

(1M) If n ≥ 1, if x, y, z are integers, not multiples of the odd
prime p, such that xpn

+ ypn

+ zp
n

= 0, then

xp3n
+ yp3n

+ zp
3n ≡ 0 (mod p3n+1),

or equivalently, there exists an integer a, 1 ≤ a ≤ (p− 3)/2, such
that

(1 + a)p
3n ≡ 1 + ap3n

(mod p3n+1).

Proof. By (1G), xp ≡ x (mod p2n+1). Raising to the power pn :
xpn+1 ≡ xpn

(mod p3n+1). Again, xpn+2 ≡ xpn+1 ≡ xpn

(mod p3n+1)
and repeating this procedure, xp3n ≡ xpn

(mod p3n+1). Similarly,
yp3n ≡ ypn

(mod p3n+1) and zp
3n ≡ zp

n

(mod p3n+1). Hence

xp3n
+ yp3n

+ zp
3n ≡ xpn

+ ypn

+ zp
n

= 0 (mod p3n+1).

The last assertion was proved in (1H).

Taking n = 1, we obtain (1J).
Johnson investigated (in 1977) whether the congruences of Carmi-

chael and Trypanis may be further strengthened, modulo every power
pn+2 (n ≥ 1). This is a typical situation to be handled by p-adic
methods.

Let αj ∈ Ẑp denote the unique p-adic integer which is a (p −
1)th root of unity and is such that αj ≡ j (mod p), for every j =
1, 2, . . . , p− 1 (see Chapter V, (1W)).

(1N) Let p be a prime, p > 3, and let a be an integer such that
p does not divide a nor a + 1. Then the following conditions are
equivalent:

(1) for every n ≥ 1: (1 + a)p
n ≡ 1 + apn

(mod pn+2);
(2) a + αa = α1+a; and
(3) a2 + a + 1 ≡ 0 (mod p).

Proof. The p-adic development of αa is of the form αa = a + ρap,
with ρa ∈ Ẑp and ρa is uniquely defined by αa. We show that for
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every n ≥ 0 we have the congruence

αa ≡ apn

+ ρap
n+1 (mod pn+2).(1.5)

For n = 0 it is trivial. We assume that (1.5) is true for n. Then from
αp−1

a = 1 it follows that

αa = (αa)p ≡ (apn

+ ρap
n+1)p

≡ apn+1
+ ρap

n+2apn(p−1)

≡ apn+1
+ ρap

n+2 (mod pn+3),

since apn(p−1) ≡ 1 (mod p).
Now we show the equivalence of the statements (1), (2), (3).
(1) → (2) For every n ≥ 1, 1 + apn ≡ (1 + a)p

n

(mod pn+2).
Hence by the above congruence (1.5):

1 + αa ≡ 1 + apn

+ ρap
n+1 ≡ (1 + a)p

n

+ ρap
n+1 (mod pn+2).

On the other hand, α1+a ≡ (1 + a)p
n

+ ρ1+ap
n+1 (mod pn+2). Hence

1 + αa ≡ α1+a (mod pn+1) for every n ≥ 1. From the uniqueness of
the p-adic development it follows that 1 + αa = α1+a.

(2) → (1) We have

α1+a ≡ (1 + a)p
n

+ ρ1+ap
n+1 (mod pn+2)

and
1 + αa ≡ 1 + apn

+ ρap
n+1 (mod pn+2).

By hypothesis, α1+a = 1 + αa, so (1 + a) + ρ1+ap = 1 + (a + ρap).
By the uniqueness of the p-adic developments, ρ1+a = ρa, hence
(1 + a)p

n ≡ 1 + apn

(mod pn+2).
(2) → (3) The p-adic (p − 1)th roots of unity constitute a mul-

tiplicative cyclic group. Let αj be a generator. We consider the
subfield Q(αj) of Q̂p. It is a Galois extension of Q. Let σ be the
automorphism such that σ(αj) = α−1

j . Since αa = (αj)k (for some
exponent k) then σ(αa) = (αj)−k = α−1

a . Similarly σ(α1+a) = α−1
1+a.

From the hypothesis 1+αa = α1+a, we deduce by applying σ that
1 + α−1

a = α−1
1+a. Hence

αaα1+a + α1+a = αa,

so
αa + α2

a + 1 + αa = αa
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and
α2

a + αa + 1 = 0.

Since αa ≡ a (mod p), it follows that a2 + a + 1 ≡ 0 (mod p).
(3) → (2) Since p �= 3 and a2 + a + 1 ≡ 0 (mod p) then a �≡ 1

(mod p). Multiplying with a − 1 we have a3 ≡ 1 (mod p). Then
(αa)3 ≡ 1 (mod p). But (α3

a)
p−1 = 1, so α3

a = 1, which is the unique
(p− 1)th root of unity in Ẑp congruent to 1 modulo p. Since αa �= 1,
it is a primitive cubic root of 1, and therefore

α2
a + αa + 1 = 0.

So αa + 1 = −α2
a ≡ −a2 ≡ a+ 1 (mod p), and therefore αa + 1 ≡

αa+1, the unique (p−1)th root of 1 in Ẑp which is congruent to a+1
modulo p.

Let us note that in view of Lemma 1.1, condition (1) above is
equivalent to:

(1′) For every n ≥ 1 : (1 + a)p
n+1 ≡ 1 + apn+1

(mod pn+2).

According to Lemma 1.2, if p > 3 there exists an integer a, 1 ≤
a ≤ p− 1, satisfying the equivalent conditions of (1N) if and only if
p ≡ 1 (mod 6).

As a corollary, we have:

(1O) If p is a prime, p ≡ 5 (mod 6), then there exists an integer
n0 > 0 such that if n ≥ n0 and a = 1, 2, . . . , p− 2 then

(1 + a)p
n �≡ 1 + apn

(mod pn+2).

Proof. By Lemma 1.2, if a = 1, 2, . . . , p − 2 then a2 + a + 1 �≡ 0
(mod p). By (1N), for every a there exists an index n(a) such that

(1 + a)p
n(a) �≡ 1 + apn(a)

(mod pn(a)+2).

By Lemma 1.1(5), if n ≥ n0 = max{n(a) | a = 1, 2, . . . , p− 2} then

(1 + a)p
n �≡ 1 + apn

(mod pn+2)

for every a = 1, 2, . . . , p− 1.
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It is interesting to find out whether the following implication is
true:

(I) If a is an integer, a = 1, 2, . . . , p − 2, and (1 + a)p ≡ 1 + ap

(mod p3) then a2 + a + 1 ≡ 0 (mod p).

Indeed, if (I) is true then the first case of Fermat’s theorem holds
for every exponent p ≡ 5 (mod 6). Because, otherwise by (1I) there
exists a, 1 ≤ a ≤ p− 2, such that (1+ a)p ≡ 1+ ap (mod p3). Hence
by (I), a2 +a+1 ≡ 0 (mod p) and therefore p ≡ 1 (mod 6), contrary
to the hypothesis.

Arwin showed in 1920 that there exist integers a and primes p
such that (1 + a)p ≡ 1 + ap (mod p2) but a2 + a + 1 �≡ 0 (mod p).
So such a strengthening of the implication (I) is false.
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VI.2. Divisibility Conditions

Let p be an odd prime and assume that x, y, z are nonzero relatively
prime integers such that xp + yp + zp = 0. In this section we shall
indicate some divisibility conditions which the integers x, y, z or some
of their combinations must satisfy.

The following proposition was given by Pérez-Cacho in 1958. How-
ever, statement (2) had already been proved by Massoutié in 1931;
a simpler proof was also given by Pomey in 1931.

(2A) Let p be an odd prime number and assume that there exist
nonzero pairwise relatively prime integers x, y, z such that xp + yp +
zp = 0.

(1) If 3 does not divide xyz then x ≡ y ≡ z �≡ 0 (mod 3), the
integers x2 − yz, y2 − xz, z2 − xy are divisible by 3, but not
by 9, and if q is a prime, q �= 3, dividing one of the numbers
x2 − yz, y2 − xz, z2 − xy, then q ≡ 1 (mod 6).

(2) If p ≡ −1 (mod 6) then 3 divides xyz.

Proof. (1) Since 3 � | xyz then x, y, z are congruent to 1 or to
−1 modulo 3. From (±1)p + (±1)p + (±1)p ≡ 0 (mod 3) the only
possibility is that x ≡ y ≡ z �≡ 0 (mod 3). Therefore x2 ≡ yz
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(mod 3), thus 3 divides x2−yz, and similarly 3 divides y2−xz, z2−
xy.

We note that one, and only one, of the integers x, y, z is even.
Thus x2 �= yz, y2 �= xz, z2 �= xy.

We show that 9 � | z2−xy. We have x2p+xpyp+xpzp = 0 and xy =
(xy− z2) + z2 so −(x2p + xpzp) = xpyp = [(xy − z2) + z2]p ≡ p(xy−
z2)z2(p−1) + z2p (mod (z2 − xy)2). Noting that x, y, z are distinct
(since 2 is not a pth power), we have

Q3(xp, zp) = x2p +xpzp + z2p ≡ p(z2 −xy)z2(p−1) (mod (z2 −xy)2).

Since 3 | xp − zp, by Chapter II, (3B)(6), we have v3(Q3(xp, zp))
= v3(3) = 1. Thus 9 � | z2 − xy.

Now let q be a prime dividing z2 − xy, q �= 3 (the argument is
similar if q divides x2 − yz or y2 − xz). Then q � | z (otherwise q |
z and q | x or q | y, contrary to the hypothesis). Let z′ be such that
zz′ ≡ 1 (mod q). Multiplying with z′2p we have (xpz′p)2 + (xpz′p) +
1 ≡ 0 (mod q). By Lemma 1.2, q ≡ 1 (mod 6).

(2) If 3 � | xyz and p � | z (the argument is similar when p � | x or p � | y)
then

Qp(z2, xy) =
z2p − xpyp

z2 − xy

=
x2p + xpzp + z2p

z2 − xy
≡ pz2(p−1) ≡ p (mod z2 − xy).

Also z2 − xy ≡ z2p − xpyp (mod p). If p � | z2 − xy then from the
above congruence, p ≡ 1 (mod z2 −xy) so p ≡ 1 (mod 3), by (1). If
p | z2 − xy, by (1), p ≡ 1 (mod 3).

Pomey claimed in 1931 to have shown that for any exponent p,
if x, y, z are nonzero and xp + yp + zp = 0 then 3 divides xyz. He
also claimed in 1934 that 5 divides xyz. However, his proofs were
erroneous (see Brauer, 1934).

Inkeri has proved in 1946 the following statement:

(2B) If p is an odd prime, p �≡ 1, 9 (mod 20), if x, y, z are nonzero
integers such that xp + yp + zp = 0 then 5 divides xyz.

Proof. By hypothesis, p �= 5 and we may assume that x, y, z are
relatively prime.
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If 5 � | xyz then xp, yp, zp are congruent modulo 5 to ±1, ±2. Chang-
ing notation, if necessary, we may assume that xp ≡ yp or − yp

(mod 5). If we had xp ≡ −yp (mod 5) then zp ≡ −xp − yp ≡ 0
(mod 5), contrary to the hypothesis. Therefore, xp ≡ yp (mod 5).

Let h be an integer such that ph ≡ 1 (mod 4). If p ≡ 3 (mod 4)
we may take h = 3. Raising the above congruence to the power h, we
deduce that x ≡ y (mod 5). Since zp = −xp − yp ≡ −2yp (mod 5)
then again z2p ≡ 4y2p ≡ −xpyp ≡ (−xy) (mod 5) hence raising to
the power h, z2 ≡ −xy (mod 5). In particular, since x ≡ y ≡ ±1 or
±2 (mod 5) then z2 ≡ ±1 (mod 5).

We examine now the integer z2p + xpyp, which is necessarily odd,
since exactly one of the integers x, y, z is even.

We show that if q is a prime, q �= 5 and q divides z2p + xpyp then
q ≡ ±1 (mod 5). Indeed, we have the relation (2xp + 3yp)2 − 5y2p =
4(x2p + 3xpyp + y2p) = 4(z2p + xpyp). So for such a prime q, we
have the congruences (2xp + 3yp)2 ≡ 5y2p (mod q). So 5 is a square
modulo q. By the quadratic reciprocity law,

1 =
(

5
q

)

=
(
q

5

)

thus q ≡ ±1 (mod 5).

It follows that any factor k of z2p + xpyp which is not a multiple of
5 must be congruent to ±1 (mod 5). In particular, we take

k =
z2p + xpyp

zp + xy
= z2(p−1) − z2(p−2)xy + z2(p−3)(xy)2 − · · · + (xy)p−1.

Since z2 ≡ −xy (mod 5) then k ≡ pz2(p−1) ≡ p (mod 5) because
z2 ≡ ±1 (mod 5). Thus k �≡ 0 (mod 5) and therefore k ≡ ±1
(mod 5).

We conclude that p ≡ ±1 (mod 5).
We have still to show that p ≡ 1 (mod 4). If we assume that

p ≡ 3 (mod 4) then 3p ≡ 1 (mod 4) hence z ≡ z3p ≡ (−2)3y3p ≡ 2y
(mod 5). Considering the relation (2zp + 3yp)2 − 5y2p = 4(z2p +
3ypzp + y2p) = 4(x2p + ypzp) we deduce as before that every prime
factor q �= 5 of x2p + ypzp must be congruent to ±1 (mod 5). Hence
every factor k of x2p + ypzp, k �≡ 0 (mod 5), must be congruent to
±1 (mod 5).

In particular, taking k = x2 + yz, if p ≡ 3 (mod 4) we have
y ≡ −2z (mod 5) hence x2 ≡ y2 ≡ −2yz (mod 5) thus k = x2+yz ≡
−yz �≡ 0 (mod 5). Therefore k ≡ ±1 (mod 5). However, on the
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other hand k ≡ x2 + yz ≡ y2 + 2y2 = 3y2 ≡ ±2 (mod 5), which is a
contradiction. This shows that p ≡ 1 (mod 4).

Therefore, p ≡ 1 or 9 (mod 20), contrary to the hypothesis, show-
ing that 5 | xyz.

Pérez-Cacho proved in 1958:

(2C) If p is an odd prime number, if x, y, z are nonzero relatively
prime integers such that xp + yp + zp = 0 then:

(1) if q �= 5 is a prime factor of (x2 − yz)(y2 − zx)(z2 − xy) then
q ≡ ±1 (mod 10); and

(2) none of the numbers x2 − yz, y2 − zx, z2 − xy is a multiple
of 25.

Inkeri also proved in 1946 the following result:

(2D) Let p be an odd prime number, and assume that x, y, z are
relatively prime nonzero integers such that xpn

+ypn

+zp
n

= 0 (where
n ≥ 1). Then:

(1) 5 divides xyz(x− y)(x− z)(y − z).
(2) 7 divides xyz(x− y)(x− z)(y− z)(x2 − yz)(y2 −xz)(z2 −xy)

(if p > 3).
(3) 11 divides xyz(x−y)(x−z)(y−z)(x2 +yz)(y2 +xz)(z2 +xy)

(if p > 5).

Proof. First we note that if l is a prime and p � | l − 1, if a, b are
nonzero relatively prime integers then l | a+b if and only if l | ap+bp.
Indeed, if a or b is a multiple of l, it is obvious.

Let l � | ab.
It is clear that if l | a+ b then l | ap + bp. Conversely, if l | ap + bp

but l � | a+ b then l is a primitive factor of ap + bp and by Chapter II,
(3G), l ≡ 1 (mod p), which is a contradiction.

Let u = xpn

, v = ypn

, w = zp
n

, so we have u + v + w = 0 and we
need to show (in view of the above remark, because p > 11):

(1) 5 divides uvw(u− v)(u− w)(v − w).
(2) 7 divides uvw(u−v)(u−w)(v−w)(u2−vw)(v2−uw)(w2−uv).
(3) 11 divides

uvw(u− v)(u− w)(v − w)(u2 + vw)(v2 + uw)(w2 + uv).
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Let l = 5, 7, or 11.
Since gcd(u, v, w) = 1, we may assume, for example, that l � | v.

Let v′ be such that v′v ≡ 1 (mod l). Hence multiplying with v′ we
have t+t′ ≡ 1 (mod l), where t ≡ −v′u (mod l), t′ ≡ −v′w (mod l).
Let

T1 = t,

T2 = t− 1,
T3 = t + 1,
T4 = 2t− 1,
T5 = t− 2,
T6 = t2 − t + 1,
T7 = t2 + t− 1,
T8 = t2 − t− 1,
T9 = t2 − 3t + 1.

Then

vT1 ≡ −u (mod l),
vT2 ≡ −u− v ≡ w (mod l),
vT3 ≡ −u + v (mod l),
vT4 ≡ −2u− v ≡ −u + w (mod l),
vT5 ≡ −u− 2v ≡ w − v (mod l),
v2T6 ≡ u2 + vu + v2 ≡ u2 − vw

≡ v2 − uw ≡ w2 − vu (mod l),
v2T7 ≡ u2 − vu− v2 ≡ u2 + vw (mod l),
v2T8 ≡ u2 + vu− v2 ≡ −v2 − uw (mod l),
v2T9 ≡ u2 + 3vu + v2 ≡ w2 + uv (mod l).

(1) Let l = 5, then it is easy to verify: if

t ≡ 0 (mod 5) then 5 | T1,
t ≡ 1 (mod 5) then 5 | T2,
t ≡ 2 (mod 5) then 5 | T5,
t ≡ −1 (mod 5) then 5 | T3,
t ≡ −2 (mod 5) then 5 | T4,

hence 5 divides uvw(u− v)(u− w)(v − w).
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(2) Let l = 7; then it is easy to verify: if t ≡ −3, −2, −1, 0, 1, 2, 3
(mod 7) then 7 divides T4, T6, T3, T1, T2, T5, T6, respectively. Hence
7 divides uvw(u− v)(u− w)(v − w)(u2 − vw)(v2 − uw)(w2 − vu).

(3) Let l = 11; then if t ≡ −5, −4, −3, −2, −1, 0, 1, 2, 3, 4, 5
(mod 11) then 11 divides T4, T7, T8, T9, T3, T1, T2, T5, T7, T8, T9, re-
spectively. So 11 divides uvw(u − v)(u − w)(v − w)(u2 + vw)(v2 +
uw)(w2 + uv).

Let us note that the argument breaks down for l > 11. Indeed, in
this case if t ≡ −2 (mod l) then the values modulo l of Ti (1 ≤ i ≤ 9)
are distinct from 0 and have absolute value at most equal to 11.

Concerning divisibility by 4, we indicate a result of Pierre (1943),
preceded by a lemma on Jacobi symbols.

Lemma 2.1. Let a, b, c be pairwise relatively prime odd integers such
that (

a

bc

)

=
(

b

ac

)

=
(

c

ab

)

= +1.

Then at most one of the numbers a, b, c is congruent to 3 modulo 4.

Proof. Assume that a ≡ b ≡ 3 (mod 4). Then by the reciprocity
law for Jacobi’s symbol:

1 =
(

c

ab

)

=
(
ab

c

)

(−1)(c−1)/2×(ab−1)/2 =
(
ab

c

)

=
(
a

c

)(
b

c

)

,

1 =
(

b

ac

)

=
(
b

a

)(
b

c

)

,

1 =
(
a

bc

)

=
(
a

b

)(
a

c

)

.

Hence (a/b) = (a/c) = (b/c) = (b/a). However
(
b

a

)

=
(
a

b

)

(−1)(b−1)/2×(a−1)/2 = −
(
a

b

)

,

which is a contradiction.

(2E) Let p be an odd prime number, and let x, y, z be nonzero
relatively prime integers such that xp + yp + zp = 0. Then 4 divides
one of the numbers x, y, z.
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Proof. We may assume z even, while x, y are odd; we also assume
z ≡ 2 (mod 4) to derive a contradiction.

First Case: p � | xyz.
By (2.1),

sp1 =
zp + xp

z + x

= zp−1 − zp−2x + · · · + z2xp−3 − zxp−2 + zp−1

≡ −2xp−2 + xp−1 (mod 4).

Since x is odd then xp−1 ≡ 1 (mod 4) hence sp1 ≡ −2xp−2 + 1 ≡
−2(4k ± 1)p−2 + 1 ≡ ∓2 + 1 ≡ 3 (mod 4), and therefore s1 ≡ 3
(mod 4). Similarly, rp1 = (zp + yp)/(z + y) ≡ 3 (mod 4), so r1 ≡ 3
(mod 4).

By Chapter II, (3A), (r1/s1t1) = (s1/r1t1) = (t1/s1r1) = 1, hence
by Lemma 2.1 at most one of the numbers r1, s1, t1 may be congruent
to 3 modulo 4, which is a contradiction.

Second Case: p | xyz.
First we consider the case when p | z. As in the first case, s1 ≡ 3

(mod 4), r1 ≡ 3 (mod 4).
By Chapter III, (2A), the odd integers r1, s1, pt1 satisfy (r1/pt1s1)

= (s1/pt1r1) = (pt1/r1s1) = 1. This contradicts Lemma 2.2.
Now we assume that p � | z and, for example, p | x. Proceeding

as before, by (1.2) we have prp1 ≡ 3 (mod 4) and since r1 is odd
then rp−1

1 ≡ 1 (mod 4), so pr1 ≡ 3 (mod 4). Moreover, s1 ≡ 3
(mod 4) and by Chapter III, (2A), the odd integers pr1, s1, t1 satisfy
(pr1/s1t1) = (s1/pr1t1) = (t1/pr1s1) = +1, and this contradicts
Lemma 2.1.

In 1910, Lind claimed that 9 divides x + y + z, but his proof
was insufficient. As a consequence there are several inequalities and
equations in his paper which are questionable (see Dickson, 1920, p.
769).

After these divisibility results by small numbers, we turn our at-
tention to divisibility results by expressions built from the numbers
x, y, z which are hypothetical solutions of Fermat’s equation.

In 1913, Niewiadomski showed:
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(2F) Let p be an odd prime number, and let x, y, z be nonzero
relatively prime integers, such that xp + yp + zp = 0. Then x2p+1 +
y2p+1 + z2p+1 is divisible by (x + y)(y + z)(z + x).

Proof. We have

x2p+1 + y2p+1 + z2p+1 =
(

x + y

xp + yp
+

y + z

yp + zp
+

z + x

zp + xp

)

xpypzp,

as may be easily verified. Hence

x2p+1 + y2p+1 + z2p+1

(x + y)(y + z)(z + x)
= −(yp + zp)(zp + xp)

(y + z)(z + x)
− (xp + yp)(zp + xp)

(x + y)(z + x)

−(xp + yp)(yp + zp)
(x + y)(y + z)

and this number is an integer.

The following result of Rameswar Rao (1969) is also very simple:

(2G) If p is an odd prime number, if x, y, z are nonzero pairwise
relatively prime integers such that xp+yp+zp = 0, then x+y divides
dp where d = gcd(x+ y, z) (similar statements hold by symmetry for
x + z, y + z).

Proof. From x + y + z ≡ 0 (mod p), there exists k �= 0 such that
x + y + z = kp. Since p is odd then x + y = kp − z divides both
xp + yp = −zp and (kp)p − zp so kp − z divides (kp)p. Since d =
gcd(kp, z), we may write kp = ud, z = vd with gcd(u, v) = 1. But
u− v divides both updp−1 and vpdp−1 hence (u− v)d = x+ y divides
dp.

The following result, which appeared in a paper by Simmons
(1966) was attributed to G. Reis; the assertion (1) was proved again
by Rollero (1981):

(2H) Let p be an odd prime number, and let x, y, z be pairwise
relatively prime positive integers such that xp + yp = zp. Then there
exist uniquely defined positive integers k, a, b such that x = k+a, y =
k + b, z = k + a + b.

Moreover:
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(1) pab divides kp.
(2) gcd(a, b) = 1.
(3) If a �= 1 then gcd(k, a) �= 1; if p � | a then gcd(k, a) �= a.
(4) If b �= 1 then gcd(k, b) �= 1; if p � | b then gcd(k, b) �= b.

Proof. We may assume 0 < x < y < z. Since z < x + y, let k be
defined by x + y = z + k. From y < z we have k < x < y. Let a, b
be defined by x = k + a, y = k + b. So z = k + a + b.

It is clear that k, a, b are uniquely defined: if x = k′+a′, y = k′+b′,
and z = k′ +a′ + b′ then 0 = (k−k′)+(a−a′) = (k−k′)+(b− b′) =
(k − k′) + (a− a′) + (b− b′) so k = k′, a = a′, b = b′. We have

(k + a)p + (k + b)p = (k + a + b)p.(2.1)

It is easily seen that gcd(k + a, k + b, k + a + b) = 1 because
gcd(x, y, z) = 1. Therefore k+a, k+b, k+a+b are pairwise relatively
prime.

Since (k+a+b)p = (k+a)p+p(k+a)p−1b+ · · ·+bp then (k+b)p =
p(k + a)p−1b + · · · + bp hence kp + pkp−1b +

(p
2

)
kp−2b2 + · · · + bp =

p(k + a)p−1b + · · · + bp so

kp = pb[(k + a)p−1 − kp−1] +

(
p

2

)

[(k + a)p−2 − kp−2]b2

+ · · · +
(

p

p− 1

)

abp−1.

Each bracketed expression is a multiple of a, thus kp is a multiple of
pab. If a �= 1 then gcd(k, a) �= 1, if b �= 1 then gcd(k, b) �= 1. We have
gcd(a, b) = 1 for if a prime q divides a, b then it would also divide k,
hence k + a, and k + b.

If p � | a then gcd(k, a) �= a otherwise k = al, l an integer, and from
(2.2) we have, after dividing by a,

ap−1lp = pbap−2[(l + 1)p−1 − lp−1] +

(
p

2

)

ap−3 [(l + 1)p−2 − lp−2] b2

+ · · · + pbp−1.

Hence a divides pbp−1. But p � | a hence a divides bp−1, a contradic-
tion. Similarly, if p � | b then gcd(k, b) �= b.
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Let p be an odd prime and assume that x, y, z are nonzero pairwise
relatively prime integers such that xp + yp + zp = 0.

Fleck (1909, 1910) began a more systematic study of divisibil-
ity properties of the following numbers (built from the hypothetical
solution (x, y, z)):

A = y2 + yz + z2,

B = z2 + zx + x2,

C = x2 + xy + y2,

A1 = x2 − yz, A2 = x2 + yz,
B1 = y2 − zx, B2 = y2 + zx,
C1 = z2 − xy, C2 = z2 + xy,
S = x + y + z, T = −(xy + yz + zx),
U = xyz, 2V = x2 + y2 + z2.

Let r, s, t be defined as Barlow relations (Chapter III, §1).

(2I) With the above hypotheses and notations, there exist nonzero
integers G,M, J,K,L, J1,K1, L1 such that

(1)

S =
{ −rstp3GM (in the first case),
−rstp2GM (in the second case).

(2) A = GJ,B = GK,C = GL,A1 = GJ1, B1 = GK1, C1 =
GL1.

(3) G is the greatest common divisor of S and the six expressions
above.

(4) J, K, L, J1, K1, L1 are pairwise relatively prime.
(5) The prime factors of J, K, L are of the form 6hp + 1.
(6) The prime factors of J1, K1, L1 are of the form 6hp2 + 1.
(7) x3p ≡ y3p ≡ z3p (mod GJKLJ1K1L1).

In 1979, Inkeri gave corrections to some proofs of Fleck and ob-
tained further results along the same lines.

We conclude the section with a result of Pollaczek, obtained in
1917. No elementary proof is known for it. Pollaczek’s proof was
based on congruences obtained by Kummer in 1857, which should
hold if the first case of Fermat’s theorem is assumed false for the
exponent p. Kummer’s proof of these congruences involves a detailed
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consideration of arithmetical properties of the cyclotomic field Q(ζp),
where ζp is a primitive pth root of 1. It is therefore not included in
this book.

Here is Pollaczek’s result:

(2J) Let p be an odd prime number and assume that there exist
pairwise relatively prime nonzero integers x, y, z, xp + yp + zp = 0.
Then A = y2 + yz + z2, B = z2 + zx+ x2, and C = x2 + xy + y2 are
not divisible by p.
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VI.3. Abel’s Conjecture

Abel stated in 1823 that if x, y, z are nonzero relatively prime integers
such that 0 < x < y < z and xn + yn = zn (n > 2), then none of
x, y, z are prime-powers. No direct proof of this statement has ever
been discovered. However, we shall see that it is correct when n is
not a prime number or when n = p is a prime not dividing xyz.
This last assertion will not be proved in this book, since it requires
analytical methods.

Many partial results, obtained by various authors, are summarized
in Table 7.

In 1887, Mansion claimed to have shown that if the exponent is
an odd prime that x is not a prime. His proof was erroneous. In
1891, Lucas published a proof that if n is arbitrary then x cannot
be a prime-power; but his proof was incomplete, as pointed out by
Markoff in 1895. In 1955, Möller established a theorem containing
all the above results. However, the proof on page 27 of his paper
was insufficient. We give below a simpler and correct proof:

(3A) Let n ≥ 3 be an odd integer with r distinct prime factors. If
1 ≤ x < y are relatively prime integers and a = yn +xn, b = yn−xn,
then:

(1) a and b have at least r distinct prime factors;
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(2) If a has exactly r distinct prime factors then a = 23 + 13 (so
n = 3, r = 1); and

(3) If b has exactly r distinct prime factors then y = x + 1, b =
(x + 1)n − xn.

Table 7

Year Author Exponent n > 2 Result
1857 Talbot arbitrary (I) y, z are not primes

(II) if x is a prime then
z − y = 1

1884 Jonquières arbitrary (I) and (II)
1887 Borletti odd prime z is not a prime

even x, y, z are not primes
1901 Gambioli arbitrary (II) z not a prime-power

not a power of 2
1905 Sauer arbitrary y, z are not prime-power
1932 Mileikowsky arbitrary y, z are not prime-power

not a prime (III) x not a prime-power
1949 Izvekoff arbitrary (I)
1952 Bini odd z not a prime-power nor

equal to nq, q prime, �= n
odd prime z is not a multiple

of n, z is not equal to
q1q2 · · · qr where q1

< q2 < · · · < qr are prime
and qn1 > 2q1q2 · · · qr.

Proof. (1) Let p1, . . . , pr be the distinct prime factors of n. Since
y ± x �= 0, by Chapter II, (3B)(3), yn ± xn = (y ± x) · Qn(y, ∓x)
is a multiple of (y ± x)

∏r
i=1 Qpi

(y, ∓x). By the same result, Part
(2), the integers Qpi

(y,∓x) (for i = 1, . . . , r) are pairwise relatively
prime.

We observe that xpi + ypi > x + y and (xpi − ypi)/(x − y) =
xpi−1 +xpi−2y+ · · ·+ ypi−1 > 1. So each Qpi

(y, ∓x) has at least one
prime factor. Hence, a, b have at least r distinct prime factors.

(2) Let m be the product of the r distinct prime factors of
n, so m | n. First we show that n = m. We have a = (ym +
xm)(yn + xn)/(ym + xm). By (1) and the hypothesis, ym + xm has
exactly r distinct prime factors, which are the same as those of a. If
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n > m then a has no primitive factors. By Chapter II, (3J), we have
a = 23 + 13, so n = 3 = m, which is a contradiction. Thus n = m,
i.e., n is the product of r distinct primes.

Let r = 1, n = p, so a = (y + x)Qp(y, −x). By hypothesis, a is
the power of some prime q. Since q divides y+x and Qp(y, −x) > 1
then by Chapter II, (3B)(4), q = p; by Part (6), Qp(y, −x) = p. By
Chapter II, (3D), then p = 3, y = 2, x = 1.

Let r > 1, n = ph, p being a prime, p � | h; so h is the product of
r − 1 distinct primes. From a = (yh + xh)Qp(yh, −xh), by (1) and
the hypothesis, yh + xh has r − 1 or r distinct prime factors. By
induction on r, if yh + xh has exactly r − 1 distinct prime factors
then h = 3, y = 2, x = 1. So n = 3p (with p > 3), r = 2, and
23p + 1 = (2p + 1)Q3(2p,−1).

If there exists a prime q �= 3, such that q | 2p + 1 then by Chapter
II, (3B)(6), vq(Q3(2p,−1)) = vq(3) = 0, so q � | Q3(2p,−1). Since
r = 2 and 3 | 2p + 1 then Q3(2p,−1) is a power of 3; again by
Chapter II, (3B)(6), Q3(2p,−1) = 3, so by Chapter II, (3D), 2p = 2,
which is impossible.

If 2p + 1 = 3s then 3s ≡ 1 (mod 8), because p > 3. Thus s = 2s′.
So 2p = 3s − 1 = (3s′ + 1)(3s′ − 1) hence 3s′ + 1 = 2p−c, 3s′ − 1 = 2c

with p−c > c ≥ 0. Taking the difference 2 = 2p−c−2c = 2c(2p−2c−1),
so c = 1, p− 2c = 0, i.e. p = 2, which is impossible.

If yh + xh has exactly r distinct prime factors, then each prime
factor q of Qp(yh,−xh) divides yh + xh. By Chapter II, (3B)(4),
then q = p; Qp(yh,−xh) > 1, therefore it is a power of p; by Part (6)
of the same proposition, Qp(yh,−xh) = p and by Chapter II, (3D),
p = 3, yh = 2, xh = 1, so h = 1, n = 3, concluding the proof.

(3) If b = yn−xn has exactly r distinct prime factors, by Chapter
II, (3B)(2) and (3), yn−xn is a multiple of (y−x)

∏r
i=1 QPi

(y, x) and
the integers Qpi

(y, x) > 1 are pairwise relatively prime, hence by the
hypothesis, they are prime powers. If y − x > 1 and q is a prime
dividing y−x then there exists i such that q | Qpi

(y, x). By Part (4)
of the same proposition, q = pi and by Part (6), Qpi

(y, x) = pi. By
Chapter II, (3D), pi = 3, y = 2, x = −1, which is a contradiction.
This proves that y = x + 1.

As a corollary, we have:

(3B) Let n ≥ 3 be a positive integer having r distinct odd prime
factors. If 0 < x < y < z are relatively prime integers such that
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xn + yn = zn, then z, y have at least r+ 1 distinct prime factors and
x has at least r distinct prime factors. Moreover, if x has only r
such factors then n is odd and z − y = 1.

Proof. By Chapter I, n is not a multiple of 3, nor a power of 2, so
r ≥ 1. Let n = 2um, with u ≥ 0 and m odd, having r distinct prime
factors. Let x1 = x2u

, y1 = y2u

, z1 = z2u

. Since zn = zm1 = xm
1 + ym

1
and yn = ym

1 = zm1 − ym
1 and since m �= 3 and z1 − x1 > 1, it follows

from (3A) that zn, yn, hence also z, y, have at least r + 1 distinct
prime factors.

Similarly xn = xm
1 = zm1 − ym

1 , so xn, hence also x, has at least
r distinct prime factors. If x has only r such factors then by (3A),
z1 = y1 + 1, i.e., z2u

= y2u

+ 1. So u = 0, z = y + 1 and n odd.

More explicitly:

(3C) Let n > 2, and let 0 < x < y < z be relatively prime integers
such that xn + yn = zn. Then:

(1) y, z are not prime powers; and
(2) if x is a prime power then z = y + 1 and n is an odd prime.

Proof. (1) If z or y is a prime power, so is zn = xn + yn, or
yn = zn−xn. By (3B), n is a power of 2, n ≥ 4, and this contradicts
Fermat’s theorem, which is true for such exponents.

(2) If x is a power of a prime q then by (3B), z = y + 1 and
n = pe, e ≥ 1, p an odd prime. We show that e = 1.

If e > 1 then since zp−yp > 1 and Qpe−1(zp, yp) = (zp
e−ype

)/(zp−
yp) > 1, it follows from xpe

= zp
e − ype

= (zp − yp) · Qpe−1(zp, yp)
that both factors in the right-hand side are powers of q, greater
than 1, hence multiples of q. By Chapter II, (3B)(4), q divides
gcd(zp − yp, Qpe−1(zp, yp)) = gcd(pe−1, zp − yp), hence q = p.

On the other hand, since z = y + 1 then zp − yp = pyp−1 +
(p
2

)
yp−2 + · · ·+ ( p

p−1

)
y + 1, so p = q does not divide zp − yp, which is

a contradiction.

Möller proved the following complement to (3A):

(3D) If m is odd, m > 3, with r distinct prime factors, if 0 < x < y
are relatively prime integers, then b = y2m − x2m has at least 2r + 1
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distinct prime factors.

Proof. b = (ym − xm)(ym + xm) and since gcd(x, y) = 1 then d =
gcd(ym − xm, ym + xm) = 1 or 2. By (3A), ym − xm and ym + xm

have at least r distinct prime factors. Since m > 3, by (3A), ym+xm

has at least r + 1 distinct prime factors.
If ym−xm has exactly r distinct prime factors, by (3A), y = x+1,

thus ym − xm is odd. Hence d = 1 and b has at least 2r + 1 distinct
prime factors. If ym − xm has at least r + 1 distinct prime factors,
since d = 1 or 2, then b has at least 2(r + 1) − 1 = 2r + 1 distinct
prime factors.

In particular, if m is odd, m > 3 with r distinct prime factors, if
0 < x < y < z are relatively prime integers such that x2m+y2m = z2m

then x, y have at least 2r+1 distinct prime factors. This was shown
by Möller in 1955. Combining with (3B) it follows, with the above
exponent 2m, that x, y, z cannot be prime powers.

Inkeri showed in 1946 that if 0 < x < y < z, if p is a prime number,
p � | xyz and xp + yp = zp, then z − y > 1. Hence by (3C), x is not
a prime power. This provided a direct proof of Abel’s conjecture in
the case when p � | xyz. No direct proof is known, when p | xyz, that
x is not a prime power, so no direct proof that z > y + 1 has been
devised.

In 1886, Catalan examined the implications of this eventuality.

(3E) Let p be an odd prime number, and let 0 < x < y be integers
such that xp + yp = (y + 1)p. Then:

(1) py(y + 1) divides xp − 1.
(2) p � | x, p | x− 1.
(3) If q is a prime dividing y + 1 − x then q divides x− 1.
(4) gcd(x + y, y + 1 − x) = 1.
(5) gcd(2x− 1, 2y + 1) = 1.
(6) x is the only integer such that

(pyp−1)1/p < x <
(
p(y + 1)p−1)1/p .

Proof. (1) The polynomial (Y +1)p−Y p−1 is a multiple of p, Y ,
and Y +1, hence xp−1 = (y+1)p−yp−1 = py(y+1)h, h an integer.
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(2) Since p | xp − 1 then p � | x. From xp ≡ x (mod p) it follows
that p | x− 1.

(3) yp = (y + 1)p − xp = (y + 1 − x)k, where k is an integer;
hence if q | y + 1 − x then q | y, so q | x− 1.

(4) If q is a prime dividing x + y and y + 1 − x then q | x − 1
so q | y, hence q | x; but from xp + yp = (y + 1)p it follows that
gcd(x, y) = 1, a contradiction.

(5) If q is a prime dividing 2x − 1, 2y + 1, then it divides their
sum 2(x + y) and their difference 2(y − x + 1); but q is odd, so
q | y − x + 1, q | x + 1, which is a contradiction.

(6) We have

xp = (y + 1)p − yp =
(y + 1)p − yp

(y + 1) − y

= (y + 1)p−1 + (y + 1)p−2y + · · · + (y + 1)yp−2 + yp−1,

hence
pyp−1 < xp < p(y + 1)p−1,

and this yields the inequalities of the statement.
Finally, we note that if x1, x2 are integers such that

(pyp−1)1/p < x1 < x2 <
(
p(y + 1)p−1)1/p

then

y < x1

(
x1

p

)1/(p−1)

and x2

(
x2

p

)1/(p−1)

< y + 1,

hence

(x2 − x1)
(
x1

p

)1/(p−1)

< x2

(
x2

p

)1/(p−1)

− x1

(
x1

p

)1/(p−1)

< 1.

But 1 ≤ x2 − x1 and p = (pp)1/p < (pyp−1)1/p < x1 since by (2),
p ≤ x − 1 < x < y. Therefore 1 < (x1/p)1/(p−1) and so 1 < (x2 −
x1)(x1/p)1/(p−1), which is a contradiction.

We now shall use Barlow’s relations of Chapter III, §1, with an
obvious change of notation, since we consider the relation xp+yp = zp

(with 0 < x < y < z) instead of xp + yp + zp = 0. In particular, we
use the integers r, s, t defined in those formulas.

In 1964, Dittmann proved the following facts:
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(3F) Let p be an odd prime, and let 0 < x < y be integers such
that xp + yp = (y + 1)p (hence x, y are relatively prime). Then:

(1) If p | y + 1 then vp(−s + 1) = vp(y + 1) − 1.
(2) If p | y then vp(t− 1) = vp(y) − 1.

Proof. (1) Let z = y+1 and z−x = −sp, so s �= −1. By Chapter
III, (1C), n = vp(y + 1) ≥ 2 and pn divides z and x + y. So pn

divides 2z − (x + y) = z − x + 1 = −sp + 1. Since sp ≡ s (mod p)
then p | −s+ 1. Let vp(−s+ 1) = l ≥ 1. By Chapter II, (3B)(6), we
have n ≤ vp(−sp + 1) = l + 1, so l ≥ n− 1.

If vp(−s+1) ≥ n then by the fact just quoted above, vp(−sp+1) ≥
n + 1, hence pn+1 divides −sp + 1 = 2z − (x + y). By (1.2), ppn−1

divides x+ y, hence pn+1 divides 2z, so pn+1 | z = y + 1, contrary to
the hypothesis. This shows that vp(−s + 1) = n− 1.

(2) Let vp(y) = n, so by Chapter II, (3B), n ≥ 2 and by (1.2), pn

divides y and y+1−x = 2y−(x+y−1). So pn divides x+y−1 = tp−1.
Since tp ≡ t (mod p) then p divides t−1. Let vp(t−1) = l ≥ 1; then
by Chapter II, (3B)(6), n ≤ vp(tp − 1) = l + 1, hence l ≥ n− 1.

If vp(t − 1) ≥ n then vp(tp − 1) ≥ n + 1 so pn+1 divides tp − 1 =
2y − (y + 1− x); but ppn−1 divides z − x = y + 1− x, therefore pn+1

divides 2y, so pn+1 | y, which is a contradiction.

The situation covered in the preceding result cannot yet be ruled
out by a direct proof. With other methods, it may be shown that
under the hypothesis of (3E), necessarily p divides y or y + 1.

In his thesis, Dittmann has also studied the possibility of a solution
of Fermat’s equation, with y = x + 1. He showed:

(3G) If p is an odd prime number, if there exist positive integers
0 < x < z such that xp + (x + 1)p = zp, then:

(1) p | x(x + 1).
(2) If p | x + 1 then −r =

[−pn−1/ps
]

and r ≡ 1 (mod p).
(3) If p | x then −s =

[−pn−1/pr
]
+ 1 and −s ≡ 1 (mod p).

Proof. (1) If p � | x(x+ 1), by Chapter III, (1C), z − x = −sp and
z − (x + 1) = −rp so 1 = rp − sp, which is impossible, since r, s are
not zero.

(2) If p | x + 1 then p � | xz, so by Chapter III, (1C), z − x =
−ppn−1sp, z − (x + 1) = −rp; hence 1 = rp − ppn−1sp, so r ≡ 1
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(mod p) and −rp < −ppn−1sp, so −r < −pn−1/ps.
If −r < −pn−1/ps− 1 then r > pn−1/ps+ 1, hence rp > ppn−1s+ 1,

which is a contradiction. This shows that −r = [−pn−1/ps].
(3) If p | x then p � | (x + 1)z, so by Chapter III, (1C), z − x =

−sp, z − (x + 1) = −ppn−1rp; hence 1 = ppn−1rp − sp, so −s ≡ 1
(mod p) and −sp > −ppn−1rp, hence −s > −pn−1/pr.

If −s > −pn−1/pr+1 then s+1 < pn−1/pr, hence sp +1 < ppn−1rp,
which is a contradiction. This shows that −s = [−pn−1/pr] + 1.
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VI.4. The First Case for Even Exponents

In this section, we give Terjanian’s proof (1977; see also 1978) that
the first case of Fermat’s theorem holds for even exponents. It suffices
to consider exponents 2p, where p is an odd prime. The proof will
require only elementary considerations, so it is surprising that it was
not found beforehand.

Several authors had considered Fermat’s equation with even ex-
ponents, however their direct proofs are now all superseded by Ter-
janian’s; yet we shall quote, and in a few cases prove, some of these
statements.

To begin, in a letter to Gauss (1804), Sophie Germain stated with-
out proof that if p is a prime, p ≡ 7 (mod 8), then Xp−1 + Y p−1 =
Zp−1 has no solution in nonzero integers.

In the first of a long series of papers on Fermat’s theorem, Kum-
mer proved (1837) the following result, which was rediscovered by
Niedermeier in 1943 and again by Griselle (1953) and Oeconomou
(1956). We follow Griselle’s proof:

(4A) Let n ≥ 2 be an integer. If there exist nonzero integers x, y, z
such that x2n + y2n = z2n and gcd(n, xyz) = 1, then n ≡ 1 (mod 8).

Proof. By Fermat’s theorem for the exponent 4, we may take n
odd, n ≥ 3. We may also assume that x, y, z are pairwise relatively
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prime positive integers, and that x is even, while y, z are odd, by the
remark at the beginning of Chapter I, §1. Then

x2n = z2n − y2n

= (z2 − y2)(z2(n−1) + y2z2(n−2) + · · · + y2(n−2)z2 + y2(n−1))
= (z2 − y2) ·Qn(z2, y2),

with the notation of §1. By Chapter II, (3B)(4),

gcd(z2 − y2, Qn(z2, y2)) = gcd(z2 − y2, n).

If p is a prime dividing n and z2 − y2 then a fortiori p divides x,
contrary to the hypothesis. Thus z2−y2 and Qn(z2, y2) are relatively
prime.

So z2 − y2 and Qn(z2, y2) are 2nth powers. Moreover, z2 − y2 is
even so Qn(z2, y2) is odd. Thus there exists an odd integer k such
that

z2(n−1) + z2(n−2)y2 + z2(n−3)y4 + · · · + y2(n−1) = k2n.

Each term of the above equality is an odd square, so it is of the form
(2a+1)2 = 4a(a+1)+1 ≡ 1 (mod 8). Thus, we have the congruence
n ≡ 1 (mod 8).

From this result, it follows:

(4B) The set of primes p such that the first case of Fermat’s
theorem holds for the exponent 2p is an infinite set.

Proof. According to Dirichlet’s theorem for primes in arithmetic
progressions, there exist infinitely many primes p satisfying each of
the congruences p ≡ 3 (mod 8), p ≡ 5 (mod 8), p ≡ 7 (mod 8). For
each such prime p the first case of Fermat’s theorem holds for the
exponent 2p, by virtue of (4A).

We note the following strengthening of (4A); statement (1) is due
to Niedermeier (1944), while (2) was given by Grey (1954):

(4C) Let p be an odd prime and assume that there exist nonzero
relatively prime integers x, y, z such that x2p + y2p = z2p :

(1) If 3p does not divide x, y, z then p ≡ 1 (mod 3).
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(2) If 2p does not divide x, y, z then p = 24a + 1 (for some inte-
ger a) and 12a + 1 has no factor congruent to 3 modulo 4.

Another improvement over (4A) is the following ((1) was proved
by Niedermeier in 1944, while (2) was given by Long in 1960):

(4D) Let m ≥ 3 be an integer and assume that there exist nonzero
integers x, y, z such that x2m + y2m = z2m :

(1) If m = p is a prime and if 5p does not divide x, y, z then
p ≡ ±1 (mod 5).

(2) If gcd(m,xyz) = 1 then m ≡ 1 or 49 (mod 120).

As a corollary:

(4E) If n = 2m has last digit 4 or 6 (when written in deci-
mal notation), then there exist no nonzero integers x, y, z such that
gcd(m,xyz) = 1 and xn + yn = zn.

Proof. We have m ≡ ±2 (mod 5), hence m �≡ 1 or 49 (mod 120)
and the result follows from (4D).

Long (1961) extended his method and proved:

(4F) If p is a prime, p ≡ −1 (mod 10) and if there exist relatively
prime integers x, y, z, prime to p and such that x2p + y2p = z2p, then
p is a square modulo 11, and consequently p ≡ 49, 169, 289, 529, or
889 (mod 1320).

Oeconomou proved in 1956 the following results, involving the
Legendre symbol:

(4G) Let n > 1 be an odd integer and assume that there exists an
odd prime q such that:

(a) gcd(q − 1, n) = 1.
(b) (n/q) = −1.
(c) If 0 < m < (q − 1)/2, with n ≡ m (mod (q − 1)/2), if a, b, c

are integers such that a2m + b2m ≡ c2m (mod q), and
(
a2 + b2

q

)

= 1,
(
c2 − a2

q

)

= 1,
(
c2 − b2

q

)

= 1,
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then abc ≡ 0 (mod q).
Then there exist no relatively prime nonzero integers x, y, z such that
gcd(n, xyz) = 1 and x2n + y2n = z2n.

There are numerous possible choices of q,m satisfying the condi-
tions. For example: In any of the following cases, the first case of
Fermat’s theorem holds for the exponent 2n:

(a) n ≡ −1 (mod 3).
(b) n ≡ ±2 (mod 5).
(c) (n/11) = −1 and n ≡ 4 (mod 5).
(d) (n/19) = −1 and n ≡ 4 or 7 (mod 9).
(e) (n/23) = −1 and n ≡ 2, or 3, or 4, or 10 (mod 11).
(f) (n/29) = −1 and n ≡ 3, or 5, or 9, or 11 (mod 14) etc. . . . .

In this way, Oeconomou proved that the first case of Fermat’s
theorem holds for all even exponents less than 200 000 (with the
possible exceptions of 108 722 and 188 018).

Gandhi proved in 1966:

(4H) Let p be a prime, p ≥ 5. If x, y, z are pairwise relatively
prime integers such that xp−1 + yp−1 = zp−1 then z is odd, and p
divides the one among the integers x, y which is even, hence p does
not divide z.

Proof. Since p−1 is even, by the remark at the beginning of Chap-
ter I, §1, z is odd and x, y have different parity, say x is odd, y is
even.

If p � | xy then xp−1 ≡ yp−1 ≡ 1 (mod p) while zp−1 ≡ 0 (mod p)
or ≡ 1 (mod p). Thus 2 ≡ xp−1 + yp−1 ≡ 0 or 1 (mod p) which is
impossible. Let us assume that p | x, p � | y — this will lead to a
contradiction. Let m = (p− 1)/2. We have

xp−1 = zp−1 − yp−1 = (zm − ym)(zm + ym).

Then the two factors in the right-hand side are relatively prime, since
they are both odd. Therefore each factor is a (p− 1)th power:

{
zm − ym = ap−1,
zm + ym = bp−1,

hence x = ab and also 2zm = ap−1 +bp−1. But p | x and gcd(a, b) = 1
so p divides one and only one of the numbers a, b. Hence, 2zm ≡
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1 (mod p) and squaring this congruence, 4 ≡ 1 (mod p), which is
impossible.

This proves that p divides y. Hence p does not divide z.

In 1969, Raina proved:

(4I) Let p be a prime, p ≥ 5. If x, y, z are positive pairwise
relatively prime integers such that xp−1 + yp−1 = zp−1 then z is a
quadratic residue modulo p.

Proof. Only one of x, y is even, the other is odd. Suppose y is even.
By (4H), z is odd and p divides y.

Let m = (p− 1)/2. From (xm)2 + (ym)2 = (zm)2, it follows by
Chapter I, (1A), that there exist positive integers a, b, of different
parity, such that gcd(a, b) = 1 and






xm = a2 − b2,
ym = 2ab,
zm = a2 + b2.

Suppose first that b is odd, so a is even. Since gcd(2a, b) = 1 then
there exist integers h, k such that

{
2a = hm,
b = km.

Therefore 4zm = hp−1+4kp−1. If p | k then p � | h so 4zm ≡ 1 (mod p).
Hence, squaring this congruence, 16 ≡ 1 (mod p) so p = 5, which is
not possible because the equation X4 + Y 4 = Z4 has no solution in
positive integers (Chapter I, (2C)).

So p � | k and since p | y then p | h. Therefore hp−1 = 4a2 ≡ 0
(mod 16p) and z(p−1)/2 ≡ kp−1 ≡ 1 (mod p).

Suppose now that b is even, while a is odd. Proceeding in the
same way, we show that z(p−1)/2 ≡ 1 (mod p). Thus z is a quadratic
residue modulo p.

The next result in Raina’s paper is vacuous since its hypothesis is
never satisfied (namely, z cannot be a prime, by (3C)).

In 1955, Becker published a paper in which he asserted that Fer-
mat’s theorem is true for all even exponents 2m > 2. However, his
proof is definitely wrong.
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Now we shall give the proof of Terjanian’s theorem, which con-
tains all the above results as corollaries. Once more, we shall consider
the quotient Qn(z, y) = (zn − yn)/(z − y) where n is an odd natu-
ral number and z, y are nonzero distinct integers (not necessarily
positive).

For the convenience of the reader, we recall that if m,n are nonzero
odd integers, n > 0, gcd(m,n) = 1, then the Jacobi symbol (m/n)
is defined. If m > 0 then (n/m) is also defined, and the following
reciprocity law is satisfied:

(
m

n

)

= (−1)(m−1)/2×(n−1)/2
(
n

m

)

.(4.1)

Moreover,
(−1

n

)

= (−1)(n−1)/2.(4.2)

(4J) Let y, z be distinct nonzero odd integers such that y ≡ z
(mod 4) and gcd(y, z) = 1. Let m,n be odd integers, m ≥ 1, n ≥
1, gcd(m,n) = 1. Then:

(1) Qm(z, y) ≡ m (mod 4), and in particular Qm(z, y) is odd.
(2) The Jacobi symbols (Qm(z, y)/Qn(z, y)) and (m/n) are well

defined and equal.

Proof. (1) Let z = y + 4t. Then

Qm(z, y) =
(y + 4t)4 − ym

4t
=

(
m

1

)

ym−1 +

(
m

2

)

ym−24t + · · ·

≡ mym−1 ≡ m (mod 4),

because m− 1 is even, y is odd, so ym−1 ≡ 1 (mod 4).
(2) First we note that since gcd(m,n) = 1 then the Jacobi

symbol (m/n) is well defined. Similarly, from gcd(y, z) = 1 and
Chapter II, (3B)(2) it follows that gcd(Qm(z, y), Qn(z, y)) = 1; since
Qn(z, y) > 0 then the Jacobi symbol (Qm(z, y)/Qn(z, y)) is also well
defined.

The equality of the Jacobi symbols is proved by induction on k =
min{m,n}. It is trivial when k = 1. Let k > 1, so m �= n, because
gcd(m,n) = 1.
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If m > n then there exist an odd integer r, 0 < r < n = k, and an
integer q such that m = qn + r, or m = qn− r. If m = qn + r then
m− r is even, so by Chapter II, (3B)(1),
(
Qm(z, y)
Qn(z, y)

)

=
(
ym−rQr(z, y)

Qn(z, y)

)

=
(
Qr(z, y)
Qn(z, y)

)

=
(
r

n

)

=
(
m

n

)

.

If m = qn − r then m − n and n − r are even, so by Chapter II,
(3B)(1), induction and the properties of the Jacobi symbol,

(
Qm(z, y)
Qn(z, y)

)

=
(−ym−nzn−rQr(z, y)

Qn(z, y)

)

=
(−Qr(z, y)

Qn(z, y)

)

=
( −1
Qn(z, y)

)(
Qr(z, y)
Qn(z, y)

)

=
( −1
Qn(z, y)

)(
r

n

)

.

Since Qn(z, y) ≡ n (mod 4) by Part (1), then (Qn(z, y) − 1)/2 ≡
(n− 1)/2 (mod 2), hence by (5.2), (−1/Qn(z, y)) = (−1/n). Thus

(
Qm(z, y)
Qn(z, y)

)

=
(−1

n

)(
r

n

)

=
(
m

n

)

.

Now, if m < n, by the reciprocity law (4.1) for the Jacobi symbol
and the above proof,

(
Qm(z, y)
Qn(z, y)

)

= (−1)(Qm(z,y)−1)/2×(Qn(z,y)−1)/2
(
Qn(z, y)
Qm(z, y)

)

= (−1)(m−1)/2×(n−1)/2
(
n

m

)

=
(
m

n

)

.

Terjanian’s result now follows very easily:

(4K) Let p be an odd prime. If x, y, z are nonzero integers such
that x2p + y2p = z2p then 2p divides x or y.

Proof. There is no loss of generality to assume that x, y, z are pair-
wise relatively prime. Also, x, y cannot be both odd, since the expo-
nent 2p is even (see remark at the beginning of Chapter I, §1). Let
x be even, so y, z are odd. Then

x2p = z2p − y2p = (z2 − y2)
z2p − y2p

z2 − y2
.
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By Chapter II, (3B)(4),

gcd
(

z2 − y2,
z2p − y2p

z2 − y2

)

= p or 1.

If the greatest common divisor is p then p divides x2p so 2p divides
x.

We show now that it is not possible that z2 − y2 and (z2p −
y2p)/(z2 −y2) be relatively prime. If they are, they must be squares.
But

z2p − y2p

z2 − y2
=

zp − yp

z − y
× zp + yp

z + y
= Qp(z, y) ×Qp(z,−y)

and these two factors are relatively prime because gcd(y, z) = 1 and
y and z are odd. So Qp(z, y), Qp(z,−y) are also squares. Since p is
not a square, there exists an odd prime q such that p is not a square
modulo q.

Assume first that z ≡ y (mod 4). By (4.1),

−1 =
(
p

q

)

=
(
Qp(z, y)
Qq(z, y)

)

,

which is an absurdity, because Qp(z, y) is a square. If z �≡ y (mod 4)
then z ≡ −y (mod 4), hence again

−1 =
(
p

q

)

=
(
Qp(z,−y)
Qq(z,−y)

)

,

which is again an absurdity. This concludes the proof.

In 1981, Rotkiewicz showed the following strengthening of Terja-
nian’s result:

(4L) Let p be an odd prime. If x, y, z are positive integers such
that x2p + y2p = z2p, then 8p3 divides x or y.

Proof. We may assume that x, y, z are pairwise relatively prime
and that x is even, while y, z are odd. Then by Terjanian’s theorem,
2p divides x.

Now we show that 8 divides x. We have gcd(zp − xp, zp + xp) = 1
because gcd(x, z) = 1, x is even and z is odd. Since y2p = z2p−x2p =
(zp − xp)(zp + xp) then zp − xp = [(zp − xp)/(z − x)](z − x) = a2p,
where a is an odd positive integer. Since p | x then p � | z so p � | z−x.
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By Chapter II, (3B)(5), gcd ((zp − xp)/(z − x), z − x) = 1, hence
(zp − xp)/(z − x) = b2, with b an odd positive integer (because z
is odd). Hence b2 = (2b1 + 1)2 = 4b1(b1 + 1) ≡ 1 (mod 8) and
zp−1 + zp−2x + zp−3x2 ≡ 1 (mod 8), because x is even. But z being
odd, we have again zp−1 ≡ 1 (mod 8), so zp−3x(z + x) ≡ 0 (mod 8).
Hence y ≡ 0 (mod 8), because z, z + x are odd.

The proof that p3 divides x follows from the result of Vandiver,
(1B). We have also zp + xp = c2p, where c is an odd positive in-
teger. By Vandiver’s theorem we have xp ≡ x (mod p3). Since
p | x and p ≥ 3 then p3 divides x, showing that 8p3 divides x.

In 1950, Gut adapted ideas of Kummer and Mirimanoff and used
methods of class field theory to derive a criterion, involving Euler
numbers, for the first case of Fermat’s theorem with exponent 2p.
Of course, this result is now obsolete.

In conclusion we mention explicitly the following easy fact, which
will be used later:

(4M) If x, y, z are nonzero relatively prime integer, n ≥ 3 and
x2n + y2n = z2n, then 2 | xy and 3 | xy.
Proof. If x, y are odd then x2n + y2n ≡ 2 (mod 4); now z must be
even and z2n ≡ 0 (mod 4), which is absurd. If 3 � | xy then x2n ≡
y2n ≡ 1 (mod 3) but z2n ≡ 0 or 1 (mod 3), so x2n +y2n = z2n is not
true.
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VII
Interludes 7 and 8

This chapter deals with polynomials which are intimately related
with Fermat’s equation.

VII.1. Some Relevant Polynomial Identities

We give here some algebraic identities which are applicable in the
study of Fermat’s equation. Many of the early attempts to prove
Fermat’s theorem were based on some polynomial identities.

To begin, we indicate the following identity, which was used by
Lamé in 1840; see also Lebesgue (1847), Mention (1847), and Catalan
(1885); Gauss (1863) gave the special cases when n = 3, 5, 7; see also
Rebout (1877), and Brocard (1878):

(1A) If X,Y, Z are indeterminates and n is odd then

(X+Y +Z)n − (X+Y −Z)n − (X−Y +Z)n − (−X+Y +Z)n

= 4nXY Z
∑

i+j+k=(n−3)/2
i,j,k≥0

(n− 1)!
(2i + 1)! (2j + 1)! (2k + 1)!

X2iY 2jZ2k.
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Proof. By writing explicitly the nth powers of the left-hand side,
we have:

(X+Y +Z)n − (X+Y −Z)n − (X−Y +Z)n − (−X+Y +Z)n

=
∑

a+b+c=n
a,b,c≥0

n!
a! b! c!

XaY bZc[1 − (−1)c − (−1)b − (−1)a].

Since n is odd and a+ b+ c = n then one or three of the integers
a, b, c are odd. If only one is odd then 1− (−1)a− (−1)b− (−1)c = 0.
Thus, we have to consider only the summands with a = 2i + 1, b =
2j + 1, c = 2k + 1, so i+ j + k = (n− 3)/2 and 1− (−1)a − (−1)b −
(−1)c = 4. We deduce at once the identity of the statement.

As a corollary, we have (see Werebrusow, 1908):

(1B) If X,Y, Z are indeterminates and n is odd then

(X + Y + Z)n −Xn − Y n − Zn =
4n
2n

(X+Y )(Y +Z)(Z+X)

×
∑

i+j+k=(n−3)/2
i,j,k≥0

(n− 1)! (X + Y )2i(Y + Z)2j(Z + X)2k

(2i + 1)! (2j + 1)! (2k + 1)!
.

Proof. We write the identity of (1A) with U, V,W in place of
X,Y, Z, respectively, where U = (X + Y )/2, V = (Y + Z)/2, W =
(Z + X)/2. Then

U + V + W = X + Y + Z,

U + V −W = Y,

U − V + W = X,

−U + V + W = Z,

hence (1A) becomes

(X + Y + Z)n −Xn − Y n − Zn

=
4n
2n

(X + Y )(Y + Z)(Z + X)

×
∑

i+j+k=(n−3)/2
i,j,k≥0

(n− 1)! (X+Y )2i(Y +Z)2j(Z+X)2k

(2i + 1)! (2j + 1)! (2k + 1)!
.
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A special case is the following:

(1C) If X,Y are indeterminates and n is odd then

(X + Y )n −Xn − Y n

=
4n
2n

(X + Y )XY

×
∑

i+j+k=(n−3)/2
i,j,k≥0

(n− 1)!
(2i + 1)! (2j + 1)! (2k + 1)!

(X + Y )2iY 2jX2k.

Proof. It suffices to replace Z by 0 in the identity (1B).

Already in 1837, Kummer used the following identity for (X +
Y )n− (Xn +Y n), see also Mention (1847), Vachette (1861), Barisien
(1906), Boutin and Gonzalez Quijano (1907), Bini (1907), Rose
(1907), and Bachmann (1910):

(1D) If X,Y are indeterminates and n ≥ 1 then

(X + Y )n − (Xn + Y n) =
∞∑

i=1

(−1)i−1n

i

(
n− i− 1
i− 1

)

X iY i(X + Y )n−2i

(by convention, the terms in the above sum are zero when 2i > n).

Proof. We show by induction that the identity

Xn + Y n = (X + Y )n +
∞∑

i=1

(−1)i
n

i

(
n− i− 1
i− 1

)

X iY i(X + Y )n−2i

is true. For n = 1, 2 it is trivial. Then

Xn+1 + Y n+1 = (Xn + Y n)(X + Y ) −XY (Xn−1 + Y n−1)
= (X + Y )n+1

+
∞∑

i=1

(−1)i
n

i

(
n− i− 1
i− 1

)

X iY i(X + Y )n+1−2i

−XY (X + Y )n−1

−
∞∑

i=1

(−1)i
n− 1
i

(
n− i− 2
i− 1

)

X i+1Y i+1(X+Y )n−1−2i
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= (X + Y )n+1 +
∞∑

i=1

(−1)iciX iY i(X + Y )n+1−2i,

where c1 = n + 1 and if i ≥ 2, then

ci =
n

i

(
n− i− 1
i− 1

)

+
n− 1
i− 1

(
n− i− 1
i− 2

)

=
n + 1
i

(
n− i

i− 1

)

.

In 1885 (and again in 1886) Catalan indicated another form of the
identity (1B):

(1E) If X,Y, Z are indeterminates and n is odd, then

(X + Y + Z)n −Xn − Y n − Zn

(X + Y )(Y + Z)(Z + X)
= P n−3 + H1P

n−4 + H2P
n−5

+ · · · + Hn−3 + 2H(2)
(n−3)/2

where P = X + Y +Z = H1; more generally, if i ≥ 1, Hi is the sum
of all monomials of degree i, coefficients 1, in the indeterminates
X,Y, Z, and H

(2)
(n−3)/2 is the sum of all monomials of degree (n −

3)/2, coefficients 1, in X2, Y 2, Z2 (so it has degree n − 3), that is,
H

(2)
(n−3)/2 = H(n−3)/2(X2, Y 2, Z2).

Proof. We have

Q1 =
P n − (Xn + Y n + Zn)

X + Y
=

P n − Zn

P − Z
− Xn + Y n

X + Y

= (P n−1 + ZP n−2 + Z2P n−3 + · · · + Zn−1)
− (Xn−1 − Y Xn−2 + Y 2Xn−3 − · · · + Y n−1).

But, by Euclidean division, since Y + Z = P −X:

P n−1 + ZP n−2 + Z2P n−3 + · · · + Zn−1

Y + Z

= P n−2 + H1(X,Z)P n−3 + H2(X,Z)P n−4 + · · · + Hn−2(X,Z)

+
Xn−1 + ZXn−2 + · · · + Zn−1

Y + Z
,
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where Hi(X,Z) is the sum of all monomials of degree i, coefficient
1, in the indeterminates X,Z. Therefore

Q2 =
Q1

Y + Z

= (P n−2 + H1(X,Z)P n−3 + H2(X,Z)P n−4 + · · · + Hn−2(X,Z))

+
1

Y + Z
[(Y + Z)Xn−2 − (Y 2 − Z2)Xn−3 + (Y 3 + Z3)Xn−4

− · · · − (Y n−1 − Zn−1)]
= (P n−2 + H1(X,Z)P n−3 + H2(X,Z)P n−4 + · · · + Hn−2(X,Z))

+ (Xn−2 − (Y − Z)Xn−3 + (Y 2 − ZY + Z2)Xn−4 − · · ·
− (Y n−2 − ZY n−3 + Z2Y n−4 − · · · − Zn−2).

By Euclidean division,

P n−2 + H1(X,Z)P n−3 + H2(X,Z)P n−4 + · · · + Hn−2(X,Z)
Z + X

= P n−3 + H1P
n−4 + H2P

n−5 + · · · + Hn−3

+
Y n−2 + H1(X,Z)Y n−3 + H2(X,Z)Y n−4 + · · · + Hn−2(X,Z)

Z + X
,

where Hi is as indicated in the statement. Then

Q3 =
Q2

Z + X

= P n−3 + H1P
n−4 + H2P

n−5 + · · · + Hn−3

+
1

Z + X
[Y n−2 + H1(X,Z)Y n−3 + H2(X,Z)Y n−4

+ · · · + Hn−2(X,Z) + Xn−2 − (Y − Z)Xn−3

+ (Y 2 − ZY + Z2)Xn−4 − · · ·
− (Y n−2 − ZY n−3 + Z2Y n−4 − · · · − Zn−2)].

But

H1(X,Z)
Z + X

= 1,

H3(X,Z)
Z + X

= X2 + Z2 = H
(2)
1 (X,Z),

H5(X,Z)
Z + X

= X4 + X2Z2 + Z4 = H
(2)
2 (X,Z),
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etc. Hence

Q3 = P n−3 + H1P
n−4 + H2P

n−5 + · · · + Hn−3 + Y n−3

+H
(2)
1 (X,Z)Y n−5 + H

(2)
2 (X,Z)Y n−7 + · · · + H

(2)
(n−3)/2(X,Z)

+
1

Z + X
[Y n−2 + H2(X,Z)Y n−4 + H4(X,Z)Y n−6 +

· · · + Hn−3(X,Z)Y + Xn−2 − (Y − Z)Xn−3

+ (Y 2 − Y Z + Z2)Xn−4 − · · ·
− (Y n−2 − ZY n−3 + Z2Y n−4 − · · · − Zn−2)].

The expression in the brackets is equal to

Y Xn−3 + Y ZXn−4 + (Y Z2 + Y 3)Xn−5

+(Y Z3 + Y 3Z)Xn−6 + (Y Z4 + Y 3Z2 + Y 5)Xn−7 + · · ·
+(Y Zn−3 + Y 3Zn−5 + · · · + Y n−4Z2 + Y n−2)
+Xn−2 − (Y − Z)Xn−3 + (Y 2 − Y Z + Z2)Xn−4 − · · ·
−(Y n−2 − ZY n−3 + Z2Y n−4 − · · · − Zn−2)

= Xn−2 + ZXn−3 + (Y 2 + Z2)Xn−4 + (Y 2Z + Z3)Xn−5

+(Y 4 + Y 2Z2 + Z4)Xn−6 + (Y 4Z + Y 2Z3 + Z5)Xn−7

+ · · · + (Y n−3Z + Y n−5Z3 + · · · + Zn−2)

= Xn−2 + ZXn−3 + H
(2)
1 (Y,Z)Xn−4 + H

(2)
1 (Y,Z)ZXn−5

+H
(2)
2 (Y,Z)Xn−6 + H

(2)
2 (Y,Z)ZXn−7 + · · · + H

(2)
(n−3)/2(Y,Z)Z.

Hence

Q3 = P n−3 + H1P
n−4 + H2P

n−5 + · · · + Hn−3 + Y n−3 +

H
(2)
1 (X,Z)Y n−5 + H

(2)
2 (X,Z)Y n−7 + · · · + H

(2)
(n−3)/2(X,Z)

+Xn−3 + H
(2)
1 (Y,Z)Xn−5 + · · · + H

(2)
(n−3)/2(Y,Z)

= P n−3 + H1P
n−4 + H2P

n−5 + · · · + Hn−3 + 2H(2)
(n−3)/2,

since each of the above last two lines is equal to H
(2)
(n−3)/2.

Bibliography

1782 Waring, E., Meditationes Algebraicae (3rd ed.), Cambridge
Univiversity Press, Cambridge, 1782.



VII.1. Some Relevant Polynomial Identities 219

1837 Kummer, E.E., De aequatione x2λ + y2λ = z2λ per numeros
integros resolvenda, J. Reine Angew. Math., 17 (1837), 203–
209; reprinted in Collected Papers, Vol. I, pp. 135–141,
Springer-Verlag, Berlin, 1975.
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somme de quatre cubes entiers, Nouv. Ann. Math., (2), 16
(1877), 272–273.

1878 Brocard, H., Sur divers articles de la Nouvelle Correspon-
dance (Question 286), Nouv. Corr. Math., 4 (1878), 136–
138.
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VII.2. The Cauchy Polynomials

In his proof of Fermat’s theorem for the exponent 7, Lamé (1839,
1840) made use of a polynomial identity of degree 7. In the analy-
sis of Lamé’s paper, Cauchy and Liouville indicated a more general
polynomial identity (1839), of which the following ones are special
cases (Cauchy, 1841):

(X + Y )5 −X5 − Y 5 = 5XY (X + Y )(X2 + XY + Y 2),
(X + Y )7 −X7 − Y 7 = 7XY (X + Y )(X2 + XY + Y 2)2.

In this way the study of the polynomial (X + Y )n − Xn − Y n was
initiated.

If n ≥ 3, n odd, then this polynomial is a multiple of X,Y,X +Y ;
moreover, if n = p is an odd prime, then it is also a multiple of p.

(2A) Let n ≡ ±1 (mod 6). The exact power of X2 + XY + Y 2

dividing (X + Y )n − (Xn + Y n) has exponent

e =
{

1 when n ≡ −1 (mod 6),
2 when n ≡ 1 (mod 6).

Proof. We shall show that (X + 1)n − (Xn + 1) = (X2 + X +
1)eHn(X) where e is as indicated, Hn(X) ∈ Z[X] and X2+X+1 does
not divide Hn(X). By homogenization, we deduce the statement
(2A).
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Let Gn(X) = (X + 1)n − (Xn + 1) and let ω = (−1 +
√−3)/2 be

a primitive cubic root of 1, hence ω2 + ω + 1 = 0. Then Gn(ω) =
(ω + 1)n − (ωn + 1) = −(ω2n + ωn + 1) = −(ω3n − 1)/(ωn − 1) = 0.

So Gn(X) is a multiple of the minimal polynomial X2 +X + 1 of
ω. Explicitly, by division, Gn(X) = F (X)(X2 + X + 1) + (aX + b)
where F (X) ∈ Z[X] and a, b ∈ Z. So 0 = Gn(ω) = F (ω)(ω2 + ω +
1) + aω + b = aω + b, hence a = 0 (otherwise ω = −b/a ∈ Q, which
is not true) and also b = 0.

Next, (X2 + X + 1)2 divides Gn(X) if and only if ω is a double
root of Gn(X), that is, ω is a root of the derivative Gn

′(X) = n((X+
1)n−1 −Xn−1), i.e., n [(ω + 1)n−1 − ωn−1] = 0. Since ω + 1 = −ω2,
this is equivalent to (ωn−1 − 1)ωn−1 = 0, that is, ωn−1 = 1. Finally,
this holds if and only if 3 divides n− 1, so n ≡ 1 (mod 6).

We show that (X2 + X + 1)3 does not divide Gn(X). If it did,
then n ≡ 1 (mod 6) and moreover X2 + X + 1 divides Gn

′′(X) =
n(n−1)((X+1)n−2−Xn−2). So Gn

′′(ω) = 0, hence (ω+1)n−2 = ωn−2

and −ω2(n−2) = ωn−2. Therefore ωn−2 = −1 and ω2(n−2) = 1. This
implies that 3 divides 2(n − 2), so n ≡ 2 (mod 3), hence n ≡ −1
(mod 6), which is a contradiction.

We may therefore write: if n ≡ ±1 (mod 6) then

(X + Y )n − (Xn + Y n) = XY (X + Y )(X2 + XY + Y 2)eEn(X,Y ),
(2.1)

and if n = p > 3 is a prime then

(X + Y )p − (Xp + Y p) = pXY (X + Y )(X2 + XY + Y 2)eCp(X,Y ),
(2.2)

where Ep(X,Y ) = pCp(X,Y ) and e = 1, or 2, according to n ≡
−1, or 1 (mod 6).

There are numerous proofs of the above result (or variants of it) in
the literature, to wit by Cayley (1878), Glaisher (1878, 1879), Muir
(1878), Catalan (1884, 1885, 1886), Lucas (1888, 1891), Barisien
(1906), Taupin and Retall (1907), Ursus and Grigorieff (1907), Can-
dido (1907), and Brčić-Kostić (1952).

In 1878, Glaisher expressed the above result in the following form:

(2B) If n is odd then (X−Y )n +(Y −Z)n +(Z−X)n is divisible
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by
1
3 [(X − Y )3 + (Y − Z)3 + (Z −X)3].

If n ≡ −1 (mod 6) then the above polynomial is also divisible by

1
2 [(X − Y )2 + (Y − Z)2 + (Z −X)2].

If n ≡ 1 (mod 6), then it is divisible by

1
2 [(X − Y )4 + (Y − Z)4 + (Z −X)4].

Proof. Let A,B be indeterminates and let n ≥ 3 be odd. Then
AB(A + B) divides (A + B)n −An −Bn.

Let A = Z−Y, B = X−Z so A+B = X−Y . Then AB(A+B) =
(Z−Y )(X−Z)(X−Y ) = 1

3 [(Y −Z)3 +(Z−X)3 +(X−Y )3] divides
(X − Y )n + (Y − Z)n + (Z −X)n. Next,

A2 + AB + B2 = (Z − Y )2 + (Z − Y )(X − Z) + (X − Z)2

= 1
2 [(Y − Z)2 + (Z −X)2 + (X − Y )2]

and

(A2 + AB + B2)2 = 1
4 [(Y − Z)2 + (Z −X)2 + (X − Y )2]2

= 1
2 [(Y − Z)4 + (Z −X)4 + (X − Y )4].

Hence by (2A) if n ≡ −1 (mod 6) then 1
2 [(X − Y )2 + (Y − Z)2 +

(Z −X)2] divides the given polynomial while if n ≡ 1 (mod 6) then
1
2 [(X−Y )4 +(Y −Z)4 +(Z−X)4] divides the given polynomial.

The following special result was explicitly given by Catalan (1884,
1885), Gérono (1885), Nester (1907), Welsch (1909), and Brocard
(1910):

(2C) Let p be a prime number.

(1) If (X+Y )p−Xp−Y p = pXY (X+Y )P 2, where P ∈ Z[X,Y ]
then p = 3, P = 1, or p = 7, P = X2 + XY + Y 2.

(2) If 2p−1 − 1 = pN 2 where N is an integer then p = 3, N =
1 or p = 7, N = 3.
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Proof. We establish the two statements simultaneously. First we
observe that p �= 2. Taking X = Y = 1 we have 2p − 2 = 2pN2,
where N = P (1, 1) ∈ Z.

If p = 3 then N = 1. We assume now p �= 3. We have (2(p−1)/2 +
1)(2(p−1)/2−1) = pN2. The two factors in the left-hand side are odd,
hence they are relatively prime. So, one of the factors is a square,
while the other one is p times a square.

But 2(p−1)/2 − 1 ≡ 3 (mod 4) since (p− 1)/2 ≥ 2, so 2(p−1)/2 − 1
is not a square. Hence 2(p−1)/2 + 1 = M2, M being an integer. Since
2(p−1)/2 = M2 − 1 = (M − 1)(M + 1), it follows that M − 1, M + 1
are powers of 2. But (M + 1) − (M − 1) = 2, so M − 1 = 2, M = 3
and necessarily p = 7, N = 3. Therefore

P 2 =
(X + Y )7 −X7 − Y 7

7XY (X + Y )
= (X2 + XY + Y 2)2.

The polynomial Cp(X, 1) will be simply denoted by Cp(X) and
called the Cauchy polynomial for the prime p ≥ 5. If p = 6k±1 then
Cp(X) has degree 6(k − 1). We note the following special cases:

C5(X) = 1,
C7(X) = 1,
C11(X) = X6 + 3X5 + 7X4 + 9X3 + 7X2 + 3X + 1

= (X2 + XY + Y 2)3 + [XY (X + Y )]2,
C13(X) = X6 + 3X5 + 8X4 + 11X3 + 8X2 + 3X + 1

= (X2 + XY + Y 2)3 + 2[XY (X + Y )]2.

These expressions in terms of XY (X+Y ) and X2 +XY +Y 2 will
soon be generalized for arbitrary values of p.

The Cauchy polynomials satisfy the following properties, where
p = 6k ± 1 (see Mirimanoff (1903), Klösgen (1970)):

(2D)

(1) Cp(X) = X6(k−1)Cp(1/X),
Cp(X) = Cp(−1 −X).

(2) Cp(0) = Cp(−1) = 1.
(3) Cp(X) has no real roots.
(4) All the (imaginary) roots of Cp(X) are simple and belong to
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k − 1 disjoint sets, each composed of six distinct roots
{

z,
1
z
, −(1 + z), − 1

1 + z
, − z

1 + z
, −1 + z

z

}

.

Proof. (1) Since

Cp(X) =
(X + 1)p −Xp − 1

pX(X + 1)(X2 + X + 1)e

(with e = 1 or 2) then Cp(1/X) = X−p+2e+3Cp(X). From

e =
{

1 when p = 6k − 1,
2 when p = 6k + 1,

it follows that Cp(X) = X6(k−1)Cp(1/X). Similarly Cp(X) = Cp(−1
−X).

(2) Since Cp(X) is a monic and symmetric polynomial then
Cp(0) = 1. Also by (1), Cp(−1) = Cp(0) = 1.

(3) If z > 0 is a real root of Cp(X) then (z + 1)p = zp + 1, which
is impossible. If z < −1 is a real root of Cp(X) then −(1 + z) > 0
would be a positive real root of Cp(−1 − X) = Cp(X), which is a
contradiction. Similarly, if −1 < z < 0 is a real root of Cp(X) then
1/z < −1 would be a real root of Cp(X), which is impossible.

(4) Let z be any root of Cp(X). By (1) it follows that 1/z
and −(1 + z) are roots of Cp(X), hence − (1 + 1/z) = −(z + 1)/z,
−1/(1 + z) and − z/(z + 1) are also roots of Cp(X). The sets of
roots considered above are either equal or disjoint. Indeed, if

t ∈ Mz =
{

z,
1
z
,−(1 + z),− 1

1 + z
,− z

1 + z
,−1 + z

z

}

it is easy to verify that Mt = Mz.
Let z be an imaginary root of Cp(X), and suppose it is a double

root; this happens if and only if z is a root of C ′
p. Since

C ′
p(X) = 6(k − 1)X6(k−1)−1Cp

(
1
X

)

−X6(k−1)−2C ′
p

(
1
X

)

and C ′
p(X) = −C ′

p(−1−X), it follows that 1/z and −1− z are also
double roots, hence each element of the set Mz is also a double root.
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From (X +1)p−Xp− 1 = pX(X +1)(X2 +X +1)eCp(X), taking
derivatives we have

(X + 1)p−1 −Xp−1 = (X(X + 1)(X2 + X + 1)e)′Cp(X)
+X(X + 1)(X2 + X + 1)eCp

′(X).

Hence (z + 1)p−1 = zp−1, so (1 + 1/z)p−1 = 1, that is, 1 + 1/z is a
(p− 1)th root of 1, so |1 + 1/z| = 1.

Beginning with the double root −z/(1 + z) (instead of z), we
deduce that 1+(−(1+z)/z) = −1/z is also a (p−1)th root of 1, and
|1/z| = 1. Thus, the triangle with vertices 0, 1, ξ = −1/z has sides of
length 1, so it is equilateral, therefore ξ is a primitive sixth root of 1.
So ξ2−ξ+1 = 0, and ξ3 = −1. Then −(z+1)/z = −1−1/z = −1+ξ
satisfies

(−1 + ξ)3 = −1 + 3ξ − 3ξ2 + ξ3 = −1 + 3ξ − 3ξ + 3 − 1 = 1,

so its minimal polynomial is X2 +X + 1. Since −(z + 1)/z is also a
root of Cp(X) then X2+X+1 divides Cp(X), contradicting (2A).

Mirimanoff also investigated in 1903 whether each polynomial
Cp(X) is irreducible, and he conjectured this to be true. Klösgen
(1970) has verified with a computer that if p ≤ 31, the Cauchy
polynomial Cp(X) is an irreducible polynomial of Z[X]. Since the
maximum of the coefficients of Cp(X) grows very fast with p, the
test was not continued any further.

We report without proof the following results, due to Helou, 1997:
If n ≥ 3, n odd, then for every prime p, the polynomial Cn modulo

p is reducible over the field with p elements. Moreover, if n is an odd
prime and for some prime p, Cn modulo p has at most three factors,
then Cn is irreducible. Helou attributes to Filaseta the proof that
C2p is irreducible for every odd prime p; a proof is given by Helou in
his paper (1997). More results about the Cauchy polynomials are in
the paper by Terjanian (1989).

We shall need another expression for the Cauchy polynomials.
More generally, we shall express Sn(X,Y ) = (X+Y )n+(−1)n(Xn+
Y n) as a polynomial in U = X2 + XY + Y 2 and V = XY (X + Y ).

There are two methods to achieve this result.
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We may consider the polynomial of degree 3 in the indeterminate
T , with coefficients in Z[X,Y ], whose roots are X + Y,−X,−Y :

F (T ) = (T + X)(T + Y )(T −X − Y )
= T 3 + a1T

2 + a2T + a3,

with





a1 = X + Y − (X + Y ) = 0,
a2 = XY −X(X + Y ) − Y (X + Y ) = −(X2 + XY + Y 2),
a3 = −XY (X + Y ).

Then Sn(X,Y ) = (X + Y )n + (−1)n(Xn + Y n) is the sum of the
nth powers of the roots of F (T ). We shall use the following classical
expression, due to Waring (1782), for the sum

pn = xn
1 + · · · + xn

k (n = 0, 1, . . . )

of the roots of a polynomial

T k + a1T
k−1 + · · · + ak =

k∏

i=1

(T − xi).

The special cases n = 1, 2, 3, 4 were known to Girard (1629); see
also Saalschütz (1906). The proof may be found in Serret (1885),
Lucas (1891), Perron (1951). A modern algebraic proof was given
by Rédei (1952, 1959). Another proof, using power series, is given
by Cesàro and Kowalewski (1904).

Lemma 2.1. With above notations:

pn = n
n∏

i=1

(−1)i

i
{(a1 + · · · + ak)i}n,

where {(a1+· · ·+ak)i}n is the sum of all monomials (i!/(i1! · · · ik!))×
ai1

1 · · · aik
k (with i1 + · · · + ik = i, 0 ≤ i1, . . . , ik) having weight equal

to n, that is, i1 + 2i2 + · · · + kik = n.

The next result was proved for even exponents by Ferrers and
Jackson (1852; see reference in Dickson’s History of the Theory of
Numbers, Vol. II, p. 747); the proof for arbitrary exponent appears
in Todhunter’s book (1861). It was proved again by Muir (1879),
using the above lemma. Kapferer (1949) rediscovered it, with the
same proof, when n is a prime. In 1969, Carlitz and Hunter gave a
proof with the method of power series.
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(2E) Let n ≥ 2, let U = X2 +XY +Y 2, and let V = XY (X+Y ).
Then

(X + Y )n+ (−X)n+ (−Y )n

=
∑

r

n

n− 3 − 2r

(
r

n− 3 − 2r

)

U3r−n+3V n−2r−2

(summation for max{0, (n−3)/3} ≤ r ≤ (n−2)/2, with the conven-
tion that if n is even and r = (n− 2)/2 then the coefficient of the
summand is equal to 2).

Proof. First Proof (Muir). By the above lemma

(X + Y )n + (−X)n + (−Y )n

=
n∑

i=1

(−1)in
i

{(a2 + a3)i}n

= n
n∑

i=1

(−1)i

i

∑

i2+i3=1
2i2+3i3=n

i!
i2! i3!

ai2
2 a

i3
3

= n
n∑

i=1

(−1)i
∑

i2+i3=1
2i2+3i3=n

(i2 + i3 − 1)!
i2! i3!

ai2
2 a

i3
3

= n
∑ (i2 + i3 − 1)!

i2! i3!
(−a2)i2(−a3)i3

(sum for all i2, i3, such that 0 ≤ i2, i3; 1 ≤ i2 + i3; 2i2 +3i3 = n). But
−a2 = U, −a3 = V and

(i2 + i3 − 1)!
i2! i3!

=
1
i3

(
i2 + i3 − 1
i3 − 1

)

(valid when i2 �= 0 or i3 �= 1). Let i2 + i3 − 1 = r, hence n− 2− 2r =
(2i2 + 3i3) − 2(i2 + i3 − 1) − 2 = i3. Therefore i2 = 3r − n + 3 and

(X + Y )n+ (−X)n+ (−Y )n

=
∑

r

n

n− 2 − 2r

(
r

n− 3 − 2r

)

U3r−n+3V n−2r−2,

the sum being extended for max {0, (n− 3)/3} ≤ r ≤ (n− 2)/2.
Moreover, if n is even and r = (n− 2)/2 then the corresponding
summand has coefficient 2 (since i2 = n/2, i3 = 0).
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Second Proof (Carlitz & Hunter). This proof does not
require Waring’s lemma. We consider the identity

Z

1 − ZW
+

X

1 −XW
+

Y

1 − YW

=
(X + Y + Z) − 2(XY + Y Z + ZX)W + 3XY ZW 2

1 − (X + Y + Z)W + (XY + Y Z + ZX)W 2 −XY ZW 3
.

Let Z = −(X + Y ), so XY + Y Z + ZX = −U, XY Z = −V and
changing signs:

(X + Y )
1 + (X + Y )W

− X

1 −XW
− Y

1 − YW
=

−2UW + 3VW 2

1 − UW 2 + VW 3
.

(2.3)

The formal power series expansion of 1/(1 − UW 2 + VW 3) is

1
1 − UW + VW 3

=
1

1 −W 2(U − VW )

=
∞∑

r=0

W 2r(U − VW )r

=
∞∑

r=0

W 2r

[
r∑

s=0

(−1)s
(
r

s

)

U r−sV sW s

]

=
∞∑

n=0

(−1)nW n
∞∑

r=0

(
r

n− 2r

)

U3r−nV n−2r

(this last sum is actually for n/3 ≤ r ≤ n/2; by convention the other
summands are zero). The left-hand side of (2.3) is equal to

∞∑

n=0

[Xn+1 + Y n+1 − (−1)n(X + Y )n+1]W n.

The right-hand side of (2.3) is equal to

∞∑

n=0

(−1)n+1W n+1
∞∑

r=0

2

(
r

n− 2r

)

U3r+1−nV n−2r

+
∞∑

n=0

(−1)n+2W n+2
∞∑

r=0

3

(
r

n− 2r

)

U3r−nV n+1−2r
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=
∞∑

n=0

(−1)n+1W n+1
∞∑

r=0

2

(
r

n− 2r

)

U3r+1−nV n−2r

+
∞∑

n=1

(−1)n+1W n+1
∞∑

r=0

3

(
r

n− 1 − 2r

)

U3r+1−nV n−2r

= −2UW + 3VW 2 − 2U2W 3

+
∞∑

n=3

(−1)n+1W n+1
∞∑

r=0

n + 1
n− 2r

(
r

n− 1 − 2r

)

U3r+1−nV n−2r

= −2UW + 3VW 2 − 2U2W 3

+
∞∑

n=4

(−1)nW n
∞∑

r=0

n + 1
n− 1 − 2r

(
r

n− 2 − 2r

)

U3r+2−nV n−1−2r,

because

2

(
r

n− 2r

)

+ 3

(
r

n− 1 − 2r

)

=
n + 2
n− 2r

(
r

n− 1 − 2r

)

(for n ≥ 3). On the other hand, the left-hand side of (2.3) is equal
to

∞∑

n=0

[(−1)n(X + Y )n+1 −Xn+1 − Y n+1]W n

=
∞∑

n=2

[(X + Y )n + (−X)n + (−Y )n](−1)n−1W n−1.

Comparing the two sides of (2.3), as computed above, yields the
statement.

We note the following special cases. Taking an odd exponent,

(X + Y )2k+1 −X2k+1 − Y 2k+1(2.4)

=
∑

2
3 (k−1)≤r≤k−1

2k + 1
2k − 1 − 2r

(
r

2k − 2 − 2r

)

U3r−2k+2V 2k−2r−1.

If p is a prime, p �= 2, 3, letting p = 6k± 1, we have (see F. Lucas,
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1897, and Kapferer, 1949):

(X + Y )p −Xp − Y p = pXY (X + Y )(X2 + XY + Y 2)2(2.5)

×
(p−7)/6∑

i=0

(p− 3
2

− i

2i

)
1

2i + 1
U (p−7)/2−3iV 2i,

when p ≡ 1 (mod 6), and

(X + Y )p −Xp − Y p = pXY (X + Y )(X2 + XY + Y 2)(2.6)

×
(p−5)/6∑

i=0

(p− 3
2

− i

2i

)
1

2i + 1
U (p−5)/2−3iV 2i,

when p ≡ −1 (mod 6). If the exponent is even, we have

(X + Y )2k + X2k + Y 2k(2.7)

=
∑

(2k−3)/3≤r≤k−1

k

k − 1 − r

(
r

2k − 3 − 2r

)

U3r−2k+3V 2k−2r−2.

In 1879, elaborating on previous papers of Glaisher (1878, 1879),
Muir found the following recurrence relation and divisibility proper-
ties of the polynomials Sn(X,Y ):

(2F)
(1) V Sn(X,Y ) + USn+1(X,Y ) = Sn+3(X,Y ) for n ≥ 0.
(2) 6Sn(X,Y ) = 3S2(X,Y )Sn−2(X,Y ) + 2S3(X,Y )Sn−3(X,Y )

for n ≥ 3.
(3) If n ≡ 0 (mod 6) then U, V � | Sn(X,Y ).

If n ≡ 1 (mod 6) then U2V | Sn(X,Y ).
If n ≡ 2 (mod 6) then U | Sn(X,Y ).
If n ≡ 3 (mod 6) then V | Sn(X,Y ).
If n ≡ 4 (mod 6) then U2 | Sn(X,Y ).
If n ≡ 5 (mod 6) then UV | Sn(X,Y ).

Proof. (1) Let n = 2m. By (2.4) and (2.7) and noting that

2m
2m− 2r

(
r − 1

2m− 1 − 2r

)

+
2m + 1

2m + 1 − 2r

(
r − 1

2m− 2r

)

=
2m + 3

2m + 1 − 2r

(
r

2m− 2r

)
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it follows that

V S2m(X,Y ) + US2m+1(X,Y ) = S2m+3(X,Y ).

Taking n = 2m + 1 and proceeding similarly, we deduce that

V S2m+1(X,Y ) + US2m+2(X,Y ) = S2m+4(X,Y )

and this proves (1).
(2) Noting that S2(X,Y ) = 2U and S3(X,Y ) = 3V , it follows

from (1) that

3S2(X,Y )Sn−2(X,Y ) + 2S3(X,Y )Sn−3(X,Y )
= 6 [V Sn−3(X,Y ) + USn−2(S, Y )] = 6Sn(X,Y ).

(3) This follows immediately from (2.4) and (2.7).

Using an extension of Waring’s formula, MacMahon indicated in
1884 some more algebraic identities of the same family.
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1904 Cesàro, E. and Kowalewski, S., Elementares Lehrbuch der

algebraischen Analysis und der Infinitesimalrechnung, Teub-
ner, Leipzig, 1904.

1906 Barisien, E.N., Questions 3076 et 3077, L’Interm. Math., 13
(1906), page 142.
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VIII
Reformulations,
Consequences, and Criteria

In this chapter we give a variety of results, a good indication of the
wide search for solutions of Fermat’s problem. There are reformula-
tions into equivalent problems, also a number of consequences of the
truth of Fermat’s theorem as well as statements which follow from
the assumption that the theorem is false for some exponent.

VIII.1. Reformulation and Consequences of Fermat’s Last The-
orem

In this section, we shall indicate some propositions which may be
proved if we assume the truth of Fermat’s last theorem. Among
these propositions, some imply, conversely, the truth of Fermat’s
last theorem.

A. Diophantine Equations Related to Fermat’s Equation.

There have been many instances where certain diophantine equations
were compared to Fermat’s equation. We describe in succession the
results originated with Lebesgue, Christilles, Perrin, Hurwitz, and
Kapferer. We also discuss briefly the equations of Frey which played



236 VIII. Reformulations, Consequences, and Criteria

a central role in the recent approach and solution of Fermat’s prob-
lem by Wiles.

A1. Lebesgue

The first result of this kind in the literature is due to Lebesgue in
1840. It was proved again by Terquem in 1846 and rediscovered by
Pocklington in 1913:

(1A) If Fermat’s last theorem is true for the exponent n ≥ 3 then
the equation X2n + Y 2n = Z2 has only trivial solutions.

Proof. Suppose that x, y, z are nonzero positive integers such that
x2n + y2n = z2. It is easily seen that we may assume without loss of
generality that x, y, z are pairwise relatively prime. Moreover, x, y
cannot be both odd, otherwise z2 ≡ 2 (mod 4), which is not true.
So, for example, x is even, y is odd, hence z is odd.

Let x = 2ax′, with a ≥ 1, x′ odd, x′ > 0. Then (z + yn)(z− yn) =
z2 − y2n = x2n = 22anx′2n. We note that gcd(z + yn, z − yn) = 2, so

{
z ± yn = 2r2n,
z ∓ yn = 22an−1s2n,

with r, s odd, positive, gcd(r, s) = 1.
Adding and subtracting, we obtain
{

z = r2n + 22an−2s2n,
±yn = r2n − 22an−2s2n = (rn − 2an−1sn)(rn + 2an−1sn).

Since gcd(rn − 2an−1sn, rn + 2an−1sn) = 1 then
{

rn + 2an−1sn = tn, t > 0,
rn − 2an−1sn = ±un, u ≥ 0.

Therefore
tn ∓ un = 2ansn = (2as)n.

By hypothesis, we must have u = 0, hence rn = 2an−1sn is odd,
so an = 1, which is a contradiction.

As a corollary, Liouville proved in 1840 (see also Terquem, 1846):

(1B) If Fermat’s last theorem is true for the exponent n ≥ 3 then
the equation X2n − Y 2n = 2Zn has only trivial solutions.



VIII.1. Reformulation and Consequences of Fermat’s Last Theorem 237

Proof. Suppose that x, y, z are nonzero integers such that x2n −
y2n = 2zn. Let t = y2n + zn, so t − zn = y2n and also t + zn = x2n.
Hence t2 − z2n = (xy)2n, so z2n + (xy)2n = t2.

By (1A) we must have t = 0, and then necessarily z = 0, xy = 0,
which is a contradiction.

A2. Christilles

The next result was proved by Christilles in 1967. We begin with
a lemma:

Lemma 1.1. The equation X3 + Y 3 +Z3 = 3XY Z has a solution in
nonzero integers x, y, z if and only if x + y + z = 0 or x = y = z.

Proof. We have the identity

X3 + Y 3 + Z3 − 3XY Z(1.1)
= (X + Y + Z)(X2 + Y 2 + Z2 −XY − Y Z − ZX).

If x, y, z are nonzero integers then x3 + y3 + z3 = 3xyz if and only if
x + y + z = 0 or x2 + y2 + z2 = xy + yz + zx.

However, for any integers x, y the equation Z2 − (x+ y)Z + (x2 +
y2 − xy) = 0 has solutions z = ((x + y) ± (x− y)

√−3)/2, which are
integers exactly when x = y, and in this case x = y = z.

(1C) Let n ≥ 3. The following statements are equivalent:
(1) Fermat’s last theorem is true for the exponent n.
(2) The only solutions in nonzero integers x, y, z of X3n +Y 3n +

Z3n = 3XnY nZn are x = y = z.

Proof. (1) → (2) Assume that x, y, z are nonzero integers which
are not all equal and such that x3n + y3n + z3n = 3xnynzn. By the
lemma we have xn + yn + zn = 0.

(2) → (1) Suppose that x, y, z are nonzero integers such that
xn + yn + zn = 0; then x, y, z cannot be all equal and by the lemma,
x3n + y3n + z3n = 3xnynzn.

Christilles has also indicated in the same paper the following suf-
ficient condition for Fermat’s theorem:
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(1D) Let n ≥ 3. If X5n + Y 5n + Z5n = 5XnY nZn(Z2n −XnY n)
has no solution in nonzero integers, then Fermat’s last theorem is
true for the exponent n.

Proof. Suppose that x, y, z are nonzero integers such that xn+yn+
zn = 0. Then

−z5n = (xn+yn)5 = x5n+y5n+5xnyn(x3n+y3n)+10x2ny2n(xn+yn).

So

x5n + y5n + z5n = −5xnyn[x3n + y3n − 3xnynzn + xnynzn].

By (1.1) and the hypothesis x3n + y3n + z3n = 3xnynzn, hence
x5n + y5n + z5n = 5xnynzn[z2n − xnyn] with x, y, z �= 0, proving the
result.

A3. Perrin

Perrin showed in 1885 the following fact concerning the cubic Fer-
mat equation:

(1E) The following statements are equivalent and true:

(1) Fermat’s last theorem is true for the exponent 3.
(2) For every n ≥ 1 the equation

X3 + Y 3 + 33n−1Z3 = 2 × 3nXY Z(1.2)

has no solution in nonzero integers x, y, z, not multiples of 3.

Proof. (1) → (2) Suppose that there exists an integer n ≥ 1 and
nonzero integers x, y, z, 3 � | xyz, satisfying equation (1.2). Let






a = x(3nyz − x2),
b = y(3nxz − y2),
c = 3nz(xy − 32n−1z2.

Since x, y, z �= 0 and 3 � | xyz then a, b, c �= 0. From (1.2) we have,
taking the square and the cube

x6+y6+36n−2z6+2x3y3+2×33n−1x3z3+2×33n−1y3z3 = 4×32nx2y2z2
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and

x9 + y9 + 39n−3z9 + 3x6y3 + 3x3y6 + 33nx6z3

+2 × 33nx3y3z3 + 33ny6z3 + 36n−1x3z6 + 36n−1y3z6

= 8 × 33nx3y3z3.

Next we have

a3 = x3(33ny3z3 − 32n+1x2y2z2 + 3n+1x4yz − x6),
b3 = y3(33nx3z3 − 32n+1x2y2z2 + 3n+1xy4z − y6),
c3 = 33nz3(x3y3 − 32nx2y2z2 + 34n−1xyz4 − 36n−3z6).

Adding these equalities, taking into account (1.2) and the preceding
relations, leads in a straightforward manner to

a3 + b3 + c3 = 0.

(2) → (1) Suppose that there exist nonzero integers a, b, c such
that a3 +b3 +c3 = 0; we may assume a, b, c pairwise relatively prime.
From the identity

(X + Y + Z)3 = X3 + Y 3 + Z3 + 3(X + Y )(Y + Z)(Z + X)

it follows that

(a + b + c)3 = 3(a + b)(b + c)(c + a).

But a+b, b+c, c+a are also pairwise relatively prime; for example,
if a prime p divides a+ b and also b+ c then since p divides a+ b+ c
it would divide c and a, contrary to the hypothesis.

Hence, one of the factors, say a + b, is a multiple of 3, and neces-
sarily there exist integers n ≥ 1, x, y, z such that

{
a + b = 33n−1z3,
b + c = x3,

and 3nxyz = a + b + c. Hence

x3 + y3 + 33n−1z3 = 2(a + b + c) = 2 × 3nxyz.

Finally, x, y, z �= 0 (if, for example, z = 0 then a = −b so a = −b =
±1 which implies c = 0) and also 3 � | xyz because a + b, b + c, c + a
are pairwise relatively prime.
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A4. Hurwitz

In 1908, Hurwitz considered the diophantine equation

XmY n + Y mZn + ZmXn = 0,(1.3)

where m > n > 0 and gcd(m,n) = 1, without loss of generality. He
proved:

(1F) The above equation has only the trivial solution if and only
if Fermat’s theorem is true for the exponent m2 −mn + n2.

Proof. Let x, y, z be nonzero integers such that xmyn + ymzn +
zmxn = 0. We may assume gcd(x, y, z) = 1.

Let u = gcd(y, z), v = gcd(z, x), w = gcd(x, y). Then u, v, w are
pairwise relatively prime. Hence vw divides x and we may write
x = x1vw, x1 an integer. Similarly y = y1wu, z = z1uv with y1, z1

integers. Moreover, x1, y1, z1 are pairwise relatively prime. Substi-
tuting in the equation and dividing by unvnwn we have

xm
1 yn

1 v
m−nwm + ym

1 zn1w
m−num + zm1 xn

1u
m−nvm = 0.

Thus um−n divides xm
1 yn

1 v
m−nwn. But gcd(u, v) = 1, gcd(u,w) = 1

and gcd(u, x) = 1, hence gcd(u, x1) = 1. So um−n divides yn
1 . On

the other hand, yn
1 divides zm1 xn

1u
m−nvm. Since y1 is relatively prime

to x1, z1, and v then yn
1 divides um−n. Hence yn

1 = ±um−n.
In the same way xn

1 = ±wm−n, zn1 = ±vm−n. Since gcd(m,n) = 1
then gcd(m,m − n) = 1, hence x1 = wm−n

1 , y1 = um−n
1 , z1 = vm−n

1

for some integers u1, v1, w1 such that u = ±un
1 , v = ±vn1 , w = ±wn

1 .
It follows that

w
(m−n)m
1 u

(m−n)n
1 v

(m−n)n
1 wmn

1 ± u
(m−n)m
1 v

(m−n)n
1 w

(m−n)n
1 umn

1

± v
(m−n)m
1 w

(m−n)n
1 u

(m−n)n
1 vmn

1 = 0.

Multiplying with un2−mn
1 vn

2−mn
1 wn2−mn

1 , and noting that m2 −
mn + n2 is odd, we obtain the equation

wm2−mn+n2

1 + (±u1)m
2−mn+n2

+ (±v1)m
2−mn+n2

= 0.

Conversely, if the nonzero integers u, v, w satisfy the relation

um2−mn+n2
+ vm

2−mn+n2
+ wm2−mn+n2

= 0,
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multiplying with umnvmnwmn, we obtain

um2+n2
vmnwmn + vm

2+n2
umnwmn + wm2+n2

umnvmn = 0.

Letting





x = vnwm,
y = wnum,
z = unvm,

we obtain xmyn + ymzn + xmxn = 0.

As a special case, letting m = 3, n = 1, it follows that

X3Y + Y 3Z + Z3Y = 0

has only the trivial solution.

A5. Kapferer

In 1933, Kapferer published a proof that Fermat’s last theorem is
true for the exponent n ≥ 3 if and only if the equation

Z3 − Y 2 = 32 × 22n−2X2n(1.4)

has no solution in nonzero pairwise relatively prime integers x, y, z.
The proof of Kapferer contained a flaw, partly corrected by Riben-

boim (communicated to Inkeri). Inkeri found and proved (correctly)
the results which we give below. Comments by Gandhi and Stuff
(1975) on this matter were inaccurate.

We begin with the special case n = 3, which was given by Fueter
(1930):

(1G) The equation

Z3 − Y 2 = 33 × 24X6(1.5)

has no solution in nonzero integers x, y, z with gcd(y, z) = 1.

Proof. Assume that x, y, z are nonzero integers such that
gcd(y, z) = 1 and

z3 − y2 = 33 × 24x6.

Let 




u = 62x3 + y,
v = 62x3 − y,
w = 6xz.
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Then u, v, w ∈ Z, w �= 0. We show that u �= 0, v �= 0. If u = 0
then 62x3 = −y, so y �= ±1. If p is a prime dividing y, then p | 6x.
So p | z, which is contrary to the hypothesis that gcd(y, z) = 1.
Similarly, v = 0.

Finally, u3 + v3 = (62x3 + y)3 + (62x3 − y)3 = 2× 66xp + 63x3y2 =
63x3(2× 63x6 + y2) = 63x3z3 = w3. This is, however, impossible.

It may be shown in the same way that there are no integers
x, y, z, �= 0 with gcd(y, z) = 1 such that z3 − 3y2 = 24x6.

We give now Inkeri’s equivalence, which is a corrected form of the
one previously given by Kapferer (1933). It also involves the related
equation

Z3 − 3Y 2 = 22n−2X2n.(1.6)

(1H) Let n ≥ 3 be an odd integer. The following statements are
equivalent:

(1) Fermat’s last theorem is true for the exponent n.
(2) The equations (1.4) and (1.6) have no solution in nonzero

integers x, y, z with gcd(y, z) = 1.

Proof. (1) ⇒ (2) We assume that there exist nonzero integers
x, y, z such that gcd(y, z) = 1 and z3 − y2 = 33 × 22n−2x2n. Let






a = y,
b = 3 × 2n−1xn,
c = z,

so a2 +3b2 = c3. Then c is odd and gcd(a, b) = 1 because gcd(a, c) =
gcd(y, z) = 1.

By Chapter I, Lemma 4.7, there exist integers r, s �=0, gcd(r, 3s) =
1, r �≡ s (mod 2), such that






a = r(r2 − 9s2),
b = 3s(r2 − s2),
c = r2 + 3s2.

Then

2n−1xn =
b

3
= s(r2 − s2) = s(r − s)(r + s).
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Since x �= 0, then s, r− s, r+ s are nonzero. Also s is even, because
r �≡ s (mod 2). Since gcd(r, s) = 1 then s, r − s, r + s are pairwise
relatively prime. So there exist nonzero integers u, v, w such that
2s = wn, r − s = un, −r − s = vn. So un + vn + wn = 0. We note
that u, v, w �= 0 and gcd(u, v, w) = 1.

Now we assume that there exist nonzero integers x, y, z such that
gcd(y, z) = 1 and z3 − 3y2 = 22n−1x2n. Let






a = 2n−1xn,
b = y,
c = z,

so a2 + 3b2 = c3. Again c is odd and gcd(a, b) = 1.
By Chapter I, Lemma 4.7, there exist nonzero integers r, s,

gcd(r, 3s) = 1, r �≡ s (mod 2) such that





a = r(r2 − 9s2),
b = 3s(r2 − s2),
c = r2 + 3s2.

Then
2n−1xn = a = r(r − 3s)(r + 3s).

We note that r is necessarily even, since r − 3s, r + 3s are odd. So
r, r − 3s, r + 3s are pairwise relatively prime. Hence there exist
nonzero integers u, v, w such that 2r = wn, −r+3s = un, −r− 3s =
vn and so un + vn + wn = 0, with u, v, w �= 0, gcd(u, v, w) = 1.

(2) ⇒ (1) We assume that u, v, w are nonzero integers such that
un + vn + wn = 0. Without loss of generality, we may assume that
u, v, w are pairwise relatively prime, w is even, and u, v are odd. Let
s = wn/2 and r = un + s. Hence 2s = wn, r − s = un, −r − s = vn.
Let






a = r(r2 − 9s2),
b = 3s(r2 − s2),
c = r2 + 3s2.

By substitution, we obtain a2 + 3b2 = c3 and b = 3s(r2 − s2) =
−3 × 2n−1

( 1
2uvw

)n. Let





x = 1
2uvw,

y = a,
z = c,
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so z3 − y2 = 33 × 22n−2x2n. Since gcd(u, v) = 1 then gcd(r, s) = 1
and x �= 0 by assumption. Now w is even, then s is even, so y is odd,
hence y �= 0. Next, 3 � | uvw if and only if 3 | r. Indeed, if 3 � | uvw
then 3 � | s(r2 − s2), so necessarily 3 | r, and conversely, if 3 | r, from
gcd(r, s) = 1 then 3 � | s(r2 − s2), so 3 � | uvw.

Now we show that gcd(x, y) = 1 which will be done in several
steps:

(a) Since s is even and gcd(r, s) = 1 then r is odd. Then gcd(r2−
s2, r2 − 9s2) = 1. Indeed, if p | r2 − s2, and p | r2 − 9s2 then p �= 2
and p | 8r2, p | 8s2, so p | gcd(r, s) = 1, which is impossible.

(b) gcd(r, r2 − s2) = gcd(s, r2 − 9s2) = 1 because gcd(r, s) = 1.
(c) Then gcd (a, b/3) = 1. Since x | b/3 and y = a then

gcd(x, y) = 1. Since y is odd, we also have gcd(2x, y) = 1. Next
we have: gcd(a, b) = 1 or 3. More precisely gcd(a, b) = 1 when
3 � | r and gcd(a, b) = 3 when 3 | r. We note 3 | r if and only if
3 | r(r2 − 9s2) = a and this is equivalent to 3 � | uvw.

Also gcd(y, z) = gcd(a, c) = 1 or 3 according to 3 � | r or 3 | r.
Indeed, if p is a prime, e ≥ 1 and pe | gcd(a, c) then from a2+3b2 = c3,
p2 | 3b2 so p | b, hence p = 3, gcd(a, b) = 3 and 32 � | c, showing that if
gcd(a, c) �= 1, then gcd(a, c) = 3 and 3 | r. Conversely, if 3 | r then
gcd(a, b) = 3, so 32 � | c and by the above, gcd(a, c) = 3.

If gcd(y, z) = 3 then 9 | y. Let x1 = x, y1 = y/9, z1 = z/3,
then z3

1 − 3y2
1 = 22n−2x2n

1 with x1, y1, z1 �= 0, gcd(y1, z1) = 1. This
concludes the proof.

For further use, we note that (with the above notations), gcd(2x, y)
= 1. Here is a related result:

(1I) Let n ≥ 3. The following statements are equivalent:
(1) Fermat’s last theorem is true for the exponent n.
(2) The equation (1.4) has no solution in nonzero integers x, y, z

such that gcd(2x, y) = 1.

Proof. (1) ⇒ (2) Assume that x, y, z �= 0, gcd(2x, y) = 1 and z3−
y2 = 33 × 22n−1x2n. If p is a prime and p | gcd(y, z) then p � | 2x, so
p = 3, so 33 | y2, hence 9 | y. Let x1 = x, y1 = y/9, z1 = z/3,
so z3

1 − 3y2
1 = 22n−1x2n

1 with x1, y1, z1 �= 0, gcd(y1, z1) = 1. By the
implication (1) ⇒ (2) of (1H) then there exist u, v, w �= 0 such that
un + vn + wn = 0.
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(2) ⇒ (1) Assume that u, v, w �= 0, gcd(u, v, w) = 1, and un +
vn + wn = 0. By the proof of the implication (2) ⇒ (1) of (1H) and
the remark following this proof, there exist x, y, z �= 0, gcd(2x, y) =
1 and z3 − y2 = 33 × 22n−1x2n.

We examine in more detail the situation:

(1J) Assume that (1.4) has no solution in nonzero relatively prime
integers. If u, v, w �= 0, gcd(u, v, w) = 1, and un + vn = wn, then:

(1) n is odd, u ≡ v ≡ −w (mod 3), 3 � | uvw.
(2) If p is any prime dividing n, then p ≡ 1 (mod 6).

Proof. (1) By (2) ⇒ (1) in (1H), there exist nonzero integers
x, y, z such that z3 − y2 = 33 × 22n−1x2n with gcd(y, z) = 3 and also
3 � | uvw.

By Chapter VI, (4L), n is odd, hence un + vn + (−w)n = 0. Let
r = un, s = −vn, so r, s �= 0, r �= s (since w �= 0). We have r �≡ s
(mod 3), since 3 � | w. Then u ≡ un = r �≡ s = −vn ≡ −v (mod 3).
Since 3 � | uv then u ≡ v (mod 3). By symmetry, u ≡ v ≡ −w
(mod 3).

(2) Let p be a prime dividing n, n = pt, u1 = ut, v1 = vt, w1 =
wt, so up

1 + vp1 + (−w1)p = 0 with gcd(u1, v1, w1) = 1, u1 ≡ v1 ≡ −w1

(mod 3). By Chapter VI, (2A), we have p ≡ 1 (mod 6).

It was shown by Inkeri, using nonelementary methods (namely
class field theory), that under the above circumstances, 3p ≡ 3
(mod p2); this congruence is very seldom satisfied by a prime p.

It is appropriate to indicate now some facts about the equation

Z3 − Y 2 = c.(1.7)

(For more details, see my book, Ribenboim, 1994.) Euler proved
in 1738 that if c = ±1 the only solution of (1.7) in integers greater
than 1 is y = 3, z = 2. It was shown by Siegel in 1929, using deep
analytical methods, that for each given c there exist at most finitely
many solutions for equation (1.7).

Using (1H) we may show:

(1K) If c = 33 × 22n−2x2n where n ≥ 3, x = 1, p or pq (for
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distinct primes p, q), then equation (1.4) has no solution in nonzero
relatively prime integers y, z.

Proof. Assume that y, z are nonzero relatively prime integers such
that z3−y2 = 33×22n−2x2n. By the proof of implication (1) ⇒ (2) of
(1H), we have 2n−1xn r(r2−s2) with r, s �= 0, r �≡ s (mod 2), gcd(r, s)
= 1. Then gcd(r, r2 − s2) = 1 and clearly r2 − s2 �= 1.

If x = 1 then r = ±1, r2 − s2 = ±2n−1, so s2 = 2n−1 + 1, which is
impossible.

If x = p then 2n−1pn = r(r2 − s2). If p = 2, the above argument
leads to a contradiction. If p �= 2, then either r = 2n−1, r2 − s2 =
pn, or vice versa. In the first case, r − s = ±1, r + s = ±pn (or
r − s = ±pn, r + s = ±1); in all cases, we reach a contradiction like
2n = ±(pn + 1) or similar relations.

If x = pq and p or q is 2, we use the preceding argument. If p, q
are odd then 2n−1pnqn = r(r − s)(r + s). If r = ±pn then r − s =
±2n−1, r + s = ±qn (or ∓qn) or vice versa, and 2pn = ±(2n−1 ± qn),
which is impossible. Similarly, r �= ±qn, so r = ±2n−1, r − s =
±pn, r + s = ±qn (with appropriate sign) hence 2n = ±pn ± qn. By
Chapter VI, (3B), this is impossible.

The paper of Yahya (1973), where he published a proof of Fermat’s
last theorem, contained flaws of which one was the use of the incor-
rect result of Kapferer. Yahya has also related Fermat’s equation to
another diophantine equation. Inkeri examined this relationship and
proved correctly the following statement:

(1L) Let n ≥ 3. The following statements are equivalent:
(1) Fermat’s last theorem is true for the exponent n.
(2) The equation

22n−2X3 − Y 2X − Zn = 0(1.8)

has no solution in nonzero integers x, y, z such that gcd(z, y) =
gcd(y, 2z) = 1.

A6. Frey

We find in the thesis of Hellegouarch (1972) an elliptic curve asso-
ciated to a hypothetical solution of Fermat’s equation with exponent
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2pn (where n ≥ 1 and p is a prime); the aim was to show the non-
existence of points of certain orders in elliptic curves.

In 1986, Frey had, independently, the same idea to associate to
each solution of Fermat’s equation an elliptic curve. Explicitly, if a, b
are nonzero relatively prime integers, n > 3 and a is even, the Frey
curve is the curve with equation

Y 2 = X(X − an)(X + bn).(1.9)

It is an elliptic curve, whose properties were studied by Frey. Ribet
and Wiles studied this curve under the assumption that there exist
a nonzero integer c such that an + bn = cn. The use of advanced
theories of elliptic curves, modular forms, Galois representations,
led ultimately to a contradiction, thus showing that Fermat’s last
theorem is true. We shall discuss this matter further in the Epilogue.

B. Reformulations of Fermat’s Last Theorem.

The following statements, which are equivalent to Fermat’s theo-
rem, were given by Pérez-Cacho in 1946. The equivalence between
(1), (2), (3), and (4) was first proved by Bendz in 1901 and was
rediscovered by Krasner, who published his paper in 1939 (see also
Rivoire (1968)), and by Chowla in 1978 (see also Inkeri (1984)). Lind
indicated some partial results in 1909.

(1M) Let m ≥ 2, n = 2m − 1. The following statements are
equivalent:

(1) The equation Xn + Y n = Zn has only the trivial solutions in
integers.

(2) The equation X(1 + X) = T n has only the trivial solutions
in Q.

(3) The equation X2 = 4Y n + 1 has only the trivial solutions in
Q.

(4) The equation X2 = Y n+1 − 4Y has only the trivial solutions
in Q.

(5) For every nonzero rational number a, the polynomial Z2 −
amZ + a is irreducible over Q.

(6) The equation (XY )m = X + Y has only the trivial solutions
in Q.

(7) The equation Xm = X/Y + Y has only the trivial solutions
in Q.
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(8) If u1, r are nonzero rational numbers, and if u1, u2, . . . is a
geometric progression of ratio r, then u2

m − u1 + r �= 0.
(9) If � is a triangle with vertices A,B,C, if the angle ĈAB =

90◦, if |AB| = 2, |AB| + |BC| is an nth power of a rational
number then |AC| is not rational.

Moreover, these conditions imply:
(10) The tangents to the parabola Y 2 = 4X at every rational point

distinct from the origin, cut the curve Y = Xm at irrational
points.

Proof. (1) → (2) Let a, b, c, d be nonzero integers, such that
b > 0, d > 0, gcd(a, b) = gcd(c, d) = 1, and a/b (1 + a/b) = (c/d)n.
Then a(a + b)/b2 = cn/dn. Hence a(a + b) = cn, b2 = dn. Since n is
odd, then b = yn for some integer y. Since gcd(a, a + b) = 1, then
a = xn, a + b = zn, for nonzero integers y, z. Thus xn + yn = zn.

(2) → (3) Let x, y be nonzero rational numbers such that x2 =
4yn + 1. Then x �= ±1 and ((x− 1)/2)((x− 1)/2 + 1) = yn.

(3) → (4). If x, y are nonzero rational numbers such that x2 =
yn+1 − 4y, dividing by yn+1 = y2m, we deduce that

(
x

ym

)2

= 1 + 4
(−1

y

)n

.

(4) → (5) The discriminant of Z2 − amZ + a is an+1 − 4a �= 0
(since n is odd). By hypothesis, an+1−4a cannot be a square, hence
Z2 − amZ + a has no root in Q.

(5) → (6) If x, y are nonzero rational numbers such that (xy)m =
x + y, let xy = a. Then Z2 − amZ + a has a solution in Q.

(6) → (7) Let x, y be nonzero rational numbers such that xm =
x/y + y. Let t = x/y so t + y = (ty)m.

(7) → (1) Let a, b, c be nonzero integers such that an + bn = cn.
Let x = c2/ab and y = cbm−1/am. Then

x

y
+ y =

cam−1

bm
+

cbm−1

am
=

c(an + bn)
ambm

=
(
c2

ab

)m

= xm.

(3) → (8) Assume that u2
m = u1 − r. Since um = u1r

m−1 then
the equation r2(m−1)Z2 −Z + r has the rational root u1, therefore its
discriminant is a square, that is, 1 − 4r2m−1 = s2. Hence s and −r
satisfy X2 = 4Y n + 1.

(8) → (3) The proof of the converse is similar.
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If x, y are nonzero rational numbers such that 4yn + 1 = x2 then
the equation y2(m−1)Z2 − Z − y = 0 has a rational root u1. Let
ui = u1(−y)i−1; then u2

m = u2
1y

2(m−1) = u1 + (−y).
(5) ↔ (9) The condition (5) is equivalent to the fact that a2m−4a

is not a square in Q, that is, a2n − 4an is not a square in Q, or still,
(am−1Z)2 = a2n − 4an has no rational solution, for every rational
number a �= 0. Adding 4, this is equivalent to the non-existence of
rational solutions for

4 + (am−1Z)2 = (an − 2)2,

which is in turn equivalent to (9).
Now we show that:
(7) → (10) Let (x1, y1) �= (0, 0) be a rational point of the parabola

Y 2 = 4X. The tangent to the parabola at this point has equation

y1Y = 2(X + x1),

that is,

y1Y = 2
(

X +
y2
1

4

)

,

so

Y =
2
y1

X +
y1

2
.

The intersections of the tangent with the curve Y = Xm are the
points (x, y) such that y = (2/y1)x + y1/2, y = xm. Thus (x, y1/2)
is a solution of the equation Xm = X/Y + Y . By (7), x must be
irrational.

In 1958, Pérez-Cacho showed:

(1N) Let n ≥ 2. There is a bijection between the following sets:
(F) The set of solutions (x, y, z) of Xn + Y n = Zn, where x, y, z

are nonzero pairwise relatively prime natural numbers; and
(F′) the set of solutions (u, v, w, t) of Un+V 2n = W n+T 2n where

u, v, w, t are nonzero natural numbers, gcd(u, v) = gcd(w, t) =
gcd(v, t) = 1, and w = v gcd(u,w), u = t gcd(u,w), t �= v.

Proof. Let (x, y, z) ∈ F , let u = xz, v = y, w = yz, t = x. Then
v �= t, since x �= y because 2xn is not an nth power. Also un + v2n =
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xnzn + y2n = xn(xn + yn) + y2n = (xn + yn)yn + x2n = ynzn + x2n =
wn + t2n.

We have u, v, w, t �= 0, gcd(u, v) = gcd(w, t) = gcd(v, t) = 1, z =
gcd(u,w) and u = t gcd(u,w), w = v gcd(u,w). Thus (u, v, w, t) ∈
F ′.

Conversely, let (u, v, w, t) ∈ F ′. Let x = t, y = v, z = gcd(u,w).
Then w = vz = yz, u = tz = xz and x2n − y2n = t2n − v2n =
un − wn = (xn − yn)zn. Since t �= v then xn + yn = zn.

Clearly the above correspondence between (F) and (F′) is a bijec-
tion.

In 1979, Vrănceanu indicated a less interesting property equivalent
to Fermat’s last theorem for the exponent n.

We give now an equivalent combinatorial (!) formulation of Fer-
mat’s last theorem. It appeared in a short note by Quine (1989).

Consider a set of n ≥ 3 balls, which are to be arranged into z bins
which are white, red, or blue. Let:
W = number of white bins;
B = number of blue bins; and
R = number of red bins.

Then z = W + B + R. Let:
(r′b) = number of arrangements of the n balls into the bins, such

that red bins receive no balls, but at least a blue bin has a
ball.

(rb′) = same, but with no balls in blue bins and some ball in some
red bin.

(rb) = same, with at least a ball in some red bin and at least a ball
in a blue bin.

(w) = same, with all balls in the white bins.
We have:

(1O) Fermat’s last theorem is true for the exponent n if and only
if (w) �= (rb).

Proof. We have
zn = number of all arrangements of the n balls in the z bins.

So
zn = (w) + (r′b) + (rb′) + (rb).
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Let x = R+W and y = B+W . Then the number of all arrangements
of the n balls into the bins which are red or white is

xn = (w) + (rb′).

Similarly, the number of arrangements of the n balls which are blue
or white is

yn = (w) + (r′b).

If Fermat’s last theorem is true for n ≥ 3 then zn �= xn + yn and,
comparing, (rb) �= (w).

On the other hand, if Fermat’s last theorem is false for n ≥ 3, let
x, y, z be positive integers such that xn + yn = zn. Let W,B,R be
given by






B = z − x,
R = z − y,
W = x + y − z.

By the above argument, (w) = (rb).
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VIII.2. Criteria for Fermat’s Last Theorem

In this section we gather various results of a different nature, all
proved with elementary methods. For the convenience of the reader,
we classify them into subsections:

A. Connection with Euler’s totient function.
B. Connection with the Möbius function.
C. Proof that a nontrivial solution cannot be in arithmetical

progression.
D. Criterion with a Legendre symbol.
E. Criterion with a discriminant.
F. Connection with a cubic congruence.
G. Criterion with a determinant.
H. Connection with a binary quadratic form.
I. The non-existence of algebraic identities yielding solutions of

Fermat’s equation.
J. Criterion with second-order linear recurrences.
K. Perturbation of one exponent.
L. Divisibility condition for Pythagorean triples.

A. Connection with Euler’s Totient Function. The first result
was proved by Pérez-Cacho in 1928, in a slightly weaker form:
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(2A) Let x, y be nonzero relatively prime integers, let n ≥ 2 be
an integer, and let p be any prime factor of n, n = pm. Let z be
any integer such that z ≥ 3, z divides xn ± yn, but z does not divide
xm ± ym. Then p divides ϕ(z).

Proof. If p = 2, it is true since z ≥ 3, so ϕ(z) is even.
Let p be an odd prime, n = pm, and suppose that p � | ϕ(z). Then

there exist integers r, s such that rp− sϕ(z) = 1. Since ϕ(z) is even,
then r is odd.

If we assume xpm ≡ −ypm (mod z) but xm �≡ −ym (mod z), then
xrpm ≡ −yrpm (mod z) hence x(sϕ(z)+1)m ≡ −y(sϕ(z)+1)m (mod z).
We have gcd(z, x) = gcd(z, y) = 1. Indeed, for example, if a prime
q divides x and z, it divides xn + yn, hence also y, contrary to
the hypothesis. By Euler’s theorem, xϕ(z) ≡ yϕ(z) ≡ 1 (mod z), so
xm ≡ −ym (mod z), which contradicts the hypothesis.

The proof is similar when z | xn − yn, z | xm − ym.

In particular, if gcd(x, y) = 1 and p | n and taking z = xn ± yn,
then p | ϕ(xn ± yn). As a matter of fact, as shown by Pérez-Cacho,
this last assertion also holds when gcd(x, y) = d �= 1. Indeed, let
x = dx1, y = dy1, so gcd(x1, y1) = 1; then p | ϕ(xn

1 ± yn
1 ); but

xn ± yn = dn(xn
1 ± yn

1 ) hence p | ϕ(xn ± yn).
As a corollary, we have the result proved by Swistak in 1969:

(2B) If p is an odd prime and 0 < x < y < z are positive integers
such that xp + yp = zp then p divides ϕ(x), ϕ(y), and ϕ(z).

Proof. We may assume without loss of generality that x, y, z are
pairwise relatively prime, because if, for example, x = dx1 and p |
ϕ(x1) then also p | ϕ(x).

We have 3 ≤ z, z | xp + yp and z � | x + y; indeed, zp = xp + yp <
(x + y)p, so z < x + y < 2z. By (2A), p | ϕ(z).

Similarly, x | zp − yp, x � | z − y since z − y < x. Also

xp = (z − y)

(

zp−1 + pzp−2y +

(
p

2

)

zp−3y2 + · · · + yp−1

)

> 2p−1p > 2p,

so x ≥ 3. By (2A), p | ϕ(x).
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Finally, y | zp − xp, y � | z − x since z − x < y and 3 ≤ x < y, so
again p | ϕ(y).

Bussi indicated in 1943 the following corollary:

(2C) If x, y, z are pairwise relatively prime positive integers, if p
is a prime, p � | xyz, and xp + yp = zp, then there exist primes q, r, s,
such that q ≡ r ≡ s ≡ 1 (mod p) and q | x, r | y, s | z.

Proof. By (2B), p divides ϕ(x), ϕ(y), ϕ(z). Since p � | xyz then
there exist primes q, r, s, such that p | q − 1, p | r − 1, p | s− 1, and
q | x, r | y, s | z.

This result is also a corollary of Chapter III, (1B). Another remark
made by Bussi in 1932 is the following:

(2D) Let n > 2, and let x, y, z be pairwise relatively prime positive
integers such that xn+yn = zn. If k is any integer such that ϕ(k) = n
then gcd(k, xyz) > 1.

Proof. If gcd(k, xyz)=1 then xϕ(k)≡yϕ(k)≡zϕ(k)≡1 (mod k). But
ϕ(k) = n, so 1 ≡ zn = xn + yn ≡ 2 (mod k), which is absurd.

B. Connection with the Möbius Function. Rameswar Rao
proved in 1969:

(2E) If n ≥ 3 is an odd integer, and if x, y, z are positive integers
such that xn + yn = zn, then the Möbius function µ vanishes for
x + y.

Proof. Since n is odd x+y divides xn +yn = zn. Any prime factor
p of x + y divides zn hence divides z.

If µ(x+y) �= 0 then x+y has no square factor, hence x+y divides
z, in particular x+y ≤ z. This is a contradiction since z < x+y.

C. Proof that a Nontrivial Solution Cannot be in Arith-
metical Progression. The next result is due to Bottari (1907); it
was rediscovered by Goldziher (1913), by Mihaljinec (1952), and by
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Rameswar Rao (1969). In 1908, Cattaneo gave the following simple
proof, which is exactly the same as Rameswar Rao’s:

(2F) If n > 2 and x, y, z are positive integers such that xn+yn = zn

then x, y, z cannot be in arithmetic progression.

Proof. Let us assume the contrary, so there exists a positive integer
a such that x = y − a, z = y + a. Then

(y − a)n + yn = (y + a)n.(2.1)

Dividing, if necessary, by the greatest common divisor of a, y, we
may assume that gcd(a, y) = 1. We also see that y cannot be odd.
The relation (2.1) implies that yn = am, for some integer m. Since
gcd(a, y) = 1 then a = 1, so (y − 1)n + yn = (y + 1)n.

We see that n cannot be odd, otherwise

yn = 2

[(
n

1

)

yn−1 +

(
n

3

)

yn−3 + · · · +
(

n

n− 2

)

y2 + 1

]

and since y is even then 2n−1 would divide the odd number in brack-
ets.

Since n is even then dividing by y:

yn−1 = 2

[(
n

1

)

yn−2 +

(
n

3

)

yn−4 + · · · +
(

n

n− 1

)]

,

so yn−1 = 2l. Hence y/2 divides l. Since y/2 divides each summand
in the bracket but the last one, it follows also that y/2 divides

( n
n−1

)
=

n, so y ≤ 2n.
Hence yn−1 > 2

(n
1

)
yn−2 ≥ yn−1, a contradiction.

D. Criterion with a Legendre Symbol. In 1958, Pérez-Cacho
indicated the following criterion:

(2G) Let p be an odd prime. Assume that if x, y, z are any nonzero
relatively prime integers then there exists a prime q, q �= p, q dividing
z2 − pxy and

(
pp+1 − 4p

q

)

= −1.

Then Fermat’s last theorem is true for the exponent p.
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Proof. We assume that there exist nonzero relatively prime integers
x, y, z such that xp + yp = zp. By hypothesis, there exists a prime
q, q �= p, such that q divides z2 − pxy and ((pp+1 − 4p)/q) = −1.

From z2p = x2p + 2xpyp + y2p it follows that

z2(p+1) − 4z2xpyp = z2(x2p − 2xpyp + y2p) = [z(xp − yp)]2.

Let k be defined by z2 = pxy + kq. Then

(pp+1 − 4p)(xy)p+1 = (z2 − kq)p+1 − 4(xy)p(z2 − kq)
≡ z2(p+1) − 4z2xpyp

≡ [z(xp − yp)]2 (mod q).

Since p + 1 is even, then pp+1 − 4p is a square modulo q, which is a
contradiction.

E. Criterion with a Discriminant. In 1949, Kapferer gave a cri-
terion involving the discriminant of a certain polynomial. In the
proof of this result we shall require some facts about the resultant
and the discriminant of binary forms, which have been gathered in
Chapter II, §4.

The following lemma was explicitly used by Kapferer; a proof is
given in his paper.

Lemma 2.1. Let F (X,Y ), G(X,Y ) be forms of degree n,m, respec-
tively, let L(X,Y ), M(X,Y ) be forms of degree k, and let

Φ(X,Y ) = F (L(X,Y ),M(X,Y ))

(form of degree kn),

Γ(X,Y ) = G(L(X,Y ), M(X,Y ))

(form of degree km). Then

R(Φ,Γ) = [R(F,G)]k [R(L,M)]mn
.

Proof. The result is trivial if n = 0 or m = 0, so we assume n ≥
1, m ≥ 1.

Let F (X,Y ) =
∏n

i=1(α
′
1X − αiY ) where αi, α

′
i are not both zero

(for each i = 1, . . . , n). Thus Φ(X,Y ) = F (L,M) =
∏n

i=1(α
′
iL −

αiM). Similarly, let G(X,Y ) =
∏m

j=1(β
′
jX − βjY ), so Γ(X,Y ) =

∏m
j=1(β

′
jL− βjM).
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Then by Chapter II, (4A),

R(Φ,Γ) =
n∏

i=1

m∏

j=1

R(α′
iL− αiM, β′

jL− βjM).

For example, let βj �= 0; then

R(α′
iL− αiM, β′

jL− βjM)

=
1
βk
j

R(βjα
′
iL− βjαiM, β′

jL− βjM)

=
1
βk
j

R
(
(βjα

′
i − αiβ

′
j)L, β

′
jL− βjM

)

=
(βjα

′
i − αiβ

′
j)

k

βk
j

R(L, β′
jL− βjM)

=
(−1)k(β′

jαi − βjα
′
i)

k

βk
j

R(L, −βjM)

= (β′
jαi − βjα

′
i)

kR(L,M).

Hence

R(Φ,Γ) =
n∏

i=1

m∏

j=1

(β′
jαi − βjα

′
i)

kR(L,M)

= [R(F,G)]k [R(L,M)]mn.

Now we give Kapferer’s criterion:

(2H) Let p be a prime number, p > 7. If there exist nonzero
integers x, y, z such that

p � | xyz(x− y)(y − z)(z − x)(x2 + y2 + z2)

and xp + yp + zp ≡ 0 (mod p2), then p divides the discriminant of
the homogeneous polynomial

Kp(X,Y ) =
(p−7)/6∑

i=0

(p− 3
2

− i

2i

)
1

2i + 1
X(p−7)/6−iY i
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when p ≡ 1 (mod 6),

Kp(X,Y ) =
(p−5)/6∑

i=0

(p− 3
2

− i

2i

)
1

2i + 1
X(p−5)/6−iY i

when p ≡ −1 (mod 6).

Proof. Indeed,

xp ≡ x (mod p), yp ≡ y (mod p), zp ≡ z (mod p),

hence x+ y+ z ≡ 0 (mod p) and so zp ≡ −(x+ y)p (mod p2). Thus
(x + y)p − xp − yp ≡ 0 (mod p2).

We note that y−z ≡ x+2y (mod p), z−x ≡ −(2x+y) (mod p),
x2 + y2 + z2 ≡ 2(x2 + xy + y2) (mod p), hence p � | xy(x + y)(x −
y)(2x + y)(2y + x)(x2 + xy + y2).

We have seen in Chapter VII, (2.2), that

(X + Y )p −Xp − Y p = pXY (X + Y )(X2 + XY + Y 2)eCp(X,Y ),

where Cp(X,Y ) ∈ Z[X,Y ] is the homogenized Cauchy polynomial
and e = 1 or 2, according to whether p ≡ −1, or 1 (mod 6). Thus p
divides Cp(x, y).

We show that p divides the discriminant of Cp(X,Y ). Indeed, let
Q(X,Y ) = XY (X + Y )(X2 + XY + Y 2)e, so

1
p

[(X + Y )p −Xp − Y p] = Q(X,Y )Cp(X,Y ).

Hence taking the partial derivatives:

(X + Y )p−1 −Xp−1 = Q(X,Y )
∂Cp

∂X
(X,Y ) +

∂Q

∂X
(X,Y )Cp(X,Y ),

(X + Y )p−1 − Y p−1 = Q(X,Y )
∂Cp

∂Y
(X,Y ) +

∂Q

∂Y
(X,Y )Cp(X,Y ).

Since p � | xy(x + y) then xp−1 ≡ yp−1 ≡ (x + y)p−1 ≡ 1 (mod p);
on the other hand, p � | Q(x, y). Therefore, since p divides Cp(x, y)
then p | (∂Cp/∂X)(x, y) and p | (∂Cp/∂Y )(x, y). So,

Discr(Cp(X,Y )) = R

(
∂Cp

∂X
(X,Y ),

∂Cp

∂Y
(X,Y )

)

≡ 0 (mod p).
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Now we use the expression of Cp(X,Y ) as a homogeneous poly-
nomial in

L(X,Y ) = (X2 + XY + Y 2)3 = U3,
M(X,Y ) = X2Y 2(X + Y )2 = V 2,

which was derived in Chapter VII, (2.5) and (2.6): Cp(X,Y ) =
Kp(L,M) where

Kp(L,M) =
(p−7)/6∑

i=0

(p− 3
2

− i

2i

)
1

2i + 1
L(p−7)/6−iM i,

when p ≡ 1 (mod 6),

Kp(L,M) =
(p−5)/6∑

i=0

(p− 3
2

− i

2i

)
1

2i + 1
L(p−5)/6−iM i,

when p ≡ −1 (mod 6). We have

∂Cp

∂X
=

∂Kp

∂L
· ∂L
∂X

+
∂Kp

∂M
· ∂M
∂X

,

∂Cp

∂Y
=

∂Kp

∂L
· ∂L
∂Y

+
∂Kp

∂M
· ∂M
∂Y

,

where

∂L

∂X
= 3(X2 + XY + Y 2)2(2X + Y ),

∂M

∂X
= 2XY 2(X + Y )(2X + Y ),

∂L

∂Y
= 3(X2 + XY + Y 2)2(X + 2Y ),

∂M

∂Y
= 2X2Y (X + Y )(X + 2Y ).

Letting L(x, y) = r, M(r, s) = s, then p � | rs and from

∂Cp

∂X
(x, y) ≡ ∂Cp

∂Y
(x, y) ≡ 0 (mod p),

it follows that either

∂Kp

∂L
(r, s) ≡ ∂Kp

∂M
(r, s) ≡ 0 (mod p)
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or

det







∂L

∂X
(x, y)

∂M

∂X
(x, y)

∂L

∂Y
(x, y)

∂M

∂Y
(x, y)





 ≡ 0 (mod p).

Computing the determinant, this condition becomes

6(x2 + xy + y2)2(2x + y)(x + 2y)xy(x + y)(x− y) ≡ 0 (mod p).

However, by hypothesis this determinant is not a multiple of p.
Therefore

∂Kp

∂L
(r, s) ≡ ∂Kp

∂M
(r, s) ≡ 0 (mod p),

that is, p divides the resultant of the binary forms (∂Kp/∂L)(X,Y ),
(∂Kp∂M)(X,Y ), having degree m− 1, where

m =






p− 7
6

when p ≡ 1 (mod 6),
p− 5

6
when p ≡ −1 (mod 6).

Since L(X,Y ), M(X,Y ) have degree 6, by Chapter V, (1A),

R

(
∂Kp

∂L
(X,Y ),

∂Kp

∂M
(X,Y )

)

=
[

R

(
∂Kp

∂L
(L,M),

∂Kp

∂M
(L,M)

)]6

R(L(X,Y ),M(X,Y ))(m−1)2 .

But

R(L(X,Y ), M(X,Y )) = R((X2 + XY + Y 2)3, X2Y 2(X + Y )2)

=
[
R(X2 + XY + Y 2, XY (X + Y ))

]6 = 1.

Hence p divides the resultant

R

(
∂Kp

∂L
(L,M),

∂Kp

∂M
(L,M)

)

= Discr(Kp(L,M)).

We note that we have actually shown that if r = (x2+xy+y2)3 �≡ 0
(mod p) and s = x2y2(x + y)2 �≡ 0 (mod p) then (r, s) is a multiple
root of the congruence Kp(L,M) ≡ 0 (mod p).

From (2G) we obtain the following criterion:
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(2I) Let p be a prime number. If there exist nonzero relatively
prime integers x, y, z such that xp + yp + zp = 0 then either

p | xyz(x− y)(y − z)(z − x)(x2 + y2 + z2)

or p divides the discriminant of the polynomial

Fp(T ) = F (T ) =
∑

i

(
m− i

2i

)
1

2i + 1
T i,

where m = (p− 3)/2 and the summation extends from i = 0 to

i =






p− 7
6

when p ≡ 1 (mod 6),
p− 5

6
when p ≡ −1 (mod 6).

Proof. Suppose that x, y, z are nonzero relatively prime integers
such that p � | xyz(x−y)(y−z)(z−x)(x2+y2+z2) and xp+yp+zp = 0,
hence p > 7.

Then xp + yp + zp ≡ 0 (mod p2), hence by (2G), p divides the
discriminant of Kp(X,Y ), and more precisely, (r, s) with

r = (x2 + xy + y2)3 �≡ 0 (mod p),
s = x2y2(x + y)2 �≡ 0 (mod p),

is a multiple root of the congruence Kp(X,Y ) ≡ 0 (mod p).
We write T = Y/X, so

Kp(1, Y/X) = F (T ), Kp(X,Y ) = XmF (T ),

where

m =






p− 7
6

when p ≡ 1 (mod 6),
p− 5

6
when p ≡ −1 (mod 6).

But

∂Kp

∂X
= mXm−1F (T ) −Xm−2Y F ′(T ),

∂Kp

∂Y
= Xm−1F ′(T ),
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and since (r, s) is a common root of the congruences

∂Kp

∂X
(r, s) ≡ 0 (mod p),

∂Kp

∂Y
(r, s) ≡ 0 (mod p),

letting t ∈ Z be such that tr ≡ s (mod p), then
{

0 ≡ mrm−1F (t) − rm−2sF ′(t) (mod p),
0 ≡ rm−1F ′(t) (mod p),

so F (t) ≡ F ′(t) ≡ 0 (mod p). This implies that p divides the dis-
criminant of F (T ).

F. Connection with a Cubic Congruence. In 1944, Pierre used
a method somewhat similar to the one of Kapferer, to reduce Fer-
mat’s equation to two systems of congruences.

To begin, we need a lemma (part of these assertions were proved
by Mirimanoff in 1907 and Skolem in 1937; see also Skolem (1941)).

Lemma 2.2. Let p = 6k ± 1 be a prime number, let a, b ∈ Z, p � | b,
and consider the congruence

X3 + aX + b ≡ 0 (mod p).

Let t ∈ Z be such that tb2 ≡ a3 (mod p), and

Ψp(T )=T k−1 − 3
(p− 5)(p− 7)

22 × 3!
T k−2 + · · ·

+(−1)s−1(2s− 1)
[p− (2s + 1)][p− (2s + 3)] · · · [p− (4s− 1)]

22(s−1)(2s− 1)!
T k−s

+· · ·
+(−1)k−1(2k − 1)

[p− (2k + 1)][p− (2k + 3)] · · · [p− (4k − 1)]
22(k−1)(2k − 1)!

.

(1) If −(4t + 27) is not a quadratic residue modulo p, the con-
gruence has a unique solution x, 0 < x < p.

(2) If 4t + 27 ≡ 0 (mod p), the congruence has two distinct so-
lutions x1, x2, 0 < x1, x2 < p.

(3) If −(4t + 27) is a quadratic residue modulo p and if Ψp(t) ≡
0 (mod p) then the congruence has three distinct solutions
x1, x2, x3, 0 < x1, x2, x3 < p.
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(4) If −(4t + 27) is a quadratic residue modulo p, but Ψp(t) �≡ 0
(mod p), then the congruence has no solution.

(5) There are k values of t such that the congruence has several
distinct solutions and 2k values of t for which the congruence
has no solutions.

In this respect, Cailler (1908) indicated a relation between the
resolution of congruences of third degree and linear recurrences of
second order; see also Mirimanoff (1909).

Let Fp(T ) be the polynomial defined in (2H). With the above
lemma, Pierre proved:

(2J) Let x, y, z be relatively prime integers such that p � | xyz(x−
y)(y − z)(z − x)(x2 + y2 + z2) and xp + yp + zp = 0. Let r = (x2 +
xy + y2)3, s = x2y2(x + y)2.

(1) If t satisfies the congruence rt ≡ s (mod p3) then Fp(t) ≡ 0
(mod p3).

(2) If t satisfies the congruence r + ts ≡ 0 (mod p) then
(−4t− 27

p

)

= 1, Ψp(t) ≡ 0 (mod p).

Proof. (1) By Chapter VI, (1C), x + y + z ≡ 0 (mod p3). Hence
xp + yp = −zp ≡ (x + y)p (mod p4). Thus p4 divides (x + y)p −
xp − yp = pxy(x + y)(x2 + xy + y2)eCp(x, y) with e = 2 when p ≡ 1
(mod 6), e = 1 when p ≡ −1 (mod 6). Since p � | z then p � | x + y.

Similarly, since p � | x2+y2+z2 then p � | x2+xy+y2. Thus p3 divides
Cp(x, y). With the previous notations, Cp(x, y) = Kp(r, s) ≡ rmFp(t)
(mod p3), with m = (p− 7)/6 when p ≡ 1 (mod 6), m = (p− 5)/6
when p ≡ −1 (mod 6). Since p � | r then Fp(t) ≡ 0 (mod p3).

(2) We observe: the congruence

(x2 + xy + y2)3 + Tx2y2(x + y)2 ≡ 0 (mod p)

has a solution t if and only if
{

d3x3 + tdx + t ≡ 0 (mod p),
d3y3 + tdy + t ≡ 0 (mod p),

with some d, not multiple of p.
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Indeed, if dx, dy are solutions of X3 + tX + t ≡ 0 (mod p), then
the other solution is congruent to −d(x + y) modulo p. Hence

{
d2[xy − x(x + y) − y(x + y)] ≡ t (mod p),

−d3xy(x + y) ≡ −t (mod p).

Therefore {
d2(x2 + xy + y2) ≡ −t (mod p),

d3xy(x + y) ≡ t (mod p),

so (x2 + xy + y2)3 + tx2y2(x + y)2 ≡ 0 (mod p).
Conversely, let d be such that dxy(x + y) ≡ −(x2 + xy + y2)

(mod p). Consider the congruence X3 + aX + b ≡ 0 (mod p) with
roots dx, dy, −d(x + y). Then

{
d2[xy − x(x + y) − y(x + y)] ≡ a (mod p),

−d3xy(x + y) ≡ −b (mod p).

Thus {
d2(x2 + xy + y2) ≡ −a (mod p),

d3xy(x + y) ≡ b (mod p).

So b ≡ a ≡ t (mod p), hence
{

d3x3 + tdx + t ≡ 0 (mod p),
d3y3 + tdy + t ≡ 0 (mod p).

It follows from the above considerations that the congruence X3+
tX + t ≡ 0 (mod p) has three incongruent solutions dx, dy, and
−d(x + y). Indeed, if, for example, dx ≡ −d(x + y) (mod p) then
x ≡ −x(x + y) ≡ z (mod p), contrary to the hypothesis. By the
preceding lemma, −(4t + 27) is a quadratic residue modulo p and
Ψp(t) ≡ 0 (mod p).

This concludes the proof.

It is worthwhile to recall that if p ≡ −1 (mod 6) then p � | x2 +
xy + y2, hence p � | x2 + y2 + z2 (see Chapter VI, Lemma 1.2).

But Pollaczek has also shown in 1917 (see Chapter VI, (2J)) that
even if p ≡ 1 (mod 6), from xp + yp + zp = 0, p � | xyz, it follows that
p � | x2 + xy + y2, or equivalently, p � | x2 + y2 + z2.

Similarly, if x ≡ y (mod p) then xp ≡ yp (mod p2), z ≡ −2x
(mod p), zp ≡ −2pxp (mod p2), so 2xp ≡ 2pxp (mod p2). Thus if
p � | x then 2p ≡ 2 (mod p2). Actually, Inkeri showed in 1946 that
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2p ≡ 2 (mod p4) (see his paper). Hence, if p is such that 2p �≡ 2
(mod p4) then necessarily p � | (x− y)(y − z)(z − x).

Wieferich showed in 1909 that if the first case of Fermat’s last the-
orem is assumed false for the exponent p then 2p ≡ 2 (mod p2). This
was the first of a series of criteria of similar type, discovered by Mi-
rimanoff, Vandiver, Pollaczek, Rosser, and Granville. The proofs of
these results are lengthy and nonelementary. For a fuller discussion,
see my book 13 Lectures on Fermat’s Last Theorem.

G. Criterion with a Determinant. In 1907, Bini used a classical
recurrence relation to obtain an expression in terms of a determinant:

(2K) Let x, y, z be any numbers, and let





a = x + y + z,
b = xy + yz + zx,
c = xyz,

and for every n ≥ 1 let Sn = xn + yn + zn. Then:
(1) Sn − aSn−1 + bSn−2 + cSn−3 = 0.
(2)

Sn = det



















0 −a b −c 0 . . . 0 0
0 1 −a b −c . . . 0 0
0 0 1 −a b . . . 0 0
0 0 0 1 −a . . . 0 0
...

...
...

...
...

. . .
...

...
0 0 0 0 0 . . . b −c
3c 0 0 0 0 . . . −a b
−2b 0 0 0 0 . . . 1 −a
a 0 0 0 0 . . . 0 1



















.

Proof. (1) x, y, z satisfy the equation

X3 − aX2 + bX − c = 0.

Multiplying with Xn−3, we have

Xn − aXn−1 + bXn−2 − cXn−3 = 0.

Replacing X by x, y, z and adding the relations so obtained, we have

Sn − aSn−1 + bSn−2 − cSn−3 = 0.
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(2) We write the above relations for k = 1, 2, . . . , n. Thus
S1, S2, . . . , Sn satisfy a system of n linear equations:






Sn − aSn−1 + bSn−2 − cSn−3 = 0,
...

S4 − aS3 + bS2 − cS1 = 0,
S3 − aS2 + bS1 = 3c,

S2 − aS1 = −2b,
S1 = a.

The determinant of the coefficients of the system is equal to 1. Ap-
plying Cramer’s rule, it follows that Sn is given by the determinant
indicated.

It should be pointed out here that Bini proved that this implies:
if p is an odd prime and x+ y+ z = 0 then xyz divides xp + yp + zp.
But, as a matter of fact, this statement follows at once from the
remark preceding (2A) of Chapter VII, noting that −z = x + y.

H. Connection with a Binary Quadratic Form. In 1963, Pig-
nataro linked Fermat’s equation with the representation of a pth
power by means of a binary quadratic form.

We first recall the following well-known fact. Fermat considered
in 1657 the equation X2 − dY 2 = 1, where d is a positive integer,
but not a square (this equation has been erroneously named after
Pell). Fermat stated that he had proved by the method of descent
the existence of infinitely many solutions in integers. However, the
first published proof is due to Lagrange, around 1766. Explicitly the
result is the following:

Lemma 2.3. Let p be a positive integer, but not a square. There
exists a solution in positive integers (x1, y1) for the equation X2 −
dY 2 = 1 such that: (x, y) is a solution in integers if and only if there
exists an integer m such that x+y

√
d = (x1+y1

√
d)m. In particular,

for different values of m one obtains different solutions and therefore
X2 − dY 2 = 1 has infinitely many solutions in positive integers.

The proof of Lagrange used continued fractions. Another proof
may be found, for example, in Ribenboim (1999).

We introduce the following notation. If b, c are nonzero integers,
let 〈b, c〉 = bX2 + cY 2.
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(2L) Let p be an odd prime, and let x be an odd positive integer
which is minimal such that there exist positive integers y, z satisfying
xp + yp = zp. Then:

(1) yz is a quadratic residue modulo x; and
(2) xp is represented by the quadratic form 〈z,−y〉 in infinitely

many ways.

Proof. (1) We first note that since xp + yp = zp and x is minimal
then x, y, z are pairwise relatively prime. We write

xp = zp − yp = z
(
z(p−1)/2

)2 − y
(
y(p−1)/2

)2
,

so 〈z,−y〉 represents xp. Also, z
(
z(p−1)/2

)2 ≡ y
(
y(p−1)/2

)2
(mod x),

hence yz
(
z(p−1)/2

)2 ≡ yp+1 (mod x), so yz is a quadratic residue
modulo x.

(2) Now we show that y, z cannot be both squares. Otherwise
y = y2

1, z = z2
1 with y1, z1 > 0, so

xp = z2p
1 − y2p

1 = (zp1 − yp
1) (zp1 + yp

1) .

Since x is odd and gcd(y, z) = 1 then gcd (zp1 − yp
1 , z

p
1 + yp

1) = 1 and
clearly zp1 + yp

1 > 1. Hence zp1 − yp
1 is a pth power of an odd positive

integer x′, 0 < x′ < x, which contradicts the minimality of x.
As seen above, xp = za2 − yb2 where a = z(p−1)/2, b = y(p−1)/2.

Consider the equation X2 − yzY 2 = 1. Since gcd(y, z) = 1 and y, z
are not both squares, then yz is not a square.

By the above lemma, there exist positive integers u1, v1 such that
1 = u2

1 − yzv2
1 and moreover for every integer m if um + vm

√
yz =

(u1 + v1
√
yz)m then 1 = u2

m − yzv2
m. We note that if 1 ≤ m then
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um < um+1 and vm < vm+1. Then

xp = (za2 − yb2)(u2
m − yzv2

m)

= z

(

a2 − y

z
b2
)(

u2
m − y

z
z2v2

m

)

= z

(

a− b

√
y

z

)(

um − vmz

√
y

z

)(

a + b

√
y

z

)(

um + vmz

√
y

z

)

= z

[

(aum + bvmy) − (avmz + bum)
√

y

z

]

·
[

(aum + bvmy) + (avmz + bum)
√

y

z

]

= z(aum + bvmy)2 − y(avmz + bum)2.

This shows that xp is represented in infinitely many ways by 〈z,−y〉.

I. The Non-Existence of Algebraic Identities Yielding So-
lutions of Fermat’s Equation. In 1895, Jonquières investigated
whether there would be algebraic relations connecting hypothetical
solutions of Fermat’s equation.

If n = 2, we have the algebraic relation

(X2 + Y 2)2 − (X2 − Y 2)2 = (2XY )2

and, as was indicated in Chapter I, (1A), this yields all primitive
solutions of the Pythagorean equation.

We shall see that nothing of the kind exists if n > 2.

Lemma 2.4. Let F = F0 + F1 + F2 + · · · ∈ Z[X,Y ] where Fi is the
homogeneous part of degree i of F .

If n ≥ 1, there exist homogeneous polynomials of degree n, P2 ∈
Z[X0,X1], P3 ∈ Z[X0, X1, X2], . . . (depending only on n) such that
the homogeneous parts of F n are:

(F n)0 = (F0)n,
(F n)1 = n(F0)n−1F1,

(F n)2 = n(F0)n−1F2 + P2(F0, F1),
(F n)3 = n(F0)n−1F3 + P3(F0, F1, F2),

...
(F n)k = n(F0)n−1Fk + Pk(F0, F1, . . . , Fk−1).
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Proof. By raising F to the nth power, we note that the homo-
geneous part of (F n)k consists of n(F0)n−kFk plus a contribution
involving the homogeneous parts of degree less than k. This is a
polynomial expression, with multinomial coefficients, independent
of F , depending only on n.

(2M) If n > 2, there do not exist polynomials F,G ∈ Z[X,Y ]
such that XnY n = F n −Gn.

Proof. Let F = F0 +F1 +F2 + · · · , G = G0 +G1 +G2 + · · · where
Fk, Gk are the homogeneous parts of degree k of F,G, respectively.
If F n − Gn = XnY n, then (F n)k = (Gn)k for k = 0, 1, . . . , 2n −
1, (F n)2n − (Gn)2n = XnY n. By the lemma, F0 = G0, . . . , F2n−1 =
G2n−1 and hence also

n(F0)n−1F2n = (F n)2n − P2n(F0, F1, . . . , F2n−1)
= (Gn)2n + XnY n − P2n(G0, G1, . . . , G2n−1)
= n(G0)n−1G2n + XnY n,

so n(F0)n−1(F2n −G2n) = XnY n. This implies that n = 1, which is
a contradiction.

We recall from Chapter VI, (3C), that if n > 2, if 0 < x < y < z
are integers such that xn + yn = zn, then y is not a prime power.
So y = ab, with a, b > 1, gcd(a, b) = 1. The above result tells that
it is impossible to find polynomials F,G ∈ Z[X,Y ], such that for all
a, b ∈ Z anbn = [F (a, b)]n − [G(a, b)]n.

J. Criterion with Second-Order Linear Recurrences. We re-
phrase the results in Chapter III, (1A), (1B), (1C) in terms of second-
order linear recurring sequences (see Kiss (1980)). We recall that if
m > 1, if (Rk)k≥0 is a sequence of integers, then r(m) is the smallest
index r such that m divides Rr.

(2N) Let p be an odd prime, let x, y, z be relatively prime integers
such that xp+yp+zp = 0. Let A = x−y, B = −xy, R0 = 0, R1 = 1,
and for every k ≥ 2 let Rk = ARk−1 −BRk−2, and D = A2 − 4B =
(x + y)2.
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(1) If p � | z then Rp = dp, where d is an integer, Rp ≡ D(p−1)/2 ≡
1 (mod p2) and d ≡ 1 (mod p), r(d) = r(d2) = · · · = r(dp) =
p (with the notation of the lemma).

(2) If p | z then Rp/p = dp, where d is an integer, Rp ≡ p
(mod p4), D ≡ 0 (mod p4p−2) and r(d) = r(d2) = · · · =
r(dp) = p, r(dp+1) �= p.

Proof. (1) The roots of X2 −AX + B are x,−y. By Chapter V,
Lemma 2.1, Rp = (xp + yp)/(x + y) = dp (with d > 1), x + y = cp,
as follows from Chapter III, (1A), where c = t, d = t1 ≡ 1 (mod p),
by Chapter III, (1B), (with the notation previously used). Then
Rp = dp ≡ 1 (mod p2). Since p � | z and x + y + z ≡ 0 (mod p)
then p � | x + y so p � | c. Hence D(p−1)/2 = (x + y)p−1 = cp(p−1) ≡ 1
(mod p2).

Finally, since dp | Rp then by Chapter V, Lemma 2.2, r(d), r(d2),
· · · , r(dp) divide p; since d > 1 then r(di) �= 1, so r(d) = r(d2) =
. . . = r(dp) = p.

(2) Assuming that p | z, it follows as before from Chapter III,
(1B) and (2C), that Rp = (xp + yp)/(x+ y) = pdp, where d = t1 ≡ 1
(mod p2), x + y = pnp−1cp where n ≥ 2, c = t. Then Rp/p = dp ≡ 1
(mod p3) so Rp ≡ p (mod p4). Also, D = (x+ y)2 ≡ 0 (mod p4p−2).

Finally, since dp | Rp but dp+1 � | Rp then r(d) = · · · = r(dp) =
p, r(dp+1) �= p.

And now we give a result of Kiss and Phong (1979), containing
an interpretation of the congruence qp−1 ≡ 1 (mod p2) in terms of
an appropriate recurring sequence.

(2O) Let p, q be distinct primes such that p �= 2 and p � | q − 1.
Let A = q + 1, B = q, R0 = 0, R1 = 1 and every k ≥ 2 let Rk =
ARk−1 − BRk−2. Let D = A2 − 4B = (q − 1)2. Then the following
statements are equivalent:

(a) qp−1 ≡ 1 (mod p2);
(b) p2/Rp−1; and
(c) r(p) = r(p2).

Proof. (a) ↔ (b) The roots of X2 −AX +B = X2 − (q+1)X + q
are α = q, β = 1. By Chapter V, Lemma 2.1(1), Rp−1 = (qp−1 −
1)/(q − 1). Since p � | q − 1 then p2 | Rp−1 if and only if p2 | qp−1 − 1.
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(b) ↔ (c) By Chapter V, Lemma 2.2(5), r(p) divides p−(D/p) =
p− 1, since D is a square. Let p− 1 = sr(p). By Chapter V, Lemma
2.2(8), we have Rp−1 = Rsr(p) ≡ SRr(p)R

s−1
r(p)+1 (mod R2

r(p)).
Since p | Rr(p) then p2 | R2

r(p); also by Chapter V, Lemma 2.2(2),
p | Rsr(p), p � | Rr(p)+1 and p � | s (since s ≤ p − 1). Hence p2 | Rp−1 if
and only if p2 | Rr(p). Let vp(Rr(p)) = k ≥ 2.

By Part (6) of Lemma 2.2 of Chapter V, r(pk) = r(p). But since p |
Rr(p2) then r(p) | r(p2). On the other hand, 2 ≤ k, hence p2 | Rr(pk) =
Rr(p), hence r(p2) | r(p), showing the equality. And conversely, if
r(p) = r(p2) then p2 | Rr(p).

K. Perturbation of One Exponent. The following result (see
Schaumberger (1973), Klamkin (1974)) is rather a curiosity; it tells
that if one “perturbs” even slightly one of the exponents in Fermat’s
equation, the new equation has infinitely many solutions in integers.

We first show:

(2P) If a, b, c are integers, a, b, c ≥ 1, gcd(ab, c) = 1, then the
equation Xa + Y b = Zc has infinitely many solutions in integers.

Proof. It is trivial if c = 1. Let c �= 1. We note that there exist
integers d, e such that abd + 1 = ce. We have d �= 0, otherwise
ce = 1, c ≥ 1, hence c = 1, which has been excluded. So, there
exists an integer t such that d+ tc ≥ 1 and ab(d+ tc)+1 = c(e+abt)
with e + abt ≥ 1 since c ≥ 1. Thus, there is no loss of generality to
assume that d ≥ 1, e ≥ 1, and abd + 1 = ce.

Let u ≥ 1 be arbitrary and let





x = 2bdubc,
y = 2aduac,
z = 2euab.

Then xa + yb = 2abduabc +2abduabc = 2abd+1uabc = 2ceuabc = zc. Since
u is arbitrary, the given equation has infinitely many solutions in
integers.

It follows at once:

(2Q) If n, k ≥ 1 then Xn + Y n = Zn+1/k has infinitely many
solutions in integers.
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Proof. First we note that (x, y, z) is a solution of Xn+Y n = Zkn+1

if and only if (x, y, zk) is a solution of Xn + Y n = Zn+1/k. Taking
a = n, b = n, c = kn+1 in (2O), we see that the given equation has
indeed infinitely many solutions in integers.

L. Divisibility Condition for Pythagorean Triples. In 1913,
Niewiadomski considered the polynomials in three indeterminates

D0 = D0(X,Y, Z) = −1,

and if n ≥ 1,

Dn = Dn(X,Y, Z) = Zn −Xn − Y n.

He observed the identity, for n ≥ 1,

Dn+1 − (X + Y )Dn + XYDn−1 = Zn−1(Z −X)(Z − Y ),(2.2)

which may be verified at once.
With this identity, Niewiadomski and Métrod proved (1913):

(2R) Let x, y, z be positive integers such that x2 + y2 = z2. Let
dn = Dn(x, y, z) for all n ≥ 1. Then 2dn is divisible by d2

1 when
n ≥ 2.

Proof. We may assume without loss of generality that x, y, z are
relatively prime. Indeed, let e = gcd(x, y, z), x′ = x/e, y′ = y/e, z′ =
z/e. So x′2 + y′2 = z′2 and we may assume that x′ is even, while
y′, z′ are odd. Let d′n = Dn(x′, y′, z′), so dn = end′n, in particular
d1 = ed′1, and we note that d1 �= 0. Hence 2dn/d2

1 = en−22d′n/d
′
1
2.

Since n ≥ 2, it suffices to show that 2d′n/d
′
1
2 is an integer.

With the assumption that e = 1, by Chapter I, (1A), there exist
integers a, b with 0 < b < a, gcd(a, b) = 1, such that






x = 2ab,
y = a2 − b2,
z = a2 + b2.

If n = 2 then d2 = 0 is divisible by d2
1. Similarly by (2.2),

d3 = (x + y)d2 − xyd1 + z(z − x)(z − y).
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Hence noting that d1 = 2b(b− a), we have

2d3 = −4ab(a2 − b2)d1 + (a2 + b2)(a− b)24b2

= [2a(a + b) + a2 + b2]d2
1 = [(a + b)2 + 2a2]d2

1.

Assuming that 2dn−1 and 2dn are divisible by d2
1, it follows from

(2.2) that

2dn+1 = (x + y)2dn − xy · 2dn−1 + 2zn−1(z − x)(z − y)

is also divisible by d2
1 because

2zn−1(z − x)(z − y) = (a2 + b2)n−1(a− b)24b2 = (a2 + b2)n−1d2
1.
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Math., 11 (1909), 49–51.



VIII.2. Criteria for Fermat’s Last Theorem 275

1913 Goldziher, H., Hatványszamok Telbontása hatványszamok ös-
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1928 Pérez-Cacho, L., Una proposición sobre el indicador, Rev.
Mat. Hisp.-Amer., (2), 3 (1928), 273–275

1932 Bussi, C., Sull’ultimo teorema di Fermat, Boll. Un. Mat.
Ital., 11 (1932), 267–269.

1937 Skolem, T., Zwei Sätze über kubische Kongruenzen, Det Kon-
gel. Norske Vidensk. Selskab Forhandlinger, Trondhejm, 10
(1937), no. 24, 89–92.

1941 Skolem, T., Die Anzahl der Wurzeln der Kongruenz x3 +
ax + b ≡ 0 (mod p) für die verschiedenen Paare a, b, Det
Kongel. Norske Vidensk. Selskab Forhandlinger, Trondhejm,
14 (1941), no. 43, 161–164.

1943 Bussi, C., Osservazione sull’ultimo teorema di Fermat, Boll.
Un. Mat. Ital., (2), 5 (1943), 42–43.

1944 Pierre, C., Remarques arithmétiques en connexion avec le
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IX
Interludes 9 and 10

We shall need the Gaussian periods and the Lagrange resolvents and
Jacobi cyclotomic functions in the study of Fermat’s congruence.

IX.1. The Gaussian Periods

Let q be an odd prime, ρ a primitive qth root of 1, h a primitive
root modulo q, L = Q(ρ), B = Z[q], and let τ be the generator of
the Galois group of L | Q defined by τ(ρ) = ρh.

Every element α ∈ L may be indifferently written in a unique way
as

α =
q−2∑

i=0

aiρ
i or as α =

q−2∑

j=0

aj
′ρh

j

(with ai, aj
′ ∈ Q); moreover, a ∈ B if and only if each ai, aj

′ ∈ Z.
Comparing these two representations, and noting that

ρh
(q−1)/2

=ρq−1 = −(1 + ρ + · · · + ρq−2),

it follows that a0 = −a′
(q−1)/2 and ai = aj

′ − a′
(q−1)/2 where i ≡ hj

(mod q) (for i = 1, . . . , q − 2).
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In the present situation, if q− 1 = fr, the r periods with f terms
(relative to ρ and τ or h) are:






µ0 = ρ + ρh
r

+ ρh
2r

+ · · · + ρh
(f−1)r

,

µ1 = ρh + ρh
r+1

+ ρh
2n+1

+ · · · + ρh
(f−1)r+1

,
...

µr−1 = ρh
r−1

+ ρh
2r−1

+ ρh
3r−1

+ · · · + ρh
q−2

.

(1.1)

We have
∑r−1

j=0 µj = −1. For every j, we write µj = µj0 if 0 ≤
j0 ≤ r − 1 and j ≡ j0 (mod r). The periods µj are conjugate to
each other: τ i(µj) = µi+j (for i = 0, 1, . . . , q − 2, and any j). In
particular, τ r(µj) = µj for j = 0, 1, . . . , r − 1.

Let L′ denote the subfield of L which is fixed by τ r, so [L : L′] =
f, [L′ : Q] = f ; the Galois group of L | L′ is generated by τ 2 and the
Galois group of L′ | Q is generated by the restriction τ ′ of τ to L′.
Let B′ denote the ring of integers of L′.

(1A)

(1) {µ0, µ1, . . . , µr−1} is a basis of the Z-module B′.
(2) L′ = Q(µ0, . . . , µr−1), B′ = Z[µ0, . . . , µr−1].
(3) {1, ρ, ρ2, . . . , ρf−1} is a basis of the B′-module B.
(4) The polynomial of periods

Fµ0(X) =
r−1∏

i=0

(X − µi)(1.2)

has coefficients in Z and it is irreducible.

Proof. (1) The elements µ0, µ1, . . . , µr−1 are linearly independent
over Z: if

∑r−1
i=0 aiµi = 0 (with ai ∈ Z), replacing each ui by its

expression, we have a linear combination of ρ, ρ2, . . . , ρq which is
equal to 0, and with coefficients 0. a0, a1, . . . , ar−1 ∈ Z so each
ai = 0.

On the other hand, if α ∈ B′ ⊆ B, we may write α =
∑q−2

i=0 aiρ
hi

with ai ∈ Z. Since τ r(α) = α then

q−2∑

i=0

aiρ
hi+r

=
q−2∑

i=0

aiρ
hi
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and from the uniqueness of the expression, we deduce that





a0 = ar = · · · = a(f−1)r,
a1 = ar+1 = · · · = a(f−1)r+1,

...
ar−1 = a2r−1 = · · · = aq−2.

Hence a =
∑r−1

j=0 ajµj.
(2) Clearly L′ ⊇ Q(µ0, . . . , µr−1) and B′ ⊇ Z[µ0, . . . , µr−1]. The

converse follows from (1.1).
(3) Let G(X) =

∏f−1
i=0 (X − ρh

ir

) be the polynomial whose roots
are the summands of the period µ0. Then each coefficient of G(X)
is invariant by τ r, hence it belongs to B ∩ L′ = B′.

Thus G(X) = Xf+α1X
f−1+· · ·+αf and since ρ is a root of G(X),

then ρf = −(α1ρ
f−1 + · · · + αf ). So ρf is a linear combination of

1, ρ, . . . , ρf−1 with coefficients in B′. Multiplying the above relation
successively by ρ, ρ2 . . . , we deduce that ρf+1, ρf+2, . . . , ρq−1 are also
linear combinations of 1, ρ, ρ2, . . . , ρf−1 with coefficients in B′. Thus
every element of B = Z[ρ] is a linear combination of 1, ρ, . . . with
coefficients in B′.

So {1, ρ, . . . , ρf−1} is a system of generators of the L′-vector space
L. Since [L : L′] = f then {1, ρ, . . . , ρf−1} are linearly independent
over L′, hence over B′.

(4) The coefficients of Fµ0(X) belong to Q, since they are invari-
ant by τ ; hence they are in B′ ∩ Q = Z.

Since Fµ0(µ0) = 0, the minimal polynomial of µ0 divides Fµ0(X);
its roots are all the conjugates of µ0, so it must coincide with Fµ0(X),
which is therefore irreducible.

It is not true in general that

Z[µ0, . . . , µr−1] = Z[µ0] = · · · = Z[µr−1].

For example, let q = 13, f = 3, r = 4, and k = 2. The periods are:

µ0 = ρ + ρ3 + ρ−4,
µ1 = ρ2 + ρ6 + ρ5,
µ2 = ρ4 + ρ−1 + ρ−3,
µ3 = ρ−5 + ρ−2 + ρ−6.

We shall show that the unique expressions of µ1, µ2, µ3 as poly-
nomials in µ0 with rational coefficients require some non-integral
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coefficients. Indeed:

µ2
0 =µ1 + 2µ2,

µ0µ1 = µ0 + µ1 + µ3,

µ0µ2 = 3 + µ1 + µ3,

and

µ3
0 = µ0µ1 + 2µ0µ2 = 6 + µ0 + 3µ1 + 3µ3

= 6 + µ0 + 3(−1 − µ0 − µ2),

hence
µ2 = 1

3(−µ3
0 − 2µ0 + 3).

From this we obtain

µ1 = µ2
0 − 2µ2 = 1

3(2µ
3
0 + 3µ2

0 + 4µ0 − 6),
µ3 = −1 − µ0 − µ1 − µ2 = 1

3(−µ3
0 − 3µ2

0 − 5µ0).

It follows from (1A) that given i, j, 0 ≤ i, j ≤ r − 1, there exist
integers nijk ∈ Z (0 ≤ k ≤ r− 1), which are unique such that µiµj =
∑r−1

k=0 nijkµk. More precisely:

(1B) We have the relations

r−1∑

i=0

µiµi+k = nkq − f (for 0 ≤ k ≤ r − 1),

where

nk =






1 when f is even and k = 0,
1 when f is odd and k = 0 or r/2,
0 otherwise.

Proof. First we evaluate the product

µ0µk =

(
f−1∑

l=0

ρh
lr

)


f−1∑

j=0

ρh
k+jr



 .

Writing j ≡ i + l (mod q − 1) then the above product is equal to

µ0µk =
f−1∑

l=0

f−1∑

i=0

ρh
lr(1+hk+ir).
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Let

µ′
i =

f−1∑

l=0

ρh
lr(1+hk+ir).

If 1 +hk+ir �≡ 0 (mod q), there exists a unique t, 0 ≤ t ≤ q− 2, such
that 1 + hk+ir ≡ ht (mod q); hence µ′

i is equal to the period µt. If
1 + hk+ir ≡ 0 (mod q) then µ′

i = f . Therefore, we may write

µ0µk = nkf + mk,0µ0 + mk,1µ1 + · · · + mk,r−1µn−1,(1.3)

with integers nk ≥ 0, mk,0 ≥ 0, . . . ,mk,r−1 ≥ 0. Now we determine
nk.

(I) If f is even and k = 0, let f = 2f ′, then 1 + hf ′r ≡ 0
(mod q) since fr = q − 1. So µ′

f/2 = f . On the other hand, if
0 ≤ i < f and µi

′ = f , then we have 1 + hir ≡ 0 (mod q), hence
2ir ≡ 0 (mod q − 1), that is, 2ir = mrf ; but mf = 2i < 2f , m = 0
or 1. If m = 0 then i = 0, an absurdity because q is odd. Thus
m = 1, i = f/2. Therefore in this case nk = 1.

(II) If f is odd (hence r is even) and k = r/2, let i = (f − 1)/2.
Then 1 + hr/2+((f−1)/2)r ≡ 0 (mod q), so µ′

(f−1)/2 = f . On the other
hand, if 0 ≤ i < f and µi

′ = f , we have 1 + hr/2+ir ≡ 0 (mod q),
hence r + 2ir = mrf ; thus mf = 1 + 2i < 1 + 2f ; it follows that m
is odd, so m = 1 and i = (f − 1)/2.

(III) We consider the remaining cases. If 1 + hk+ir ≡ 0 (mod q)
then 2k+2ir = mrf and 0 ≤ r(mf − 2i) = 2k < 2r, thus mf − 2i =
0 or 1.

If mf = 2i < 2f then m = 0 or 1, and k = 0. If m = 0 then
i = 0, k = 0, an absurdity, since q is odd. Thus m = 1 and f is even,
which is a case already studied.

If mf = 2i + 1 < 2f + 1 then m is odd, m ≤ 2, so m = 1, f
is odd, i = (f − 1)/2 and also k = r/2, which was Case (II) above.
Therefore, in Case (III), nk = 0.

Since µ0µk is the sum of f2 terms of the form ρi and since each
period contains f such terms, all appearing with different exponents
i, 0 ≤ i ≤ q − 1, it follows that

nk + mk,0 + mk,1 + · · · + mk,n−1 = f.

Applying the automorphisms τ i, we obtain from (1.3):

µiµk+i = nkf + mk,0µi + mk,1µi+1 + · · · + mk,n−1µr−1.



282 IX. Interludes 9 and 10

Hence, from
∑r−1

i=0 µi = −1 we conclude that
∑r−1

i=0 µiµi+k = nk(q −
1) − (mk,0 + mk,1 + · · · + mk,r−1) = nkq − f .

IX.2. Lagrange Resolvents and Jacobi Cyclotomic Function

We shall use the following notations:

• p, q are prime numbers such that q − 1 = 2kp;
• ζ = primitive kth root of 1;
• g = primitive root modulo p;
• K = Q(ζ);
• A = Z[ζ];
• σ = generator of the Galois group of K | Q, defined by σ(ζ) =
ζg;

• ρ = primitive qth root of 1 ;
• L = Q(ρ), B = Z[ρ];
• τ = generator of the Galois group of L | Q, defined by τ(ρ) =
ρh;

• µ0, . . . , µp−1: the p periods with 2k terms (relative to ρ, τ);
• L′ = Q(µ0, . . . , µp−1) = Q(µ0) = · · · = Q(µp−1);
• B′ = Z[µ0, . . . , µp−1]; and
• τ ′ = restriction of τ to L′.

Q(ρ) = L
Q(ρ, ζ)

L′
L′(ζ)

Q

Q(ζ) = K
����

����

����

We note that L ∩K = Q. Indeed, the prime q is totally ramified
in L and unramified in K, hence it is both totally ramified and
unramified in L ∩K, so L ∩K = Q.

Thus Q(ρ, ζ) is a Galois extension of K with Galois group iso-
morphic to the one of L | Q and generated by the automorphism τ̃ ,
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defined by
{

τ̃(ρ) = ρh,
τ̃(ζ) = ζ.

Similarly, Q(ρ, ζ) is a Galois extension of L with Galois group
isomorphic to the one of K | Q and generated by the automorphism
σ̃, defined by

{
σ̃(ρ) = ρ,
σ̃(ζ) = ζg.

It is convenient to work with indices, as we define now.
If t is any integer, not a multiple of q, then there exists a unique

integer s, 0 ≤ s ≤ q − 2, such that t ≡ hs (mod q). s is called
the index of t (with respect to h, q), and we write s = indh(t), or
simply s = ind(t) if there is no ambiguity concerning the choice of
the primitive root h.

For example, ind(1) = 0, ind(−1) = (q − 1)/2. If t ≡ t′ (mod q)
then ind(t) = ind(t′) and if t, t′ are not multiples of q then ind(tt′) ≡
ind(t)+ ind(t′) (mod q−1). It is also clear that every integer s, 0 ≤
s ≤ q − 2, is an index, namely s = ind(hs).

We define the Lagrange resolvent 〈α, β〉τ , where α ∈ K, β ∈ L,
and τ is the automorphism defined above:

〈α, β〉τ = β + ατ(β) + α2τ 2(β) + · · · + αp−1τ p−1(β).(2.1)

We write more simply 〈α, β〉 in place of 〈α, β〉τ . The element 〈α, β〉
belongs to the field Q(ζ, ρ). We note at once:

(2A) For every n and β ∈ Q(ρ):

ζnτ̃ (〈ζn, β〉) = 〈ζp, β〉 and 〈ζn, β〉p ∈ Q(ζ).

Proof.

ζnτ̃ (〈ζn, β〉) = ζnτ̃(β + ζnτ(β) + ζ2nτ 2(β) + · · · + ζ(p−1)nτ p−1(β))
= 〈Zn, β〉,

since ζp = 1. So τ̃ (〈ζn, β〉p) = (τ̃〈ζn, β〉)p = ζ−np·〈ζn, β〉p = 〈ζn, β〉p.
Since 〈ζn, β〉 is invariant by τ̃ then 〈ζn, β〉p ∈ Q(ζ).
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We consider the resolvents 〈ζn, ρm〉. With the index notation in-
troduced above, we may write

〈ζn, ρm〉τ =
q−2∑

u=0

ζnuρmhu

=
q−1∑

t=1

ζnindh(t)ρmt.(2.2)

The complex conjugate of 〈ζn, ρm〉τ is 〈ζn, ρm〉τ = 〈ζ−n, ρ−m〉τ . A
first result to record is the following:

(2B) With the above notations, for every n = 1, 2, . . . , p− 1:

〈ζn, ρ〉τ = 〈ζn, µ0〉τ ′ �= 0

and it belongs to L′.

Proof.

〈ζn, ρ〉τ = ρ + ζnρh + ζ2nρh
2
+ · · · + ζ(q−2)nρh

q−2
(2.3)

= ρ + ζnρh + · · · + ζ(p−1)nρh
p−1

+ ρh
p

+ ζnρh
p+1

+ · · · + ζ(p−1)nρh
2p−1

· · ·
+ ρh

(2k+1)p
+ ζnρh

(2k−1)p+1
+ · · · + ζ(p−1)nρh

q−1

= µ0 + ζnµ1 + · · · + ζ(p−1)nµp−1

= 〈ζn, µ0〉τ ′ ∈ L′.

Moreover, 〈ζn, µ0〉τ ′ �= 0. Indeed, the periods µ0, µ1, . . . , µp−1,
which are a basis of L′ | Q, are still a basis of L′(ζ) | Q since this
extension has still degree p.

The theory of Gaussian periods, Lagrange resolvents and more
general sums of roots of unity is very rich and important. We shall
only indicate the results which will be needed in the sequel.

(2C) If p � | n, q � | m then 〈ζn, ρm〉 = 〈ζn, ρ〉ζ−nind(m). In particular,
〈ζn, ρni〉 = 〈ζn, ρ〉ζ−ni.
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Proof. 〈ζn, ρm〉 =
∑q−1

t=1 ζ
n ind(t)ρmt. But ind(tm) ≡ ind(t)+ind(m)

(mod q − 1), hence

〈ζn, ρm〉 = ζ−n ind(m)
q−1∑

t=1

ζn ind(tm)ρtm

= ζ−n ind(m)
q−1∑

s=1

ζn ind(s)ρs

= ζ−ind(m)〈ζn, ρ〉.

(2D) If p � | n then 〈ζn, ρ〉〈ζ−n, ρ〉 = q.

Proof.

〈ζn, ρ〉〈ζ−n, ρ〉 =

(
q−1∑

t=1

ζn ind(t)ρt
)(

q−1∑

s=1

ζ−n ind(s)ρs
)

=
q−1∑

s=1

q−1∑

t=1

ζn[ind(t)−ind(s)]ρt+s.

For each s let r be defined by the congruence t ≡ rs (mod q). Since
p | q − 1 then ζq−1 = 1, so the above sum is equal to

q−1∑

s=1

q−1∑

r=1

ζn ind(r)ρ(r+1)s.

But q − 1 = 2kp so
q−1∑

r=1

ζn ind(r) =
q−1∑

m=1

ζm = 2k
p∑

m=1

ζm = 0,

hence we may add
∑q−1

r=1 ζ
n ind(r) = 0 and write

〈ζn, ρ〉〈ζ−n, ρ〉 =
q−1∑

s=0

q−1∑

r=1

ζn ind(n)ρ(r+1)s

=
q−1∑

r=1

ζn ind(r)

(
q−1∑

s=0

ρ(r+1)s

)

.

But
q−1∑

s=0

ρ(r+1)s =
{

q when r = q − 1,
0 when 1 ≤ r ≤ q − 2,
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hence 〈ζn, ρ〉〈ζ−n, ρ〉 = qζn ind(q−1) = qζnind(−1) = qζn(q−1)/2 = qζnkp

= q.

(2E) |〈ζm, ρ〉| = q when p � | m.

Proof. The absolute value of λm = 〈ζm, ρ〉 is

|λm| = λmλm = 〈ζm, ρ〉〈ζ−m, ρ−1〉
= 〈ζm, ρ〉〈ζ−m, ρ〉ζ−m ind(−1) = qζm(q−1)/2

= qζmkp = q,

using (2D), (2C).

Now we give an expression of the Gaussian periods in terms of the
Lagrange resolvents:

(2F) If p � | n then

µn =
1
p

p−1∑

j=0

ζ−jn〈ζj, ρ〉.

Proof. We compute the right-hand side:
p−1∑

j=0

ζ−jn〈ζj, ρ〉 =
p−1∑

j=0

ζ−jn

(
q−2∑

u=0

ζjuρh
u

)

=
p−1∑

j=0

q−2∑

u=0

ζj(u−n)ρh
u

=
p−1∑

j=0

q−2−n∑

t=−n

ζj−tρh
t+n

=
q−2−n∑

t=−n

ρh
t+n




p−1∑

j=0

ζjt



 .

But
∑p−1

j=0 ζ
jt = p when p | t, and equal to 0 otherwise. Thus the

above sum is equal to

p




q−2−n∑

i=−n, p|t
ρh

t+n



 = pµn.



X
The Local and Modular
Fermat Problem

In this chapter we investigate some natural modifications of the origi-
nal Fermat problem. In the first section, we search solutions in q-adic
integers. In the following section we consider Fermat’s congruence.

X.1. The Local Fermat Problem

Our aim is to show that for every prime q, Fermat’s equation has so-
lutions in nonzero q-adic integers. Our tool will be Hensel’s Lemma.

(1A) For every prime q and every prime p, the equation Xp+Y p =
Zp has nontrivial solution in q-adic integers.

Proof. If p = 2, this is trivial, by Chapter I, (1A). So we may
assume p �= 2 and for convenience, we consider the equation Xp +
Y p + Zp = 0.

First Case: q �= p.
Let F (X) = Xp + qp − 1; then Xp + qp − 1 ≡ Xp − 1 ≡ (X −

1)(Xp−1 +Xp−2 + · · ·+X+1) (mod q). Since 1 mod q is not a root
of Xp−1 + Xp−2 + · · · + X + 1 modulo q, by Hensel’s Lemma (see
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Chapter V, (1T) and (1U)), there exists a q-adic integer α such that
α ≡ 1 (mod q) and αq + pq + (−1)p = 0.

Second Case: q = p.
Let F (X) = Xp + pp − 1 and G0(X) = X − 1, H0(X) = Xp−1 +

Xp−2+· · ·+X+1. By Chapter II, (4B), the resultant of G0 and H0 is
equal to R = H0(1) = p, so vp(R) = 1. Since G0(X)H0(X) = Xp−1
then F (X) ≡ G0(X)H0(X) (mod pp). But p ≥ 3 > 2vp(R), so we
may apply Hensel’s Lemma of Chapter V, (1T) and (1U). Thus there
exist monic polynomials G(X), H(X) in Ẑp[X] such that G(X) ≡
G0(X) (mod pp−1), H(X) ≡ H0(X) (mod pp−1) and F (X) = G(X)
×H(X). So G(X) = X − α where α is a p-adic integer, α ≡ 1
(mod pp−1), so α �= 0 and F (α) = 0, that is, αp +pp +(−1)p = 0.

In the proof we obtained solutions in which one of the numbers
was not a unit in the q-adic field. So it is natural to ask if there is
always a solution in q-adic units. In the sequel we give results which
may be found in Klösgen’s paper (1970).

(1B) Let n ≥ 1 and let p be an odd prime. The following conditions
are equivalent:

(a) There exist integers x, y, z, not multiples of p, such that xpn

+
ypn

+ zp
n ≡ 0 (mod pn+1).

(b) For every m ≥ 0 there exist integers xm, ym, zm, not multi-
ples of p, such that xpn

m + ypn

m + zp
n

m ≡ 0 (mod pn+1+m) and
xm+1 ≡ xm (mod pm+1), ym+1 ≡ ym (mod pm+1), zm+1 ≡ zm
(mod pm+1).

Proof. It suffices to prove that (a) implies (b) and we proceed by
induction on m. From xpn

m + ypn

m + zp
n

m ≡ 0 (mod pn+1+m), with
integers xm, ym, zm not multiples of p, we may write xpn

m + ypn

m +
zp

n

m = r′pn+1+m, with r′ ∈ Z. Since p � | zm, there exists an integer
r such that rzp

n−1
m ≡ r′ (mod p). Let xm+1 = xm, ym+1 = ym, and

zm+1 = zm − rpm+1. Then

zp
n

m+1 ≡ zp
n

m − zp
n−1

m rpn+1+m +

(
pn

2

)

zp
n−2

m r2p2(1+m)

−
(
pn

3

)

zp
n−3

m r3p3(1+m) + · · ·
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≡ zp
n

m − zp
n−1

m rpn+1+m (mod pn+2+m),

because m ≥ 0, p �= 2, so pn+2+m divides all summands but the first
two. Hence

xpn

m+1 + ypn

m+1 + zp
n+1

m+1 ≡ xpn

m + ypn

m + zp
n

m − zp
n−1

m rpn+1+m

≡ (r′ − zp
n−1

m r)pn+1+m

≡ 0 (mod pn+2+m).

We note that we may in fact take xm = x0, ym = y0 for every
m ≥ 0. As a complement, we note the analogous result for p = 2:

(1C) Let n ≥ 1. The following conditions are equivalent:
(a) There exist odd integers x, y, z such that

x2n

+ y2n

+ z2n ≡ 0 (mod 2n+2).

(b) For every integer m ≥ 1 there exist odd integers xm, ym, zm
such that

x2n

m + y2n

m + z2n

m ≡ 0 (mod 2n+2+m)

and xm+1 ≡ xm (mod 2m+1), ym+1 ≡ ym (mod 2m+1), zm+1

≡ zm (mod 2m+1).

Proof. The proof is quite similar. It suffices to note that if zm+1 =
zm − r2m+1, then

z2n

m+1 = z2n

m − z2n−1
m r2n+1+m +

(
2n

2

)

z2n−2
m r222(1+m)

−
(

2n

3

)

z2n−3
m r323(1+m) + · · ·

≡ z2n
m − z2n−1

m r2n+1+m (mod 2n+2+m),

because 2n−1+2(1+m) divides all but the first two summands and n+
2 + m ≤ n− 1 + 2(1 + m) since m ≥ 1.

Concerning the solutions of Fermat’s equation by p-adic units, we
have:
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(1D) Let p be an odd prime. The following conditions are equiv-
alent:

(a) There exist units α, β, γ of Ẑp such that αp + βp + γp = 0.
(b) There exist integers x0, y0, z0, not multiples of p, such that

xp
0 + yp

0 + zp0 ≡ 0 (mod p2).
(c) For every n ≥ 0 there exist integers xn, yn, zn, not multiples

of p, such that xp
n + yp

n + zpn ≡ 0 (mod pn+2) and xn+1 ≡ xn

(mod pn+1), yn+1 ≡ yn (mod pn+1), zn+1 ≡ zn (mod pn+1).

Proof. (a) ⇒ (b) We write α = x0+α′p, β = y0+β′p, γ = z0+γ′p
where x0, y0, z0 are integers, 0 ≤ x0, y0, z0 ≤ p−1, and α′, β′, γ′ ∈ Ẑp.
Since α, β, γ are units, then p � | x0y0z0. From αp + βp + γp = 0 it
follows that xp

0 + yp
0 + zp0 ≡ 0 (mod p2).

(b) ⇒ (c) This was proved in (1B).
(c) ⇒ (a) The sequences of integers (xn)n≥0, (yn)n≥0, (zn)n≥0 are

p-adically convergent, since xn+1 ≡ xn (mod pn+1), yn+1 ≡ yn
(mod pn+1), zn+1 ≡ zn (mod pn+1) for every n ≥ 0. Let α = limxn,
β = lim yn, γ = lim zn. Since xp

n + yp
n + zpn ≡ 0 (mod pn+2) then, at

the limit, αp + βp + γp = 0.

By the above proof, the conditions of (1D) are equivalent to:
(a′) There exist integers x, y, not multiples of p, and a unit γ ∈

Ẑp, such that xp + yp + γp = 0.
Similarly, we have:

(1E) Let q, p be distinct primes. The following conditions are
equivalent:

(a) There exist units α, β, γ of Ẑq such that αp + βp + γp = 0.
(b) There exist integers x0, y0, z0, not multiples of q, such that

xp
0 + yp

0 + zp0 ≡ 0 (mod q).
(c) For every n ≥ 0 there exist integers xn, yn, zn, not multiples

of q, such that xp
n + yp

n + zpn ≡ 0 (mod qn+1), and xn+1 ≡ xn

(mod qn+1), yn+1 ≡ yn (mod qn+1), zn+1 ≡ zn (mod qn+1).

Proof. (a) ⇒ (b) We write α = x0+α′q, β = y0+β′q, γ = z0+γ′q,
where x0, y0, z0 are integers, 0 ≤ x0, y0, z0 ≤ q−1, and α′, β′, γ′ ∈ Ẑq.
Since α, β, γ are units then q � | x0y0z0. From αp+βp+γp = 0 it follows
that xp

0 + yp
0 + zp0 ≡ 0 (mod q).
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(b) ⇒ (c) We prove the statement by induction on n. It is true
for n = 0 and we assume it true for some m ≥ 0. Let xm, ym, zm be
integers, not multiples of q, such that xp

m+yp
m+zpm ≡ 0 (mod qm+1).

Hence xp
m + yp

m + zpm = r′qm+1 where r′ is an integer. Since q � | zm,
there is an integer r satisfying the congruence rpzp−1

m ≡ r′ (mod q).
Let xm+1 = xm, ym+1 = ym and zm+1 = zm − rqm+1. Then zpm+1 =
(zm − rqm+1)p ≡ zpm − pzp−1

m rqm+1 (mod qm+2) and xp
m+1 + yp

m+1 +
zpm+1 ≡ xp

m + yp
m + zpm − pzp−1

m rqm+1 ≡ (r′ − pzp−1
m r)qm+1 ≡ 0

(mod qm+2).
(c) ⇒ (a) The sequences of integers (xn)n≥0, (yn)n≥0, (zn)n≥0

are q-adically convergent, since xn+1 ≡ xn (mod qn+1), yn+1 ≡ yn
(mod qn+1), zn+1 ≡ zn (mod qn+1) for every n ≥ 0. Let α = limxn,
β = lim yn, γ = lim zn. Since xp

n + yp
n + zpn ≡ 0 (mod pn+1) then, at

the limit, αp + βp + γp = 0.

As in (1D), the conditions of (1E) are also equivalent to:
(a′′) There exist integers x, y, not multiples of q, and a unit γ ∈ Ẑq

such that xp + yp + γp = 0.
We conclude by noting that Fermat equations (for n ≥ 3) provide

an interesting example where there is a nontrivial solution in every
q-adic field (by (1A)) and only the trivial solution in integers, as
proved by Wiles.
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X.2. Fermat Congruence

We shall study the congruences

Xn + Y n + Zn ≡ 0 (mod q),(2.1)
Xn + Y n ≡ Zn (mod q),(2.2)

where q is an odd prime number, n ≥ 0, and q does not divide n.
Let N(n, q) = #{(x, y, z) | 1 ≤ x, y, z < q, xn + yn + zn ≡ 0

(mod q)} and N ′(n, q) = #{(x, y, z) | 1 ≤ x, y, z < q, xn + yn ≡ zn
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(mod q)}. Clearly, if n is odd then N(n, q) = N ′(n, q). In this
connection, we consider the following problems:

(1) To determine when N(n, q), N ′(n, q) are greater than 0.
(2) To find upper and lower bounds for N(n, q), N ′(n, q).
(3) If possible, to calculate the values of N(n, q), N ′(n, q).

We recall from Chapter IV, (2A), that if gcd(n, q−1) = 1 (hence n
is odd) then N(n, q) = N ′(n, q) > 0. We have also shown in Chapter
IV, (2D), that if p and q = 6kp + 1 are primes then N(p, q) > 0.

The following implication was proved by Libri (1832, p. 275) and
again by Pepin (1880), Pellet (1887), and Matthews (1895).

(2A) Let p be a prime number. If there exist infinitely many
primes q such that N(p, q) = 0 then Fermat’s last theorem is true
for the exponent p.

Proof. Assume that there exist nonzero integers x, y, z such that
xp+yp+zp = 0. If q is any prime number such that q > max{|x|, |y|,
|z|} then xp + yp + zp ≡ 0 (mod q) and N(p, q) > 0. So N(p, q) = 0
for only finitely many primes q, proving the statement.

This result shifts the proof of Fermat’s last theorem to the proof
that N(p, q) = 0 for infinitely many moduli q. The fact is that we
shall actually prove the opposite, namely for every p there exists a
prime q0(p) such that if q ≥ q0(p) then N(p, q) > 0.

Before proving this theorem, we describe some of the numerous
special results concerning these congruences.

Legendre (1830) showed that N(3, 7) = N(3, 13) = 0 and N(5, q)
= 0 for q = 11, 41, 71, 101.

Libri wrote a series of papers (1824, 1832) in which he exposed a
method to compute the number of solutions of very general congru-
ences. Libri calculated N(3, q) for many primes q ≡ 1 (mod 3) and
showed that there exists q0(3) such that if q ≥ q0(3) then N(3, q) > 0;
it should be noted that some of his calculated values were incorrect.
These results were published again by Pepin in 1880 (see also his
paper of 1876).

Since q ≡ 1 (mod 3) then −3 is not a square modulo q and there
exist integers l,m of the same parity such that 4q = l2 + 3m2. This
may be explained by considering the decomposition of q as a product
of elements in the field Q(

√−3). From the fact that −3 is not a
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square modulo q then q = αα′ where α = (l + m
√−3)/2, α′ =

(l −m
√−3)/2 with l,m integers, both even, or both odd, so 4q =

l2 + 3m2. We choose a representation with minimal |l|. We note
that l is not a multiple of 3; by changing l into −l (if necessary) we
may assume that l ≡ 1 (mod 3) and this implies that l is uniquely
defined with the above property. Pepin showed:

N(3, q) = (q − 1)(q − 8 + l).(2.3)

Here are some numerical examples:

28 = 1 + 3 × 32 ⇒ N(3, 7) = 6(7 − 8 + 1) = 0;
52 = 52 + 3 × 32 ⇒ N(3, 13) = 12(13 − 8 − 5) = 0;
76 = 12 + 3 × 52 ⇒ N(3, 19) = 18(19 − 8 + 1) = 216;
12 4 = 42 + 3 × 62 ⇒ N(3, 31) = 30(31 − 8 + 4) = 810.

Pepin noted that since l > −2
√
q then N(3, q) >

√
q(
√
q − 2)− 8.

Hence if q ≥ 19 then N(3, q) > 0.
Libri established that for every prime p there exists q0(p) such

that if q ≥ q0(p) then N(p, q) > 0; however, he gave no bounds for
N(p, q) or a way of computing q0(p). Pellet used another method to
show the same result in 1887; in a later note (1911), Pellet gave a
bound for N(p, q), but his value was erroneous.

In 1837, Lebesgue considered arbitrary polynomial congruences

F (X1, . . . , Xn) ≡ 0 (mod q),(2.4)

where s ≥ 2, q is an odd prime, and F ∈ Z[X1, . . . , Xs]. Let

N = #{(x1, . . . , xs) | 1 ≤ xi ≤ q − 1
for all i = 1, . . . , s, such that F (x1, . . . , xs) ≡ 0 (mod q)},

N0 = #{(x1, . . . , xs) | 0 ≤ x1 ≤ q − 1
for all i = 1, . . . , s, such that F (x1, . . . , xs) ≡ 0 (mod q)}.

In the polynomial F q−1 let A (respectively, A0) be the sum of the
coefficients of all monomials eXe1

1 · · ·Xes
s such that q−1 divides each

ei (respectively, each ei is greater than 0 and divisible by q − 1).
Lebesgue showed that N, N0 satisfy the congruences

N0 ≡ (−1)s+1A0 (mod q),
N ≡ (−1)s(1 −A) (mod q).
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Lebesgue applied his method to congruences like

A1X
n
1 + · · · + AsX

n
s ≡ 0 (mod q),(2.5)

with n ≥ 2, s ≥ 2, each Ai is a nonzero integer, q is an odd prime,
q ≡ 1 (mod n). He gave an expression for the number of solutions
N in terms of the periods of the cyclotomic equation. Lebesgue
studied in detail the following special cases of the congruence (2.5):
s = 2, n = 2; s = 3, n = 3; s = 3, n = 4. For (2.1) with n = 3, he
derived once more some of the results of Libri.

Further results about the number of solutions of (2.5) appeared in
Lebesgue’s paper of 1838. In 1909 two papers by Dickson appeared,
and one each by Cornacchia and Hurwitz, dealing with these con-
gruences.

Cornacchia studied various special cases of (2.1) and (2.5) in detail
and gave many explicit results, which had been in part previously
indicated by Lebesgue, Pepin, and Pellet:

(a) If n = 2 and q ≡ 1 (mod 4) then

N ′(2, q) =






q − 9
8

when 2 is a square modulo q,

q − 5
8

otherwise.

If n = 2 and q ≡ −1 (mod 4) then

N ′(2, q) =






q − 7
8

when 2 is a square modulo q,

q − 3
8

otherwise.

(b) For n = 3, q ≡ 1 (mod 3), Cornacchia obtained once more
Pepin’s result and showed that if N(3, q) = 0 then q = 7, 13.

(c) If n = 4 and q ≡ 1 (mod 4), Cornacchia calculated N(4, q).
Moreover, he showed that N ′(4, q) = 0 exactly when q =
11, 17, 29, 41.

(d) If n = 6 and q ≡ 1 (mod 6) then N ′(6, q) was also deter-
mined. Moreover, N ′(6, q) = 0 exactly when q = 7, 13, 19, 43,
61, 97, 157, 277. On the other hand, for the congruence X6 +
Y 6 + Z6 ≡ 0 (mod q) we have N(6, q) = 0 exactly when
q = 7, 13, 31, 61, 67, 79, 97, 139, 157, 223, 277.
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(e) If n = 8 and q ≡ 1 (mod 8) then Cornacchia gave upper and
lower estimates for N ′(8, q). Moreover, N ′(8, q) = 0 exactly
when q = 17, 41, 113. And for the congruence X8 + Y 8 +
Z8 ≡ 0 (mod q), he established that N(8, q) = 0 exactly
when q = 17, 41, 113, 137, 233, 761.

In his papers, Dickson dealt with the congruence (2.1). His method,
involving the periods of cyclotomic equations, led to lower and upper
bounds for N(p, q), as well as an upper bound for q0(p), namely

q0(p) ≤ (p− 1)2(p− 2)2 + 6p− 2.

As applications, Dickson showed that N(5, q) = 0 exactly when q =
11, 41, 71, 101 and that N(7, q) = 0 exactly when q = 29, 71, 113, 491.
Using computations of Carey (1893) for squares and products of
periods, Dickson applied his method to the congruence X4+Y 4 ≡ Z4

(mod q).
Hurwitz’s paper dealt with the more general congruence (2.5) with

n = p a prime. He considered the family of such congruences. For all
possible values of the coefficients and indicated relations which must
be satisfied by the numbers of solutions of these various congruences.
From this information, Hurwitz deduced upper and lower bounds for
the number of solutions of

AXp + BY p + CZp ≡ 0 (mod q),(2.6)

where A,B,C are nonzero integers. He also determined a positive
number q0(p) (depending on equation (2.6)) such that if q ≥ q0(p)
then (2.6) has a solution (x, y, z), with 1 ≤ x, y, z ≤ q − 1.

In 1917, Schur gave a proof that for every n ≥ 2, if q ≥ (n!)e + 1
then Xn + Y n + Zn ≡ 0 (mod q) has a solution (x, y, z) with 1 ≤
x, y, z ≤ q − 1. Schur’s proof was based on the following interesting
combinatorial lemma:

Lemma 2.1. Let n ≥ 1 and N ≥ (n!)e + 1. If the set of numbers
{1, 2, . . . , N} is partitioned into n disjoint subsets L1, . . . , Ln, there
exists at least one subset Li such that if m,m′ ∈ Li with m < m′

then m′ −m ∈ Li.

Among further developments, we want to report that the equa-
tions

AXe + BY f + CZg = 0
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and
A1X

n1
1 + A2X

n2
2 + · · · + AsX

ns
s = 0,

with coefficients in a finite field with qd elements (d ≥ 1) and not
necessarily equal exponents, have been the object of numerous pa-
pers. See Mitchell (1917), Vandiver (1944, 1945, 1946, 1947, 1948,
1949, 1954, 1955, 1956, 1959), Hua and Vandiver (1948, 1949), E.
Lehmer and Vandiver (1957). For the vast, more recent, literature,
the reader should consult the appropriate sections in Mathematical
Reviews.

In his paper of 1949, Weil traveled a historical panorama of the
evolution of Gauss’ original method to deal, by means of Gaussian
sums, with the congruence AX3 − BY 3 ≡ 1 (mod q), where q is a
prime, q ≡ 1 (mod 3). These ideas were applied subsequently to
wide classes of congruences. They were used by Hardy and Little-
wood in connection with Waring’s problem; Hasse expressed rela-
tions between Riemann’s hypothesis for function fields and various
kinds of exponential sums, and Weil published striking and definitive
results on this question (1928).

Here we single out the following specific result (see Vandiver, 1946,
pp. 47–52; Hua and Vandiver, 1948, pp. 258–263), which is more
directly related with our subject matter.

Let s ≥ 1, let A1, . . . , As be nonzero integers, let n1, . . . , ns be
integers, let q be an odd prime, and let di = gcd(q − 1, |ni|) > 1
for i = 1, . . . , s. Let N denote the number of solutions in integers
(x1, . . . , xs) with 1 ≤ xi ≤ q− 1 (for i = 1, . . . , s), of the congruence

A1X
n1
1 + · · · + AsX

ns
s ≡ 0 (mod q).(2.7)

Then

(q − 1)s

q
− d1 · · · dsqs/2 < N <

(q − 1)s

q
+ d1 · · · dsqs/2.

In particular, there exists a positive number q0 such that if q ≥ q0

then N > 0. Another proof of this theorem, using the theory of
group characters, was given by Feit (1967).

After this survey of results which are related to Fermat’s congru-
ence, we shall give the proof of Dickson’s theorem. For this purpose,
we recapitulate the following notation and facts from Chapter IX.
Let p ≥ 3, q = 2kp + 1 be prime numbers. Let

g be a primitive root modulo p;
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ζ be a primitive pth root of 1;
h be a primitive root modulo q; and
ρ be a primitive qth root of 1.

The p periods of 2k terms in Q(ρ) are





µ0 = ρ + ρh
p

+ ρh
2p

+ · · · + ρh
(2k−1)p

,

µ1 = ρh + ρh
p+1

+ ρh
2p+1

+ · · · + ρh
(2k−1)p+1

,
...

...
...

µi = ρh
i

+ ρh
p+i

+ ρh
2p+i

+ · · · + ρh
(2k−1)p+i

,
...

...
...

µp−1 = ρh
p−1

+ ρh
2p−1

+ ρh
3p−1

+ · · · + ρh
q−2

.

(2.8)

In Chapter IX, we defined Lagrange resolvents for every j = 0, 1, . . . ,
p− 1:

λj = 〈ζj, ρ〉 =
q−1∑

t=1

ζj indh(t)ρt,(2.9)

where indh(t) = s, 0 ≤ s ≤ q−2 when t ≡ hs (mod q). In particular,
λ0 = 〈1, ρ〉 =

∑q−1
t=1 ρ

t = −1.
For easy reference, we recall the following results from Chapter IX,

(2D), (2E), (2F): For j = 1, . . . , p− 1,

λjλp−j = q,(2.10)
|λj|2 = λjλj = q(2.11)

(λj denotes the complex-conjugate of λj),

µi =
1
p

p−1∑

j=0

ζ−jiλj.(2.12)

We shall give a simplified proof of Dickson’s theorem, following
Klösgen (1970). First, we give an expression of N(p, q) in terms
of the periods µi:

(2B)

N(p, q) =
1
q

[

(q − 1)3 + (q − 1)p2
p−1∑

i=0

µ3
i

]

.
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Proof. To begin, we note that if x, y, z are integers such that 1 ≤
x, y, z ≤ q − 1 then

q−1∑

t=0

ρt(x
p+yp+zp) =

{
0 when xp + yp + zp �≡ 0 (mod q),
q when xp + yp + zp ≡ 0 (mod q).

So

qN(p, q) =
q−1∑

x,y,z=1

(
q−1∑

t=0

ρt(x
p+yp+zp)

)

=
q−1∑

t=0

(
q−1∑

x,y,z=1

ρtx
p

ρty
p

ρtz
p

)

=
q−1∑

t=0

(
q−1∑

x=1

ρtx
p

)3

= (q − 1)3 +
q−1∑

t=1

(
q−1∑

x=1

ρtx
p

)3

.

If t ≡ hi (mod q) and x ≡ hj (mod q) (where 0 ≤ i, j ≤ q − 2) then
∑q−1

x=1 ρ
txp

=
∑q−2

j=0 ρ
hi+pj

= pµi. Since µj = µi when j ≡ i (mod p),
then

qN(p, q) = (q − 1)3 + 2k
p−1∑

i=0

p3µ3
i ,

because q = 2kp + 1. Therefore

N(p, q) =
1
q

[

(q − 1)3 + (q − 1)p2
p−1∑

i=0

µ3
i

]

.

And now, we prove Dickson’s Theorem:

(2C) We have:

(1) (q − 1)[q + 1 − 3p− (p− 1)(p− 2)
√
q] < N(p, q)

< (q − 1)[q + 1 − 3p + (p− 1)(p− 2)
√
q].

(2) If q ≥ (p− 1)2(p− 2)2 + 6p− 2 then the congruence (2.1) has
a nontrivial solution.
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Proof. (1) By (2B) and (2.11),

N(p, q) =
1
q




(q − 1)3 + (q − 1)p2 1

p3

p−1∑

i=0






p−1∑

j=0

ζ−jiλj






3





=
1
q



(q − 1)3 +
q − 1
p

p−1∑

i=0

p−1∑

j1,j2,j3=0

ζ−i(j1+j2+j3)λj1λj2λj3





=
1
q



(q−1)3 +
q − 1
p

p−1∑

j1,j2,j3=0

λj1λj2λj3

(
p−1∑

i=0

ζ−i(j1+j2+j3)

)

 .

But
p−1∑

i=0

ζ−i(j1+j2+j3) =
{

0 when j1 + j2 + j3 �≡ 0 (mod p),
p when j1 + j2 + j3 ≡ 0 (mod p).

Thus

N(p, q) =
1
q




(q − 1)3 + (q − 1)

p−1∑

j1,j2,j3=0
j1+j2+j3≡0 (mod p)

λj1λj2λj3




 .

Since λ0 = −1, it follows from (2.9) that the last sum of products
λj1λj2λj3 is equal to

λ3
0 + 3λ0

p−1∑

j=1

λjλp−j + S = −1 − 3q(p− 1) + S,

where S =
∑p−1

j1,j2,k3
λj1λj2λj3 . Hence

N(p, q) =
q − 1
q

[(q − 1)2 − 1 − 3q(p− 1) + S],

so
N(p, q)
q − 1

=
1
q

(
q2 − 3qp + q + S

)
= q − 3p + 1 +

1
q
S

and ∣
∣
∣
∣
N(p, q)
q − 1

− (q + 1 − 3p)
∣
∣
∣
∣ =

1
q
|S|.

By (2.10), |λj| =
√
q. We note also that for every j1, 1 ≤ j1 ≤

p − 1, there are p − 2 pairs (j2, j3), 1 ≤ j2, j3 ≤ p − 1, such that
j1 + j2 + j3 = p or 2p, namely (1, p− j1 − 1), (2, p− j1 − 2), . . . , (p−
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j1−1, 1), and (p−1, p−j1+1), (p−2, p−j1+2), . . . , (p−j1+1, p−1).
Hence |S| ≤ (p− 1)(p− 2)q3/2, so

∣
∣
∣
∣
N(p, q)
q − 1

− (q + 1 − 3p)
∣
∣
∣
∣ ≤ (p− 1)(p− 2)

√
q

and we conclude that

(q − 1)[q + 1 − 3p− (p− 1)(p− 2)
√
q] < N(p, q)

< (q − 1)[q + 1 − 3p + (p− 1)(p− 2)
√
q].

(2) For later use, we prove more generally that if ν is an integer,
ν ≥ 0, and if q ≥ (p− 1)2(p− 2)2 +2(pν− 1) then q+1− (p− 1)(p−
2)
√
q− pν ≥ 0. Choosing ν = 3 this gives the statement (2), in view

of (1).
The inequality

α2 + 2β ≥ α
√
α2 + 4β

(for real numbers α, β), which is easily verified, implies when α =
(p− 1)(p− 2), β = pν − 1:

(p− 1)2(p− 2)2 + 2(pν − 1)

≥ (p− 1)(p− 2)
√

(p− 1)2(p− 2)2 + 4(pν − 1).

Let δ = (p−1)2(p−2)2 +4(pν−1) > 0 and consider the polynomials

f(T ) = T 2 − (p− 1)(p− 2)T − (pν − 1),

having discriminant δ.
It suffices to show that

√
q ≥ (p− 1)(p− 2) +

√
δ

2
;

indeed, this implies that f(
√
q) ≥ 0, that is, q+1−(p−1)(p−2)

√
q−

pν ≥ 0. We have

4q ≥ 4[(p− 1)2(p− 2)2 + 2(pν − 1)]

≥ 2[(p− 1)2(p− 2)2 + 2(pν − 1) + (p− 1)(p− 2)
√
δ]

= (p− 1)2(p− 2)2 + δ + 2(p− 1)(p− 2)
√
δ

= [(p− 1)(p− 2) +
√
δ]2,

so
√
q ≥ ((p− 1)(p− 2) +

√
δ)/2, as was required to show.
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Taking ν = 3, it follows from (1) that

N(p, q) > (q − 1)[(q + 1) − 3p− (p− 1)(p− 2)
√
q] ≥ 0.

The upper bounds for q0(p) given by Dickson are not sharp, as we
see by explicit computation:

Dickson bound Actual value
q0(3) ≤ 20 q0(3) = 13
q0(5) ≤ 172 q0(5) = 101
q0(7) ≤ 940 q0(7) = 491

As a complement, Mantel showed in 1916 that if N(p, q) = 0 then
q must be of the form q = 6mp/(p− 3) − 1 (for some integer m).

Taking into account (2C) and the result of Chapter IV, (2B), if
k ≥ 1, q = 2kp+ 1 is a prime and q ≥ (p− 1)2(p− 2)2 + 6p− 2 then
q divides the Wendt determinant W2k. Therefore, for each prime p
there exist at most finitely many integers k ≥ 1 such that q = 2kp+1
is a prime not dividing W2k. What is not known is whether, for every
prime p, there exists actually one prime q with the above property
(see Flye Sainte-Marie, 1890, and Landau, 1913).

Bibliography
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1911 Pellet, A.E., Réponse à une question de M.E. Dubouis, L’In-
term. Math., 18 (1911), 81–82.
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X.3. Hurwitz Congruence

In this section we give the theorem of Hurwitz concerning the con-
gruence

A1X
p
1 + · · · + AsX

p
s ≡ 0 (mod q),(3.1)

where p ≥ 3, q = 2kp + 1 are prime numbers and A1, . . . , As are
nonzero integers. Let N = N(A1, . . . , As, p, q) be the number of
nontrivial solutions of (3.1), i.e., of (x1, . . . , xs), with 1 ≤ xi ≤ q−1,
such that

∑s
i=1 Aix

p
i ≡ 0 (mod q). If h is a primitive root modulo
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q, let ai = indh(Ai) (with 0 ≤ ai ≤ q − 2), so Ai ≡ hai (mod q), for
i = 1, . . . , s.

Thus N is equal to the number of (t1, . . . , ts), 0 ≤ ti ≤ q−2, such
that

∑s
i=1 h

pti+ai ≡ 0 (mod q).
We consider the function χ : Z → {0, 1} defined by

χ(z) =
{

1 when q | z,
0 when q � | z.

Then

N =
q−2∑

t1,... ,ts=0

χ

(
s∑

i=1

hpti+ai

)

.(3.2)

Noting that if ti ≡ t′i (mod 2k) then hpti+ai ≡ hpt′i+ai (mod q); so
(3.2) may be rewritten as

N = ps
2k−1∑

t1,... ,ts=0

χ

(
s∑

i=1

hpti+ai

)

.(3.3)

For convenience, we introduce the following “symbol”:

[a1, . . . , as] =
1
2k

2k−1∑

t1,... ,ts=0

χ

(
s∑

i=1

hpti+ai

)

,(3.4)

which is a nonnegative rational number. We may rewrite (3.3) as
follows:

N = 2kps[a1, . . . , as] = (q − 1)ps−1[a1, . . . , as],(3.5)

and to determine N we are led to study the symbol [a1, . . . , as].
First we note that [a1] = 0, since q � | hpt1+a1 , for every t1, 0 ≤ t1 ≤

q − 2.

Lemma 3.1.

[a1, a2] =
{

1 when a1 ≡ a2 (mod p),
0 when a1 �≡ a2 (mod p).

Proof. q divides hpt1+a1 + hpt2+a2 if and only if hpt1+a1 ≡ −hpt2+a2

= h(q−1)/2+pt2+a2 (mod q); this is equivalent to pt1 +a1 ≡ (q−1)/2+
pt2 +a2 (mod q−1). Now if a1 ≡ a2 (mod p), say a2 = mp+a1. For
every t2, 0 ≤ t2 ≤ 2k−1, let t1, 0 ≤ t1 ≤ 2k−1, be the unique integer
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such that t1 ≡ k + m + t2 (mod 2k). Then (q − 1)/2 + pt2 + a2 =
p(k + t2 + m) + a1 ≡ pt1 + a1 (mod 2kp). So

[a1, a2] =
1
2k

2k−1∑

t1,t2=0

χ(hpt1+a1 + hpt2+a2).

Conversely, if for some t2, 0 ≤ t2 ≤ 2k − 1, there exists t1, neces-
sarily unique, such that 0 ≤ t1 ≤ 2k− 1 and pt1 + a1 ≡ pt2 + a2 + kp
(mod q−1) then p(t1− t2−k) ≡ a2−a1 (mod 2k), hence p | a2−a1.
So if a1 �≡ a2 (mod p) then χ(hpt1+a1 + hpt2+a2) = 0 for all t1, t2, so
[a1, a2] = 0.

Now we collect some easy facts about [a1, . . . , as]:

Lemma 3.2. (1) The value of [a1, . . . , as] remains unchanged by
any permutation of a1, . . . , as.

(2) [a1, . . . , as] = [a′
1, . . . , a

′
s] whenever a1 ≡ a′

1 (mod p), . . . ,
as ≡ a′

s (mod p).
(3) [a1 + u, . . . , as + u] = [a1, . . . , as] for any integer u.

Proof. (1) This is obvious from the definition of [a1, . . . , as].
(2) Indeed, let ai = pri + a′

i and let ti + ri ≡ t′i (mod 2k) where
0 ≤ t′i ≤ 2k − 1. Then hp(ti+ri) ≡ hpt′i (mod q) and

[a1, . . . , an] =
1
2k

2k−1∑

t1,... ,ts=0

χ

(
s∑

i=1

hpti+ai

)

=
1
2k

2k−1∑

t1,... ,ts=0

χ

(
s∑

i=1

hp(ti+r−i)+a′
i

)

=
1
2k

2k−1∑

t′1,... ,t
′
s=0

χ

(
s∑

i=1

hpt′i+a′
i

)

= [a′
1, . . . , a

′
s].

(3) Since hu �≡ 0 (mod q) then for every ti = 0, 1, . . . , q − 2:

χ

(
s∑

i=1

hpti+ai+u

)

= χ

(
s∑

i=1

hpti+ai

)

,

hence [a1 + u, . . . , as + u] = [a1, . . . , as].
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Lemma 3.3. [a1, . . . , as] is a nonnegative integer and equal to

[a1, . . . , as] =
2k−1∑

t′1,... , t
′
s−1=0

χ(hpt′1+a1 + · · · + hpt′s−1+as−1 + has)

=
2k−1∑

t′1,... ,t
′
s−1=0

χ(hpt′1+a1 + · · · + hpt′s−1+as−1 − has).

Proof. Given t1, . . . , ts−1, 0 ≤ ti ≤ 2k − 1, for every ts let t′1, . . . ,
t′s−1 be such that 0 ≤ t′i ≤ 2k− 1 and t′i ≡ t1 − ts (mod 2k). Noting
that hpts �≡ 0 (mod q), we have

[a1, . . . , as]

=
1
2k

k−1∑

t1,... ,ts−1=0

k−1∑

ts=0

χ

(
s∑

i=1

hpti+ai

)

=
1
2k

2k−1∑

t′1,... ,t
′
s−1=0

2k−1∑

ts=0

χ(hpts(hpt′1+a1 + · · · + hpt′s−1+as−1 + has))

=
1
2k

2k
2k−1∑

t′1,... ,t
′
s−1=0

χ(hpt′1+a1 + hpt′2+a2 + · · · + hpt′s−1+as−1 + has).

Hence [a1, . . . , as] is a nonnegative integer. For the last equality, we
note that as ≡ as + (q − 1)/2 (mod p) and h(q−1)/2 ≡ −1 (mod q).
Then, using Lemma 3.2 and what we have just proved,

[a1, . . . , as] =
[

a1, . . . , as−1, as +
q − 1

2

]

=
2k−1∑

t′1,... ,t
′
s−1=0

χ(hpt′1+a1 + · · · + hpt′s−1+as−1 − has).

Lemma 3.4. If r, s ≥ 1 then

[a1, . . . , as, b1, . . . , br]

= 2k[a1, . . . , as][b1, . . . , br] +
p−1∑

c=0

[a1, . . . , as, c][b1, . . . , br, c].

Proof. Let Ai ≡ ha1 (mod q), Bj ≡ hbj (mod q). Then

2kps+r[a1, . . . , as, b1, . . . , br] = N,
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the number of solutions (x1, . . . , xs, y1, . . . , yr) with 1 ≤ xi, yj ≤
q−1 of

∑s
i=1 AiX

p
i +
∑r

j=1 BjY
p
j ≡ 0 (mod q). Let N ′ be the number

of solutions (x1, . . . , xs), with 1 ≤ xi ≤ q − 1 of
∑s

i=1 AiX
p
i ≡ 0

(mod q) and let N ′′ be the number of similar solutions of
∑r

j=1 BjY
p
j

≡ 0 (mod q).
For every d = 0, 1, . . . , q − 2 let N ′

d be the number of solutions
(x1, . . . , xs), 1 ≤ xi ≤ q − 1, of

s∑

i=1

AiX
p
i + hd ≡ 0 (mod q)

and let N ′′
d be the number of solutions (y1, . . . , yr), 1 ≤ yj ≤ q − 1,

of
r∑

j=1

BjY
p
j p− hd ≡ 0 (mod q).

Then N ′ = 2kps[a1, . . . , as], N ′′ = 2kpr[b1, . . . , br].

N ′
d = ps

2k−1∑

t′1,... ,t
′
s=0

χ

(
s∑

i=1

hpt′i+ai + hd

)

= ps[a1, . . . , as, d]

(as follows from Lemma 3.3),

N ′′
d = pr

2k−1∑

t′1,... , t
′
r=0

χ




r∑

j=1

hpt′j+bj − hd



 = pr[a1, . . . , ar, d]

(as follows from Lemma 3.3).
We have N = N ′N ′′ +

∑q−2
d=0 N

′
dN

′′
d . But

[a1, . . . , as, d] = [a1, . . . , as, c], [b1, . . . , br, d] = [b1, . . . , br, c],

when d ≡ c (mod p). Therefore

2kps+r[a1, . . . , as, b1, . . . , br]
= 4k2ps+r[a1, . . . , as][b1, . . . , br]

+2kps+r
p−1∑

c=0

[a1, . . . , as, c][b1, . . . , br, c]

and dividing by 2kps+r, we have the required relation.
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Lemma 3.5. For any integers a1, a2, c:

p−1∑

d=0

[a1, a2, c + d] = 2k − [a1, a2];

in particular, the above sum is independent of c.

Proof.

p−1∑

d=0

[a1, a2, c + d] =
p−1∑

d=0

[c + d, a1, a2]

=
p−1∑

d=0

(
2k−1∑

t,u=0

χ(hpt+d+c + hpu+a1 + ha2)

)

,

by Lemma 3.3. Let U1 be the set of all u, 0 ≤ u ≤ 2k − 1, such
that hpu+a1 + ha2 ≡ 0 (mod q). Then the number of elements of
U1 is #U1 =

∑2k−1
u=0 χ (hpu+a1 + ha2) = [a1, a2], by Lemma 3.3. Let

U2 be the set of all u, 0 ≤ u ≤ 2k − 1, not belonging to U1
′, so

#U2 = 2k − [a1, a2]. We may write

p−1∑

d=0

[a1, a2, c + d] =
∑

u∈U1

p−1∑

d=0

2k−1∑

t=0

χ
(
hpt+d+c + hpu+a1 + ha2

)

+
∑

u∈U2

p−1∑

d=0

2k−1∑

t=0

χ
(
hpt+d+c + hpu+a1 + ha2

)
.

If u ∈ U1 then χ(hpt+d+c +hpu+a1 +ha2) = χ(hpt+d+c) = 0. If u ∈ U2,
there exists exactly one couple (d, t) such that hpt+d+c+hpu+a1+ha2 ≡
0 (mod q). So

∑p−1
d=0[a1, a2, c + d] = #U2 = 2k − [a1, a2].

Lemma 3.6. For any integers a1, a2, a3, a4:

p−1∑

d=0

[a1 + d, a2 + d, a3, a4]

= (q − 1)[a1, a2][a3, a4] + (2k − [a1, a2])(2k − [a3, a4]).
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Proof. By Lemma 3.4 we have

p−1∑

d=0

[a1 + d, a2 + d, a3, a4] = 2k

(
p−1∑

d=0

[a1 + d, a2 + d]

)

[a3, a4]

+
p−1∑

d,c=0

[a1 + d, a2 + d, c][a3, a4, c]

= 2kp[a1, a2][a3, a4]

+

(
p−1∑

d′=0

[a1, a2, d
′]

)(
p−1∑

c=0

[a3, a4, c]

)

(where d′ ≡ c − d (mod p), 0 ≤ d′ ≤ p − 1), by virtue of Lemma
3.2. The above sum is therefore equal to (q−1)[a1, a2][a3, a4]+(2k−
[a1, a2])(2k − [a3, a4]), by Lemma 3.5.

For any integers n,m let

αn,m =
p−1∑

d=0

[d,m + nd, 0].(3.6)

We have:

Lemma 3.7. α0,m = 2k − [m, 0], α1,m = 2k − [m, 0], αn,m = αn′,m′

when n ≡ n′ (mod p), m ≡ m′ (mod p) and
∑p−1

m=0 αn,m = q − 2.

Proof. By Lemmas 3.2 and 3.5,

α0,m =
p−1∑

d=0

[d,m, 0] =
p−1∑

d=0

[m, 0, d] = 2k − [m, 0].

Similarly,

α1,m =
p−1∑

d=0

[d,m + d, 0] =
p−1∑

d′=0

[0,m, d′] =
p−1∑

d′=0

[m, 0, d′] = 2k − [m, 0]

(where d′ ≡ −d (mod p), 0 ≤ d′ ≤ p − 1). From Lemma 3.2 it
follows that αn,m depends only on the classes of n,m modulo p.
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Finally, using Lemma 3.5,

p−1∑

m=0

αn,m =
p−1∑

m=0

p−1∑

d=0

[d,m + nd, 0]

=
p−1∑

d=0

p−1∑

m=0

[d, 0,m + nd]

=
p−1∑

d=0

(2k − [d, 0])

= 2kp− 1 = q − 2.

Next we consider the expressions (for any integers n,m)

σn,m =
p−1∑

d=0

αn,dαn,d+m =
p−1∑

d,c,e=0

[c, d + nc, 0][e, d + m + ne, 0].

(3.7)

We have:

Lemma 3.8.

σn,m =
p−1∑

j=0

{(q − 1)[(n− 1)j + m, 0][nj + m, 0]

+ (2k − [(n− 1)j + m, 0])(2k − [nj + m, 0])} − 2k,

and if n �≡ 0, 1 (mod p) then

σn,m =
{

2k(q − 4) + q when m ≡ 0 (mod p),
2k(q − 4) when m �≡ 0 (mod p).

Proof.

σn,m =
p−1∑

c,e=0

(
p−1∑

d=0

[c, d + nc, 0][e, d + m + ne, 0]

)

=
p−1∑

c,e=0

(
p−1∑

d=0

[c− nc,−nc, d][e− ne−m,−ne−m, d]

)

.
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By Lemma 3.4 the above sum is equal to
p−1∑

c,e=0

([c− nc,−nc, e− ne−m,−ne−m]

−2k[c− nc,−nc][e− ne−m,−ne−m])

=
p−1∑

c,e=0

([c− nc,−nc, e− ne−m,−ne−m] − 2k[c, 0][e, 0]) .

By Lemmas 3.1 and 3.2, the above sum is equal to
p−1∑

e=0

(
p−1∑

c=0

[c− nc + ne + m,−nc + ne + m, e, 0]

)

− 2k.

Let j = e − c (for any fixed e), then c − nc + ne + m = (n − 1)j +
m + e, −nc + ne + m = nj + m. Hence the sum is equal to

p−1∑

e=0






p−1∑

j=0

[(n− 1)j + m + e, e, nj + m, 0]





− 2k

=
p−1∑

j=0

{
p−1∑

e=0

[(n− 1)j + m + e, e, nj + m, 0]

}

− 2k

and according to Lemma 3.6 the sum is equal to
p−1∑

j=0

{(q − 1)[(n− 1)j + m, 0][nj + m, 0]

+ (2k − [(n− 1)j + m, 0])(2k − [nj + m, 0])} − 2k.

If n �≡ 0, 1 (mod p) and if m ≡ 0 (mod p) then

σn,m =
p−1∑

j=0

{(q − 1)[(n− 1)j, 0][nj, 0]

+ (2k − [(n− 1)j, 0])(2k − [nj, 0])} − 2k
= (q − 1) + 4pk2 − 2k − 2k + 1 − 2k
= q + 2k(q − 1) − 6k
= q + 2k(q − 4).

If n �≡ 0, 1 (mod p) and m �≡ 0 (mod p) then a similar computa-
tion gives

σn,m = 4(p− 2) + 4k(2k − 1) − 2k = 2k(q − 4).
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Lemma 3.9. If n �≡ 0, 1 (mod p), for every integer m we have the
inequalities

q − 2 − (p− 1)
√
q < pαn,m < q − 2 + (p− 1)

√
q.

Proof. We have seen that

σn,0 = α2
n,0 + α2

n,1 + · · · + α2
n,p−1 = 2k(q − 4) + q

and if r �≡ 0 (mod p) then

σn,r = αn,0αn,r + αn,1αn,r+1 + · · · + αn,p−1αn,r+p−1 = 2k(q − 4).

Then

(αn,0 − αn,r)2 + (αn,1 − αn,r+1)2 + · · · + (αn,p−1 − αn,r+p−1)2

= 2

(
p−1∑

c=0

α2
n,c

)

− 2

(
p−1∑

c=0

αn,cαn,r+c

)

= 2[2k(q − 4) + q] − 4k(q − 4) = 2q.

But then

2q ≥ (αn,m − αn,m+r)
2 + (αn,m−r − αn,m)2

= 2

[(

αn,m − αn,m+r + αn,m−r

2

)2

+
(
αn,m+r − αn,m−r

2

)2
]

≥ 2
(

αn,m − αn,m+r + αn,m−r

2

)2

.

Since
√
q is irrational, we have the strict inequalities

√
q > αn,m − αn,m+r + αn,m−r

2
> −√

q.

The above inequalities hold for every r = 1, 2, . . . , p − 1. Adding
them up, and noting that

p−1∑

r=1

α,m+r + αn,m−r

2
= −αn,r +

p−1∑

r=0

αn,m+r + αn,m−r

2

and that
p−1∑

r=0

αn,m+r =
p−1∑

r=0

αn,m−r =
p−1∑

j=0

αn,j = q − 2
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(by Lemma 3.7), then

(p− 1)
√
q > (p− 1)αn,m − (−αn,m + q − 2) > −(p− 1)

√
q,

hence

q − 2 − (p− 1)
√
q < pαn,m < q − 2 + (p− 1)

√
q.

After these lemmas, we turn to the consideration of the congruence

AXp + BY p + CZp ≡ 0 (mod q)(3.8)

(with A,B,C nonzero integers). Let A ≡ ha (mod q), B ≡ hb

(mod q), C ≡ hc (mod q), with 0 ≤ a, b, c ≤ q − 2. With these
notations, we have:

(3A)

p[a, b, c] = 6k + 2 − q − ν +
p−1∑

n=2

αn,b−c−n(a−c),

where

ν = [a, b] + [b, c] + [c, a]

=






0 when a, b, c are pairwise incongruent modulo p,
3 when a, b, c are congruent to each other,
1 when two of a, b, c are congruent, but not the other one.

Proof. We shall compute the sum S =
∑p−1

n=0 αn,d−ne where d, e are
integers. By definition,

S =
p−1∑

n=0

p−1∑

j=0

[j, d− ne + nj, 0].

If j ≡ e (mod p), then for every n we have d−ne+nj ≡ d (mod p).
If j �≡ e (mod p) then {d− ne + nj | n = 0, 1, . . . , p− 1} is a set of
pairwise incongruent integers modulo p. Therefore

S = p[e, d, 0] +
p−1∑

t=0

p−1∑

j=0

[j, t, 0]

= p[e, d, 0] +
p−1∑

j=0
j �≡e (mod p)

(2k − [j, 0]),
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by Lemma 3.5. So

S = p[e, d, 0] + 2k(p− 1) + [e, 0] −
p−1∑

j=0

[j, 0]

= p[e, d, 0] + 2kp− 2k + [e, 0] − 1
= p[e, d, 0] + [e, 0] + q − 2 − 2k.

But α0,d = 2k− [d, 0] and α1,d−e = 2k− [d− e, 0] = 2k− [d, e], hence

p[e, d, 0] =
p−1∑

n=2

αn,d−ne + 6k − (q − 2) − {[d, 0] + [d, e] + [e, 0]}.

Let e = a− c, d = b− c; then p[a, b, c] = p[a− c, b− c, 0] = p[e, d, 0] =
∑p−1

n=2 αn,b−c−n(a−c) + 6k − (q − 2) − ν.

After these preliminaries, we may prove the theorem of Hurwitz
(1909):

(3B) The number N of solutions (x, y, z), with 1 ≤ x, y, z ≤ q− 1
of the congruence (3.8) satisfies the inequalities:

(q − 1)[(q + 1) − (p− 1)(p− 2)
√
q − pν] < N

< (q − 1)[(q + 1) + (p− 1)(p− 2)
√
q − pν].

Proof. By Lemma 3.9 we have

(p−2)[q−2−(p−1)
√
q] < p

p−1∑

n=2

αn,b−c−n(a−c) < (p−2)[q−2+(p−1)
√
q],

hence by (3A) we have

p(6k + 2 − q − ν) + (p− 2)[(q − 2) − (p− 1)
√
q]

< p2[a, b, c] < p(6k + 2 − q − ν) + (p− 2)[(q − 2) + (p− 1)
√
q],

that is,

q + 1 − νp− (p− 2)(p− 1)
√
q < p2[a, b, c]
< q + 1 − νp + (p− 2)(p− 1)

√
q.
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But by (3.5), N = (q − 1)p2[a, b, c], hence

(q − 1)[(q + 1) − (p− 1)(p− 2)
√
q − pν]

< N < (q − 1)[(q + 1) + (p− 1)(p− 2)
√
q − pν].

To guarantee that the congruence (3.8) has a solution, it suffices
to show that q + 1 − (p− 1)(p− 2)

√
q − pν ≥ 0.

(3C) If q ≥ (p− 1)2(p− 2)2 + 2(pν − 1) then N > 0.

Proof. It was shown in (2) of (2C) that if q ≥ (p − 1)2(p − 2)2 +
2(pν − 1) then q ≥ (p − 1)(p − 2)

√
q + pν − 1. It follows from (3B)

that N > 0.
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X.4. Fermat’s Congruence Modulo a Prime-Power

We shall consider in this section the congruence

Xpm

+ Y pm

+ Zpm

(mod pn),

where p is an odd prime number and n > m ≥ 1. According to (1B)
we may restrict our attention to the congruence

Xpm

+ Y pm

+ Zpm ≡ 0 (mod pm+1).(4.1)

We have already begun the study of this congruence in Chapter
VI, §1. We recall (Chapter VI, (1H)) that there exist integers x, y, z
not multiples of p, satisfying the congruence (4.1) if and only if there
exists a, 1 ≤ a ≤ (p− 3)/2 such that 1+apm ≡ (1+a)p

m

(mod pm+1).
More generally, let k ≥ 3, m ≥ 1 and p be an odd prime. We wish

to study the congruence

Xpm

1 + Xpm

2 + · · · + Xpm

k ≡ 0 (mod pm+1).(4.2)

A (nontrivial) solution is a k-tuple (x1, x2, . . . , xk) of integers, 1 ≤
xi ≤ pm+1 − 1, p � | xi (for all i = 1, . . . , k), xpm

1 +xpm

2 + · · ·+xpm

k ≡ 0



X.4. Fermat’s Congruence Modulo a Prime-Power 317

(mod pm+1). Two solutions (x1, x2, . . . , xk) and (y1, y2, . . . , yk) are
said to be equivalent if there exists some integer a, not a multiple
of p, 1 ≤ a ≤ pm+1 − 1, and a permutation π of {1, 2, . . . , k}, such
that yi ≡ axπ(i) (mod pm+1) for i = 1, . . . , k. This is clearly an
equivalence relation in the set of solutions.

For each integer a let a = a (mod pm+1) and let (Z/pm+1)• be the
multiplicative group of invertible residue classes modulo pm+1. Let

U = U(pm+1)
= {b | there exists a, prime to p and such that b = apm}

and let
V = V (pm+1) = {b | b ≡ 1 (mod p)}.

As is well known, U, V are subgroups of (Z/pm+1), U has p − 1
elements, V has pm elements, and

(Z/pm+1)• ∼= U × V(4.3)

(see any standard text on elementary number theory, or Ribenboim’s
book on algebraic numbers, 1999).

Let hU = {∑h
i=1 ai | ai ∈ U for i = 1, . . . , h} for every h ≥ 1.

Then the congruence (4.2) has a solution if and only if 0 ∈ kU .
For example, let m = 1. If p = 3 then U = {1, 8}, and it is easy

to verify that 0 �∈ 3U, 5U, 7U , but 0 ∈ hU for all h �= 1, 3, 5, 7.
We deduce that a cube cannot be a sum of two, four, or six cubes,

if these numbers are not divisible by 3. Otherwise, if, for example,
y3 =

∑6
i=1 x

3
i then (−y)3+

∑6
i=1 x

3
i = 0, hence also −y3+

∑6
i=1 x

3
i = 0

(with −y, xi, belonging to U), which is a contradiction.
Similarly, if p = 5 then U = {1, 7, 18, 24}. By computation we

verify that 0 �∈ U, 3U, 5U , but 0 ∈ hU for all h �= 1, 3, 5. Thus, a fifth
power cannot be a sum of two or four fifth powers, if these numbers
are not divisible by 5.

Let g be a primitive root modulo p, 1 < g < p, and let r ≡ gp
m

(mod pm+1), 1 < r < pm+1. Then 1, r, r2, r3, . . . , rp−2 are pairwise
incongruent modulo pm+1, and U = {1, r, r2, r3, . . . , rp−2}. In other
words, given g, every element xpm ∈ U is uniquely equal to some
power ri, with 0 ≤ i ≤ p − 2. So every solution of (4.2) corre-
sponds bijectively to a representation of 0 as a sum of powers of r in
(Z/pm+1)•, that is, to a congruence

ri1 + ri2 + · · · + rik ≡ 0 (mod pm+1),
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with 0 ≤ it ≤ p− 2 (for t = 1, . . . , k).
Two such representations (ri1 , . . . , rik) and (rj1 , . . . , rjk) of 0 are

said to be equivalent when the corresponding solutions of (4.2) are
equivalent. Explicitly, there is a permutation π of {1, 2, . . . , k} and
an integer h, 0 ≤ h ≤ p− 2 such that it = jπ(t) + h (mod p− 1) for
t = 1, . . . , k.

A representation (ri1 , . . . , rik) of 0 is normalized when i1 = 0 ≤
i2 ≤ · · · ≤ ik ≤ p − 2. Every representation is equivalent to a
normalized representation, as easily seen. However, as we shall see,
an equivalence class of representations of 0 may contain more than
one normalized representation of 0.

A cyclic solution of (4.2) is a solution (x1, x2, . . . , xk) where x1 ≡ 1
(mod pm+1), xj ≡ aj−1 (mod pm+1) for j = 2, . . . , k for some integer
a, not multiple of p. Each cyclic solution corresponds to a cyclic
representation of 0, which is a representation (relative to a given
primitive root modulo p) of the form

1 + ri + r2i + · · · + r(k−1)i ≡ 0 (mod pm+1)(4.4)

(for some i, 0 ≤ i ≤ p− 2).

(4A) If p ≡ 1 (mod k) then there is a cyclic representation,
namely taking i = (p− 1)/k.

Proof.

(1+ ri + · · ·+ r(k−1)i)(1− ri) ≡ 1− rki ≡ 1− rp−1 ≡ 0 (mod pm+1).

But r ≡ gp
m

(mod pm+1), so r ≡ g (mod p), hence r is a prim-
itive root modulo p. If ri ≡ 1 (mod p) then p − 1 divides i =
(p − 1)/k so k = 1, contrary to the hypothesis. This shows that
(1 − ri) (mod pm+1) is invertible, hence 1 + ri + · · · + r(k−1)i ≡ 0
(mod pm+1).

In the particular case where k = 3 and m = 1 we have the cyclic
representation 1 + ri + r2i ≡ 0 (mod p2) where i = (p− 1)/3, r ≡ gp

(mod p2). So ri ≡ (g(p−1)/3)p (mod p2) and (ri)3 ≡ g(p−1)p ≡ 1
(mod p2), thus ri is a cubic root of 1 mod p2.

The following criterion for Fermat’s theorem relies on the existence
of a representation which is not cyclic (see Klösgen, 1970):
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(4B) If m ≥ 1, p is an odd prime and if there exist integers x, y, z,
such that p � | xyz and xpm

+ ypm

+ zp
m

= 0, then 0 has a noncyclic
representation modulo p3m+1.

Proof. We have

(xpm−1
)p + (ypm−1

)p + (zp
m−1

)p = 0,

hence by the result of Pollaczek, quoted in Chapter VI, (2S), we have

x2pm−1
+ (xy)p

m−1
+ y2pm−1 �≡ 0 (mod p)

and therefore
x2 + xy + y2 �≡ 0 (mod p).

Let w be an integer such that wx ≡ y (mod p). So

1 + w + w2 �≡ 0 (mod p).

From xpm

+ ypm

+ zp
m

= 0 we deduce that xp3m
+ yp3m

+ zp
3m ≡ 0

(mod p3m+1) (see Chapter VI, (1M)). We have also x + y + z ≡ 0
(mod p). So z ≡ −(x + y) ≡ −x(1 + w) (mod p) and therefore

zp
3m ≡ −xp3m

(1 + w)p
3m

(mod p3m+1).

We deduce from the hypothesis that

xp3m
(1 + wp3m − (1 + w)p

3m
) ≡ 0 (mod p3m+1),

so
1 + wp3m − (1 + w)p

3m ≡ 0 (mod p3m+1).

If −(1 + w)p
3m ≡ w2p3m

(mod p3m+1) then −(1 + w) ≡ w2 (mod p),
hence 1 + w + w2 ≡ 0 (mod p), which is a contradiction.

If wp3m ≡ (1 + w)2p
3m

(mod p3m+1) then w ≡ (1 + w)2 (mod p),
so 1 + w + w2 ≡ 0 (mod p), again a contradiction. Thus we have
obtained a noncyclic representation of 0 modulo p3m+1.

Thus, for example, if p ≡ 1 (mod 3), if the only representation of
0 modulo p4 is the cyclic representation

1 + ri + r2i ≡ 0 (mod p4),

where g is a primitive root modulo p, and r ≡ gp
3

(mod p4), then
the first case of Fermat’s theorem holds for the exponent p.

Following Klösgen, and keeping the preceding notation, we show:
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(4C) (1) If 1 + ri + rj ≡ 0 (mod pm+1) with 1 ≤ i < j ≤ p− 2,
then the normalized representations equivalent to the above one are:

(R1) 1 + ri + rj ≡ 0 (mod pm+1);
(R2) 1 + rj−i + rp−1−i ≡ 0 (mod pm+1); and
(R3) 1 + rp−1−j + rp−1−j+i ≡ 0 (mod pm+1).

If j = 2i then the representations (R1), (R2), (R3) coincide. If j �=
2i, the representations are distinct.

(2) If 1+1+ rj ≡ 0 (mod pm+1), then 1 ≤ j and the normalized
representations equivalent to this one are:

(R′
1) 1 + 1 + rj ≡ 0 (mod pm+1); and

(R′
2) 1 + rp−1−j + rp−1−j ≡ 0 (mod pm+1).

In this case the representations (R′
1), (R′

2) are distinct and 2pm ≡ 2
(mod pm+1).

Proof. (1) From (R1) we obtain (R2) by multiplying with rp−1−i:

rp−1−i + rp−1 + rp−1−i+j ≡ 0 (mod pm+1),

so 1 + rj−i + rp−1−i ≡ 0 (mod pm+1), and this is a normalized repre-
sentation (because 1 ≤ j − i < p− 1− i ≤ p− 2) which is equivalent
to (R1).

In the same way, we see that (R3) is equivalent to (R2). If rh +
rh+i + rh+j ≡ 0 (mod pm+1) is an equivalent representation which is
normalized then one of the three cases must happen:

(a) h ≡ 0 (mod p− 1), which yields (R1);
(b) h + i ≡ 0 (mod p− 1), which is equivalent to (R2); and
(c) h + j ≡ 0 (mod p− 1), which is equivalent to (R3).

If j = 2i then 1 + ri + r2i ≡ 0(mod pm+1), 1 + ri + rp−1−i ≡ 0
(mod pm+1) and 1 + rp−1−2i + rp−1−i ≡ 0 (mod pm+1). So r2i ≡
rp−1−i (mod pm+1). Therefore 2i ≡ p − 1 − i (mod p − 1). But
1 ≤ 2i, p− 1− i ≤ p− 2 hence 2i = p− 1− i, thus i = (p− 1)/3. We
conclude that the representations (R1), (R2), (R3) coincide with the
cyclic representation 1 + r(p−1)/3 + r2(p−1)/3 ≡ 0 (mod pm+1).

It remains to see that in all other cases these representations are
distinct.

If (R1) and (R2) coincide then i = j− i, so j = 2i, contrary to the
hypothesis. Similarly, if (R1) and (R3) coincide then i = p−1−j, j =
p − 1 − j + i and again 2j = p − 1 + i, 2j = 2(p − 1) − 2i, hence
i = (p− 1)/3 and j = 2(p− 1)/3 = 2i, contrary to the hypothesis.
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Finally, if (R2) and (R3) coincide, then j−i = p−1−j, p−1−i =
p− 1 − j + i and once more 2i = j, contrary to the hypothesis.

(2) If 1 + 1 + rj ≡ 0 (mod pm+1) then we have the normal-
ized equivalent representation (R′

2) (obtained by multiplication with
rp−1−j). We have also j �= 0, since pm+1 > 3. So (R′

2) is not the
same representation as (R′

1). In this case 2+rj ≡ 0 (mod pm+1). Re-
calling that r ≡ gp

m

(mod pm+1) and noting that gp
m ≡ g (mod p),

then 2 + gj ≡ 0 (mod p), so gj ≡ −2 (mod p) since gjp
m ≡ −2pm

(mod pm+1), and therefore 2pm ≡ 2 (mod pm+1).

We may rephrase this result as follows:

(4D) The equivalence classes of solutions of

1 + Xpm

2 + Xpm

3 ≡ 0 (mod pm+1)

consist of six distinct solutions, with the following exceptions:
(a) p ≡ 1 (mod 6), a �≡ 1 (mod p2) but a3 ≡ 1 (mod p2): in

this case (1, a, a2) and (1, a2, a) form an equivalence class of
solutions.

(b) 2pm ≡ 2 (mod pm+1): in this case (1, 1,−2), (1,−2, 1) and
(
1, (−2)p

m(p−2), (−2)p
m(p−2)

)
form an equivalence class of so-

lutions.

Proof. According to (4C), if p ≡ 1 (mod 6) the given congruence
admits the cyclic solution; its equivalence class contains exactly two
solutions (of which one is normalized). If p �≡ 1 (mod 6), there is no
cyclic solution. If 1+1+rj ≡ 0 (mod pm+1) then there are precisely
three solutions in this equivalence class (of which two are normalized
and if this happens then 2pm ≡ 2 (mod pm+1). In all other cases,
each equivalence class contains exactly six distinct solutions.

We show now that in certain cases, it is possible to obtain a new
solution of (4.1) from a given one (Peschl, 1965):

(4E) If 1 + ri + rj ≡ 0 (mod pm+1), where j ≡ 3i + (p − 1)/2
(mod p − 1), then 1 + r4i + r(p−1)/2+5i ≡ 0 (mod pm+1) and this
representation is not equivalent to the given one.
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Proof. Since r(p−1)/2 ≡ −1 (mod pm+1) then 1 + ri − r3i ≡ 0
(mod pm+1). Hence −ri − r2i + r4i ≡ 0 (mod pm+1) and r2i +
r3i − r5i ≡ 0 (mod pm+1). Adding these congruences, we obtain
1 + r4i − r5i ≡ 0 (mod pm+1), that is, 1 + r4i + r(p−1)/2+5i ≡ 0
(mod pm+1).

If this normalized representation is equivalent to the given one,
by (4C) we must have one of the following three cases:

(a) 4i ≡ i (mod p − 1) and 5i ≡ 3i (mod p − 1), hence i ≡ 0
(mod p − 1), so i = 0 and 1 + 1 − 1 ≡ 0 (mod pm+1), a
contradiction.

(b) 4i ≡ 2i+(p−1)/2 (mod p−1) and (p−1)/2+5i ≡ p−1− i
(mod p− 1) and this leads, as before, to a contradiction.

(c) 4i ≡ (p − 1)/2 − 3i (mod p − 1) and (p − 1)/2 + 5i ≡ (p −
1)/2 − 2i (mod p− 1), leading again to a contradiction.

In a similar way, we have:

(4F) If p ≡ 1 (mod 4) and

1 ± r(p−1)/4 + rj ≡ 0 (mod pm+1),

then
1 + 1 ± r2j+p−1/4 ≡ 0 (mod pm+1),

and this representation is not equivalent to the given one.

Proof.

1 ± r(p−1)/4 + rj ≡ 0 (mod pm+1),

hence
∓r(p−1)/4 + 1 ∓ rj+(p−1)/4 ≡ 0 (mod pm+1)

and
±rj+(p−1)/4 − rj ± r2j+(p−1)/4 ≡ 0 (mod pm+1).

Adding these congruences, we have

1 + 1 ± r2j+(p−1)/4 ≡ 0 (mod pm+1).

We note that r(p−1)/4 �≡ ±2 (mod pm+1), otherwise −1 ≡ r(p−1)/2 ≡ 4
(mod pm+1), which is impossible. So j �≡ 0 (mod p − 1) and j �≡
(p−1)/4 (mod p−1), so the representation obtained is not equivalent
to the given one.
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We shall now concentrate more on the study of the number of
solutions of (4.2). Our method will be similar to the one in §2, in
connection with Dickson’s theorem.

We introduce the following notations, where p > 2 is any prime
number, m ≥ 0, k ≥ 3: Let F (p,m, k) be the number of (x1, . . . , xk),
such that 1 ≤ xi ≤ p− 1 (for i = 1, . . . , k) and

xpm

1 + xpm

2 + · · · + xpm

k ≡ 0 (mod pm+1).

Let a be any integer, 1 ≤ a ≤ p − 1 and let F (p,m, k; a) be the
number of (x1, . . . , xk) such that 1 ≤ xi ≤ p − 1 (for i = 1, . . . , k)
and

xpm

1 + xpm

2 + · · · + xpm

k ≡ apm (mod pm+1).

Let N(p,m, k) be the number of (x2, . . . , xk) such that 1 ≤ xi ≤ p−1
(for i = 2, . . . , k) and

1 + xpm

2 + · · · + xpm

k ≡ 0 (mod pm+1).

If k = 3,m = 1, we shall simply write F (p) = F (p, 1, 3), F (p; a) =
F (p, 1, 3; a), N(p) = N(p, 1, 3).

First we indicate some relations between these various numbers.
Then we shall derive inductive formulas in terms of certain periods
of the cyclotomic field and, in turn, in terms of Jacobi cyclotomic
sums.

For m = 0 it is easy to compute explicitly:

(4G)

F (p, 0, k) = (p− 1)
(p− 1)k−1 + (−1)k

p
,

N(p, 0, k) =
(p− 1)k−1 + (−1)k

p
.

In particular,

F (p, 0, 3) = (p− 1)(p− 2),
N(p, 0, 3) = p− 2.

Proof. If 1 ≤ xi ≤ p−1 for i = 1, . . . , k−2 and x1 + · · ·+xk−2 �≡ 0
(mod p) then we may choose p − 2 values for xk−1, such that 1 ≤
xk−1 ≤ p−1, x1+· · ·+xk−2+xk−1 �≡ 0 (mod p), and this determines a



324 X. The Local and Modular Fermat Problem

unique xk, 1 ≤ xk ≤ p−1, such that x1+· · ·+xk−1+xk ≡ 0 (mod p).
So we have already [(p− 1)k−2 − F (p, 0, k − 2)](p− 2) solutions.

Now if 1 ≤ xi ≤ p− 1 for i = 1, . . . , k− 2 and x1 + · · ·+ xk−2 ≡ 0
(mod p) then we may choose p− 1 values of xk−1 (which determine
xk) and hence we have F (p, 0, k−2)(p−1) solutions. Thus for k ≥ 3:

F (p, 0, k)
= [(p− 1)k−2 − F (p, 0, k − 2)](p− 2) + F (p, 0, k − 2)(p− 1)
= (p− 1)k−2(p− 2) + F (p, 0, k − 2).

In particular, F (p, 0, 3) = (p − 1)(p − 2), F (p, 0, 4) = (p − 1)2(p −
2) + (p− 1). From the above relations we obtain

F (p, 0, 2k + 1) = (p− 1)2k−1(p− 2) + F (p, 0, 2k − 1),
F (p, 0, 2k − 1) = (p− 1)2k−3(p− 2) + F (p, 0, 2k − 3),

...
...

...
F (p, 0, 3) = (p− 1)(p− 2).

Hence, adding up,

F (p, 0, 2k + 1) = (p− 1)(p− 2)
k−1∑

j=0

(p− 1)2j

= (p− 1)




k−1∑

j=0

(p− 1)2j+1 −
k−1∑

j=0

(p− 1)2j




= (p− 1)
(p− 1)2k − 1
(p− 1) + 1

= (p− 1)
(p− 1)2k − 1

p
.

Similarly,

F (p, 0, 2k) = (p− 2)
k−1∑

j=0

(p− 1)2j + 1

=
k−1∑

j=0

(p− 1)2j+1 −
k−1∑

j=0

(p− 1)2j + 1

= (p− 1)




k−1∑

j=0

(p− 1)2j −
k−1∑

j=1

(p− 1)2j−1





= (p− 1)
(p− 1)2k−1 + 1

(p− 1) + 1
= (p− 1)

(p− 1)2k−1 + 1
p

.
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Hence, whether k be even or odd, we have

F (p, 0, k) = (p− 1)
(p− 1)k−1 + (−1)k

p
.

The same argument gives

N(p, 0, k) = (p− 1)k−3(p− 2) + N(p, 0, k − 2).

Thus

N(p, 0, 2k + 1) = (p− 1)2k−2(p− 2) + N(p, 0, 2k − 1)

and

N(p, 0, 2k + 1) = (p− 2)
k−1∑

j=0

(p− 1)2j =
(p− 1)2k − 1

p
.

Similarly, N(p, 0, 2k) = ((p− 1)2k−1 + 1)/p, so for any values of k:

N(p, 0, k) =
(p− 1)k−1 + (−1)k

p
.

More generally:

(4H) With the above notations:
(1) F (p,m, k) = (p− 1)N(p,m, k).
(2) F (p,m, k; 1) = F (p,m, k; 2) = · · · = F (p,m, k; p − 1). This

number shall be denoted by F ∗(p,m, k).
(3) N(p,m, k) = N(p,m − 1, k) − F ∗(p,m, k) for m ≥ 1. In

particular: N(p, 1, k) = ((p− 1)k−1 + (−1)k)/p− F ∗(p, 1, k).

Proof. (1) We consider the sets F = {(x1, . . . , xk) | 1 ≤ xi ≤
p − 1 for i = 1, . . . , k and xpm

1 + · · · + xpm

k ≡ 0 (mod pm+1)} and
N = {(x2, . . . , xk) | 1 ≤ xi ≤ p − 1 for i = 2, . . . , k and 1 + xpm

2 +
· · · + xpm

k ≡ 0 (mod pm+1)}. If y is any integer, 1 ≤ y ≤ p − 1 and
(x2, . . . , xk) ∈ N , if y1 = y, yi ≡ yxi (mod p) for i = 2, . . . , k, then
(y1, y2, . . . , yk) ∈ F . Different values of y yield different solutions of
Xpm

1 + Xpm

2 + · · · + Xpm

k ≡ 0 (mod pm+1).
If (x2, . . . , xk) ∈ N and (x′

2, . . . , x
′
k) ∈ N , with (x2, . . . , xk) �=

(x′
2, . . . , x

′
k), if y, y′ are integers such that 1 ≤ y, y′ ≤ p−1, the above

method leads to distinct solutions (y1, y2, . . . , yk) �= (y′
1, y

′
2, . . . , y

′
k)

because if y �= y′ then y1 �= y′
1, and if y = y′ and say x1 �= x′

i, then
yi �= y′

i.
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It is also clear that every (y1, y2, . . . , yk) ∈ F may be obtained in
this manner, namely taking xi, 1 ≤ xi ≤ p − 1, such that yi ≡ y1xi

(mod p) for i = 2, . . . , k. Thus, F (p,m, k) = (p− 1)N(p,m, k).
(2) Let 1 ≤ a, b ≤ p − 1, and let c be such that b ≡ ca

(mod p), 1 ≤ c ≤ p−1. If (x1, x2, . . . , xk) is such that 1 ≤ xi ≤ p−1
and

xpm

1 + xpm

2 + · · · + xpm

k ≡ apm (mod pm+1),
then letting yi be such that 1 ≤ yi ≤ p − 1, yi ≡ cxi (mod p) then
ypm

i ≡ cp
m

xpm

i (mod pm+1). From cp
m ≡ c (mod p) we conclude that

ypm

1 + ypm

2 + · · · + ypm

k ≡ cp
m

apm ≡ bpm (mod pm+1).

In this way we establish a bijection between the sets of solutions of

Xpm

1 + Xpm

2 + · · · + Xpm

k ≡ apm (mod pm+1)

and of
Xpm

1 + Xpm

2 + · · · + Xpm

k ≡ bpm (mod pm+1).
Therefore F (p,m, k; a) = F (p,m, k; b).

(3) Let xpm−1

1 + · · ·+xpm−1

k ≡ 0 (mod pm) with 1 ≤ xi ≤ p−1 (for
i = 1, . . . , k). Then xpm

1 + · · ·+xpm

k ≡ 0 (mod pm) since xpm

i ≡ xpm−1

i

(mod pm). Hence there exists a, 0 ≤ a ≤ p− 1, such that

xpm

1 + · · · + xpm

k ≡ apm (mod pm+1).

Thus (x1, . . . , xk) is a solution of

Xpm

1 + · · · + Xpm

k ≡ 0 (mod pm+1)

or a solution of

Xpm

1 + · · · + Xpm

k ≡ apm (mod pm+1)

for some a, 1 ≤ a ≤ p− 1; and conversely.
Hence, by Part (2),

F (p,m− 1, k) = F (p,m, k) + (p− 1)F ∗(p,m, k).

By Part (1),

N(p,m− 1, k) = N(p,m, k) + F ∗(p,m, k).

In the special case where m = 1, by (4F) we have

N(p, 1, k) =
(p− 1)k−1 + (−1)k

p
− F ∗(p, 1, k).
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If p > 3, let

δ(p) =
{

0 when p ≡ −1 (mod 6),
1 when p ≡ 1 (mod 6),

and

γ(p,m) =
{

1 when 2pm ≡ 2 (mod pm+1),
0 when 2pm �≡ 2 (mod pm+1).

Then we have

(4I)

F ∗(p,m, 3) ≡ 3γ(p,m) + 3γ(p,m− 1) (mod 6),
N(p,m, 3) ≡ 3γ(p,m) + 2δ(p) (mod 6).

Proof. The solutions of 1 +Xpm

2 +Xpm

3 ≡ 0 (mod pm+1) are orga-
nized into equivalence classes. By (4D), these classes consist of six
elements, except when p ≡ 1 (mod 6), where there is a class of only
two elements, and when 2pm ≡ 2 (mod pm+1), where there is a class
of three elements. Thus

N(p,m, 3) ≡ 3γ(p,m) + 2δ(p) (mod 6).

By (4H),

F ∗(p,m, 3) = N(p,m− 1, 3) −N(p,m, 3)
≡ 3γ(p,m− 1) − 3γ(p,m)
≡ 3γ(p,m− 1) + 3γ(p,m) (mod 6).

For the special case where m = 1, k = 3, we have

F ∗(p) = F ∗(p, 1, 3) ≡ 3γ(p, 1) + 3 (mod 6),
N(p) ≡ 3γ(p, 1) + 2δ(p) (mod 6).

In order to indicate an upper bound for N(p) (with p > 3) we
need to study in more detail the Cauchy polynomials modulo p. We
recall from Chapter VII, §2, that

(X + 1)p −Xp − 1 = pX(X + 1)(X2 + X + 1)εCp(X),

where Cp(X) ∈ Z[X],

ε =
{

1 when p ≡ −1 (mod 6),
2 when p ≡ 1 (mod 6).



328 X. The Local and Modular Fermat Problem

X2 + X + 1 does not divide Cp(X), Cp(X) is a symmetric monic
polynomial, Cp(−1 −X) = Cp(X), hence Cp(0) = Cp(−1) = 1. Let

q(X) =
(X + 1)p −Xp − 1

p
∈ Z[X]

and q(X) ≡ q(X) (mod p), Cp(X) ≡ Cp(X) (mod p).

(4J) For p > 3, we have:
(1) All the roots of q(X) (different from 0 and −1) in Fp, and

all roots of Cp(X) in Fp are double roots.
(2) If α is a root of Cp(X) then each element in the set

Mα =
{

α,
1
α
,−(1 + α),− 1

1 + α
, − α

1 + α
,−1 + α

α

}

is also a root of Cp(X). If Mα has less than six distinct el-
ements, then Mα = {1, −2, (p− 1)/2 (mod p)} (in this case
2p ≡ 2 (mod p2)) or p ≡ −1 (mod 6) and α2 + α + 1 = 0,
α �∈ Fp.

(3) X2 + X + 1 ∈ Fp[X] does not divide Cp(X).

Proof. (1) Let α ∈ Fp be such that q(α) = 0. We have q′(X) =
(X + 1)p−1 − Xp−1. If α �= 0, −1 then (α + 1)p−1 = αp−1 = 1, so
q′(α) = 0. Since q′′(X) = (p− 1)[(X + 1)p−2 −Xp−2] then

q′′(α) = −[(α + 1)p−2 − αp−2] =
1

α + 1
− 1

α
= − 1

α(α + 1)
�= 0.

This shows that α �= 0, −1 is a double root of q(X).
From q(X) = X(X + 1)(X2 + X + 1)εCp(X) if Cp(α) = 0 then

q(α) = 0, so taking derivatives: 0 = (α2 + α + 1)εC
′
p(α). We have

α2+α+1 �= 0, otherwise since α ∈ Fp then necessarily p ≡ 1 (mod 6)
(Chapter I, Lemma 4.1). Hence ε = 2 and Cp(α) = 0, since α is a
double root of q(X). Thus C

′
p(α) = 0, and α is necessarily a double

root of Cp(X).
(2) Since Cp(X) is a symmetric polynomial such that Cp(−1 −

X) = Cp(X) and Cp(0) = Cp(−1) = 1, then if Cp(α) = 0 then each
β ∈ Mα is also a root of Cp(X). We suppose that Mα has less than
six elements. Then one of the following cases happens:

(i) α = 1/α: then α = ±1.
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(ii) α = −(1 + α): then α = (p− 1)/2 mod p.
(iii) α = −1/(1 + α): then α2 + α + 1 = 0.
(iv) α = −α/(1 + α): then α = 0 or α = −2.
(v) α = −(1 + α)/α: then α2 + α + 1 = 0.

But 0,−1 are not roots of Cp(X), α = 1,−2 or (p− 1)/2 mod p.
Mα = {1,−2, (p− 1)/2 mod p} and from ((1 + 1)p − 1p − 1)/p ≡ 0
(mod p) we have 2p ≡ 2 (mod p2). If α2 + α + 1 = 0 with α ∈ Fp

then p ≡ 1 (mod 6) so ε = 2. Since α is a double root of q(X) it
cannot be a root of Cp(X). Thus α �∈ Fp and p ≡ −1 (mod 6).

(3) If p ≡ 1 (mod 6) then ε = 2, X2 + X + 1 has root α ∈ Fp

which is a double root of q(X), hence not a root of Cp(X). Hence
X2 + X + 1 does not divide Cp(X).

Let p ≡ −1 (mod 6), so ε = 1. The roots of Cp(X) appear in
groups of six distinct roots, with the following exceptions:

(i) the group of three double roots {1,−2, (p− 1)/2 mod p}; and
(ii) the two roots of X2 + X + 1 (which are necessarily outside

Fp).
If Cp(X) = (X2 + X + 1)rH(X) with r ≥ 1 and X2 + X + 1 not
dividing H(X) ∈ Fp[X], then

degCp(X) = 2r + deg h(X) ≡ 2r (mod 6),

in view of the grouping of roots of H(X). But if p = 6n − 1 then
degCp(X) = 6(n− 1), so 2r ≡ 0 (mod 6), hence r ≡ 0 (mod 3) and
therefore r ≥ 3. Thus if α2 + α + 1 = 0 then α is a triple root of
Cp(X), hence also of q(X). Therefore

q′(X) = (X + 1)p−1 −Xp−1

and

q′′(X) = (p− 1)[(X + 1)p−2 −Xp−2]

vanish at α:

(α + 1)p−2 = αp−1, (α + 1)p−2 = αp−2.

Comparing, we have

αp−1 = (α + 1)(α + 1)p−2 = (α + 1)αp−2 = αp−1 + αp−2,

hence αp−2 = 0, so α = 0, a contradiction.
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We may now determine an upper bound for N(p):

(4K)
(1) If 2p �≡ 2 (mod p2) then

N(p) ≤






p− 9
2

when p ≡ 1 (mod 12),

p− 5
2

when p ≡ 5 (mod 12),

p− 3
2

when p ≡ 7 (mod 12),

p− 11
2

when p ≡ 11 (mod 12).

(2) If 2p ≡ 2 (mod p2) then

N(p) ≤






p− 3
2

when p ≡ 1 (mod 12),

p− 11
2

when p ≡ 5 (mod 12),

p− 9
2

when p ≡ 7 (mod 12),

p− 5
2

when p ≡ 11 (mod 12).

Proof. We recall that the nontrivial solutions of 1 + Xp
1 + Xp

2 ≡ 0
(mod p2) correspond to the nontrivial solutions of 1+Xp ≡ (1+X)p

(mod p2), that is, to the zeros in Fp distinct from 0, −1 of

q(X) =
(X + 1)p −Xp − 1

p
(mod p) ∈ Fp[X].

(1) If p = 12n + 1 then q(X) = X(X + 1)(X2 + X + 1)2Cp(X),
deg q(X) = p− 1, degCp(X) = p− 7 = 12n− 6. Since every root of
Cp(X) in Fp is a double root and the roots appear in groups of six,
then

N(p) ≤ 2 + 6
[
6n− 1

6

]

= 2 + 6n− 6 = 6n− 4

=
p− 1

2
− 4 =

p− 9
2

.

If p = 12n + 5 then q(X) = X(X + 1)(X2 + X + 1)Cp(X). The
same argument gives (noting that X2 + X + 1 has no root in Fp):
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degCp(X) = 12n, N(p) ≤ 6n = (p− 5)/2. If p = 12n + 7 and
p = 12n + 11, we proceed similarly.

(2) If 2p ≡ 2 (mod p2) then q(X) = X(X+1)(X2 +X+1)ε(X−
1)2(X +2)2(X − (p− 1)/2 mod p)2A(X) where the roots of A(X) ∈
Fp[X] appear in groups of six distinct double roots.

If p = 12n + 1 then gcdA(X) = 12(n − 1) and N(p) ≤ 2 + 3 +
6(n− 1) = 6n− 1 = (p− 3)/2.

In the same way we derive the other upper bounds.

All the preceding considerations do not yet provide any explicit
formula for the numbers of solutions of the congruences in question.
As we shall now see, such formulas may be obtained using Gaussian
periods and Jacobi cyclotomic sums, as in §2.

Let p be an odd prime, m ≥ 1, let h be a primitive root modulo
pm+1, let ζ be a primitive root of 1 of order pm, and let ρ be a
primitive root of 1 of order pm+1, ρp = ζ. The Gaussian periods
ηi = ηi(p,m, h) are defined as follows:






η0 = ρ + ρh
pm

+ ρh
2pm

+ · · · + ρh
(p−2)pm

,
...

...
...

ηi = ρh
i

+ ρh
pm+i

+ ρh
2pm+i

+ · · · + ρh
(p−2)pm+i

,
...

...
...

ηpm−1 = ρh
pm−1

+ ρh
2pm−1

+ ρh
3pm−1

+ · · · + ρ(p−1)pm−1.

(4.5)

It is also convenient to agree that ηj is defined for any index j, by
letting ηj = ηi when j ≡ i (mod pm), 0 ≤ i ≤ pm − 1.

If g is another primitive root modulo pm+1, then g≡hr (mod pm+1)
where gcd(r, pm(p − 1)) = 1. If ηi′ = ηi(p,m, g) then ηi

′ = ηri (for
i = 0, 1, . . . , pm − 1). Indeed,

ηi
′ =

p−2∑

j=0

ρg
jpm+i

=
p−2∑

j=0

ρh
jrpm+ri

=
p−2∑

t=0

ρh
tpm+ri

= ηri,

because if jr ≡ t (mod p − 1), 0 ≤ t ≤ p − 2 then {(jrpm + ri)
mod pm(p− 1) | j = 0, 1, . . . , p− 2} = {(tpm + ri) mod pm(p− 1) |
t = 0, 1, . . . , p− 2} as we may easily verify: j �≡ j′ (mod pm) if and
only if jr �≡ j′r (mod pm). Hence up to a change of numbering, the
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Gaussian periods are independent of the choice of the primitive root
modulo pm+1.

Let us observe now that each period ηi is a real number. Indeed,
ηi is the sum of (p− 1)/2 pairs of complex-conjugate numbers:

ρh
jpm+i

+ρh
((p−1)/2+j)pm+i

= ρh
jpm+i

+ρ−hjpm+i

= ρh
jpm+i

+ρhjpm+i ∈ R.

And we also have the gross estimations

|ηi| ≤
p−2∑

j=0

∣
∣
∣ρh

jpm+i
∣
∣
∣ < p− 1(4.6)

(the equality would hold only if the numbers ρh
jpm+i

would be all
multiples of one of them, which is not the case).

For every t not a multiple of p, let indh(t) = s, where 0 ≤ s ≤
(p− 1)pm − 1 and t ≡ hs (mod pm+1).

The Jacobi sums τj = τj(p,m, h) (for j = 0, 1, . . . , pm − 1) are
defined by

τj = 〈ζj, ρ〉 =
pm+1−1∑

t=1
p � | t

ζj indh(t)ρt.(4.7)

In particular,

τ0 = 0.(4.8)

Indeed,

T0 = 〈1, ρ〉 =
pm+1−1∑

t=1
p � | t

ρt,

so τ0 is the sum of the primitive (pm+1)th roots of 1. Hence τ0 is
the coefficient of the term of degree ϕ(pm+1) − 1 of the cyclotomic
polynomial

Φpm+1(X) =
Xpm+1 − 1
Xpm − 1

= X(p−1)pm

+ X(p−2)pm

+ · · · + Xpm

+ 1,

thus τ0 = 0.
We shall see that τj �= 0 if and only if p � | j. For this purpose we

require the following lemma about sums of roots of unity:
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Lemma 4.1. (1) Let n > 1 and let ξ be a primitive nth root of 1.
For every integer a:

n∑

x=1

ξαx =
{

n when n | a,
0 when n � | a.

(2) Let p be an odd prime, m ≥ 0, and let ρ be a primitive root
of 1 of order pm+1. For every integer a:

pm+1
∑

x=1
p � | x

ρax =






ϕ(pm+1) when pm+1 | a,
−pm when pm | a, pm+1 � | a,
0 when pm � | a.

Proof. (1) Let d = gcd(n, a), n = dn′, a = da′, so gcd(n′, a′) = 1.
Since ξd is a primitive root of 1 of order n then ξda

′
is also a primitive

root of 1 of order n′. Hence
n∑

x=1

ξax =
n∑

x=1

(ξda
′
)x.

But each x, 1 ≤ x ≤ n, may be written as x = hn′ + y, 1 ≤ y ≤ n′,
0 ≤ h ≤ d− j. So

n∑

x=1

ξax =
n∑

x=1

(
ξda

′)x

=
d−1∑

h=0

n′
∑

y=1

(
ξda

′)hn
′+y

=
d−1∑

h=0

n′
∑

y=1

(
ξda

′)y

=
{

n′d = n when n′ = 1, i.e., n | a,
0 when n′ > 1, i.e., n � | a.

(2) If pm+1 | a then the sum

S =
pm+1
∑

x=1
p � | x

ρax

is obviously equal to Φ(pm+1). If pm+1 � | a, pm | a, let a = bpm,
with p � | b. Then ζ = ρbp

m

is a primitive pth root of 1. Every x,
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1 ≤ x ≤ pm+1 is of the form x = hp + y, 0 ≤ h ≤ pm − 1, 1 ≤ y ≤ p;
moreover, p � | x when y �= p. So

S =
pm+1
∑

x=1
p � | x

ζx =
pm−1∑

h=0

p−1∑

y=1

ζy =
pm−1∑

h=0

(−1) = −pm.

If pm � | a then

S +
∑

p|x
1≤x≤pm+1

ρax =
pm+1
∑

x=1

ρax = 0

by (1), since pm+1 � | a.
Next we note that ρp = ζ is a primitive root of 1 of order pm. Each

x, multiple of p, 1 ≤ x ≤ pm+1, is written as x = py, 1 ≤ y ≤ pm. So

pm+1
∑

x=1
p|x

ρax =
pm

∑

y=1

ζay = 0

by (1), since pm � | a. We conclude that S = 0.

The following lemmas concern indices:

Lemma 4.2. Let p be an odd prime, m ≥ 0, h a primitive root modulo
pm+1, and i an integer, 1 ≤ i ≤ p− 1. Then

indh(1 + ipm) ≡ iapm−1 (mod pm)

for some integer a, not a multiple of p.

Proof. Let s = indh(1 + ipm), so hs ≡ 1 + ipm (mod pm+1). Then

hsp ≡ (1 + ipm)p ≡ 1 + ipm+1 ≡ 1 (mod pm+1).

Hence sp ≡ 0 (mod pm(p − 1)), that is, sp = −bpm(p − 1) = bpm −
bpm+1, then s = bpm−1 − bpm, so s ≡ bpm−1 (mod pm). Since
p � | i there exists a such that b ≡ ia (mod p), hence s ≡ iapm−1

(mod pm).
It remains to show that p � | a. Otherwise s ≡ 0 (mod pm), that is,

1+ ipm ≡ hpmc (mod pm+1) (for some integer c). By (3.3), (1+ ipm)
mod pm+1 = hpmc mod pm+1 ∈ U ∩ V = {1}, and therefore i ≡ 0
(mod p), which is a contradiction.
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For every j = 0, 1, . . . , pm(p − 1) − 1 let Uj = {a ∈ (Z/pm+1)• |
indh(a) ≡ j (mod pm)}. Since U = {apm | a ∈ (Z/pm+1)•} then Uj is
a coset of (Z/pm+1)• modulo U . In view of a later result concerning
sums of squares of periods, we need the following description of these
cosets.

Let 1 ≤ k ≤ m, let i = 0, 1, . . . , pm−k − 1, and let

Si = {Ui, Ui+pm−k , Ui+2pm−k , . . . , Ui+(pk−1)pm−k}.
Similarly, let

S ′
i = {(1 + ip) · U, [(1 + i + pm−k)p] · U, [1 + (i + 2pm−k)p] · U,

. . . , [1 + (i + (pk − 1)pm−k)p] · U}.
First we note that for each i, the cosets Ui+lpm−k , Ui+l′pm−k (with

l �= l′) are distinct. Otherwise, i + lpm−k ≡ i + l′pm−k (mod pm),
hence l ≡ l′ (mod pk), contrary to the hypothesis. So #Si = pk.

If i �= i′ then Si ∩ Si′ = ∅: if i + lpm−k ≡ i′ + l′pm−k (mod pm)
then necessarily i ≡ i′ (mod pm−k), so i = i′.

So
⋃pm−k−1

i=0 Si has pm cosets, that is, it consists of all the cosets
modulo U . Similarly, the cosets

[1 + (i + lpm−k)p] · U, [1 + (i + l′pm−k)p] · U
(with l �= l′) are distinct. Otherwise

1 + (i + lpm−k)p ·
(
[1 + (i + l′pm−k)p]

)−1 ∈ V ∩ U = {1},
so

1 + (i + lpm−k)p ≡ 1 + (i + l′pm−k)p (mod pm+1),
hence l ≡ l′ (mod pk). So #S ′

i = pk.

If i �= i′ then Si
′ ∩ Si′

′ = ∅ : if

[1 + (i + lpm−k)p] · U = [1 + (i′ + l′pm−k)p] · U
then as before

1 + (i + lpm−k)p ≡ (1 + i′ + l′pm−k)p (mod pm+1),

hence necessarily i ≡ i′ (mod pm−k), so i = i′. Thus
⋃pm−k−1

i=0 S ′
i has

pm cosets, that is, it consists of all cosets modulo U .
Now we prove:

Lemma 4.3. There exists a permutation π of {0, 1, . . . , pm−k − 1}
such that S ′

i = Sπ(i).
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Proof. Let ind(1 + ip) = g, that is, (1 + ip) · U = Uj. We show
first that for every l = 0, 1, . . . , pk − 1,

ind[1 + (i + lpm−k)p] = j + spm−k

for some s, 0 ≤ s ≤ pk − 1; this is equivalent to showing that

[1 + (i + lpm−k)p] · U = Uj+spm−k

and allows us to define π(i) = j, with S ′
i = Sπ(i). Indeed, let i′ be

such that (1 + i′p)(1 + ip) ≡ 1 (mod pm+1) and let l = l′pr with
p � | l′, 0 ≤ r ≤ k. We define b, 1 ≤ b ≤ pk−r − 1 by the congruence
l′(1 + i′p) ≡ b (mod pk−r). Then

[1 + (i + lpm−k)p][1 + i′p] ≡ 1 + l(1 + i′p)pm−k+1

≡ 1 + l′(1 + i′p)pm−k+r+1

≡ 1 + bpm−k+r+1 (mod pm+1).

But
(1 + bpm−k+r+1)p

k−r ≡ 1 (mod pm+1),

so
1 + bpm−k+r+1 ≡ ht(p−1)pm−k+r

(mod pm+1).

Taking s = t(p− 1)pr then

1 + (i + lpm−k)p ≡ (1 + ip)hspm−k ≡ hj+spm−k

(mod pm+1),

as we needed to prove.
We show that if i �= i′ then π(i) �= π(i′). If hj≡ 1+ip (mod pm+1),

hj′ ≡ 1+ i′p (mod pm+1) and j ≡ j′ (mod pm−k), let j′ = j + spm−k.
So 1+ i′p ≡ (1+ ip)hspm−k

(mod pm−k), hence hspm−k ∈ V . So spm−k

is a multiple of (p− 1), hence also of (p− 1)pm−k, that is, spm−k =
t(p − 1)pm−k. Let hp−1 ≡ 1 + ap (mod pm+1). Then hspm−k ≡ (1 +
ap)tp

m−k ≡ 1 + atpm−k+1 (mod pm−k+1). Therefore 1 + i′p ≡ (1 +
ip)(1 + atpm−k+1) ≡ 1 + (i + atpm−k)p (mod pm−k+2). We conclude
that i′ ≡ i (mod pm−k), so i′ = i.

We conclude therefore that π is a permutation with the required
property.

We now derive some formulas for Jacobi sums and Gauss periods,
which are analogues to the ones already proved in Chapter IX, §2.
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Lemma 4.4. (1) If j = 1, . . . , pm−1 then τ j = τpm−j (τj denotes
the complex conjugate of τj);

(2) τjτj =
{

pm+1 when p � | j;
0 when p | j; and

(3) τj �= 0 if and only if p does not divide j.

Proof. (1)

τ j =
pm+1
∑

x=1
p � | x

ζ−j indh(x)ρ−x.

But indh(−x) ≡ indh(−1)+indh(x) (mod pm(n−1)) and indh(−1) =
1
2p

m(p− 1), so ζ indh(−1) = 1. Hence

τj =
pm+1
∑

x=1
p � | x

ζ−j indh(−x)ρ−x = τpm−j.

(2) We have

τjτj =






pm+1−1∑

x=1
p � | x

ζj indh(x)ρx











pm+1−1∑

y=1
p � | y

ζ−j indh(y)ρ−y






=
pm+1−1∑

x=1
p � | x

pm+1−1∑

y=1
p � | x

ζj(indh(x)−indh(y))ρx−y.

For every x, y as above, let t, 1 ≤ t ≤ pm+1 − 1, be such that
y ≡ xt (mod pm+1), hence p � | t and indh(y) ≡ indh(x) + indh(t)
(mod pm(p− 1)). Then

τjτ j =
pm+1−1∑

x=1
p � | x

pm+1−1∑

t=1
p � | x

ζ−j indh(t)ρx(1−t)

=
pm+1−1∑

t=1
p � | t

ζj indh(t)






pm+1−1∑

x=1
p � | x

ρx(1−t)




 .

Using Lemma 4.1, we have

τjτ j = pm(p− 1) + (−pm)
p−1∑

i=1

ζ−j indh(1+ipm),
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where the first summand corresponds to t = 1 and the second sum-
mation to the terms t = 1 + ipm; the other values of t give the sum
0. By Lemma 4.2

indh(1 + ipm) ≡ iapm−1 (mod pm)

(where p � | a), so

τjτ j = pm(p− 1) + (−pm)
p−1∑

i=1

ζ−jiapm−1

=
{

pm(p− 1) + pm = pm+1 if p � | j,
pm(p− 1) − pm(p− 1) = 0 if p | j.

(3) This is obvious from (2).

We note the following connection between the periods and the
Jacobi sums:

Lemma 4.5. Consider the matrix Z = (ζij)i,j=0,1,... ,pm−1 and the vec-
tors

τ =








τ0

τ1
...
τpm−1







, η =








η0

η1
...
ηpm−1







.

Then:
(1) ZZ = pmI (I identity matrix), that is,

pn

∑

k=1

ζikζ−kj = pmδik

(for i, j = 0, 1, . . . , pm − 1).
(2) Zτ = pmη, that is,

pm−1∑

j=0

ζ−ijτj = pmηi

(for i = 0, 1, . . . , pm − 1).
(3) τ = Zη, that is,

pm−1∑

j=0

ζijηj = τi

(for i = 0, 1, . . . , pm − 1).
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Proof. (1) By Lemma 4.1(1),

pm

∑

k=1

ζikζ−kj =
pm−1∑

k=1

ζ(i−j)k =
{

pm when pm | i− j, that is, j = i,
0 when j �= i.

(2)

pm−1∑

j=0

ζijτj =
pm−1∑

j=0

ζ−ij
pm+1
∑

x=1
p � | x

ζj indh(x)ρx

=
pm+1
∑

x=1
p � | x

ρx




pm−1∑

j=0

ζj(−i+indh(x))



 .

But by Lemma 4.1(1)

pm−1∑

j=0

ζj(−i+indh(x)) =
{

pm when indh(x) ≡ i (mod pm),
0 otherwise,

hence the sum to be evaluated is equal to

∑

indh(x)≡i (mod pm)

ρx =
p−2∑

a=0

ρh
apm+i

= ηi,

since indh(x) ≡ i (mod pm), 1 ≤ x ≤ pm − 1 is equivalent to x ≡
hapm+i (mod pm+1), with 0 ≤ a ≤ p− 1.

(3) From Zτ ≡ pmη, by multiplication with Z we obtain pmτ =
ZZτ = pmZη hence τ = Zη.

As a corollary we obtain the vanishing of special sums of periods:

Lemma 4.6. Let p be an odd prime, m ≥ 1, let 1 ≤ k ≤ m, i =
0, 1, . . . , pm−k − 1. Then

pk−1∑

x=0

ηi+xpm−k = 0.
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Proof. By Lemma 4.5(2):

pm




pk−1∑

x=0

ηi+xpm−k



 =
pk−1∑

x=0

pm−1∑

j=0

ζ−(i+xpm−k)jτj

=
pm−1∑

j=0

ζ−ijτj




pk−1∑

x=0

ζ−xpm−kj





=
pm−1∑

j=0

ζ−ijτj




pk−1∑

x=0

ξ−xj



 ,

where ξ = ζp
m−k

. Since ξ is a primitive root of 1 of order pk, by
Lemma 4.1(1),

pk−1∑

x=0

ξ−xj =
{

pk if pk | j,
0 otherwise.

Hence

pm




pk−1∑

x=0

ηi+xpm−k



 = pk






pm−1∑

j=0
pk|j

ζ−ijτj




 = 0,

by Lemma 4.4(3).

For example, if m = 1 then k = 1 and
∑p−1

j=0 ηj = 0, which was
already known. If m = 2, k = 1 then

p−1∑

j=0

ηi+jp = 0 for i = 0, 1, . . . , p− 1.(4.9)

If m = 2, k = 2 then
∑p2−1

j=0 ηd = 0, as already known. If m = 3, k =
1 then

p−1∑

j=0

ηi+jp2 = 0 for i = 0, 1, . . . , p2 − 1.(4.10)

If m = 3, k = 2 then

p2−1∑

j=0

ηi+jp = 0 for i = 0, 1, . . . , p− 1,(4.11)
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and finally, if m = 3, k = 3 then
∑p3−1

j=0 ηj = 0, as already known.
We may also evaluate the following sums of squares of periods:

Lemma 4.7. Let p be an odd prime, m ≥ 1, let 1 ≤ k ≤ m, i =
0, 1, . . . , pm−k − 1. Then

pk−1∑

x=0

η2
i+xpm−k = pk(p− 1).

Proof. Let Uj = {a ∈ (Z/pm+1)• | indh(a) ≡ j (mod pm)} for
j = 0, 1, . . . , pm(p− 1). Then Uj is a coset modulo the subgroup U .
By definition,

ηj =
∑

0≤s≤(p−1)pm

s∈Uj

ρh
s

.

We keep the notations preceding Lemma 4.3:

Si = {Ui, Ui+pm−k , Ui+2pm−k , . . . , Ui+(pk−1)pm−k},
S ′
i = {(1 + ip) · U, [(1 + ipm−k)p] · U,

. . . , [1 + (i + (pk − 1)pm−k)p] · U},
and let π be the permutation of {0, 1, . . . , pm−k − 1} such that S ′

i =
Sπ(i) (see Lemma 4.3). Then

pk−1∑

x=0

η2
i+xpm−k =

∑

Uj∈Si

η2
j =

∑

Uj∈Sπ−1(i)

η2
j .

Thus we need only to evaluate the sums

Si =
pk−1∑

x=0

(
p−1∑

a=1

ρ(1+ip+xpm+1−k)apm

)2

.

We have

Si =
pk−1∑

x=0

p−1∑

a=1

p−1∑

b=1

ρ(1+ip+xpm+1−k)(apm

+ bp
m

)

=
p−1∑

a=1

p−1∑

b=1

ρa
pm+bp

m

ζi(a
pm−1

+bp
m−1

)
pk−1∑

x=0

ξx(apk−1
+bp

k−1
),

where ζ = ρp, ξ = ρp
m+1−k

(so ξp
k

= 1), noting also that apm ≡ apm−1

(mod pm), apm ≡ apk−1
(mod pk), and similarly for b.



342 X. The Local and Modular Fermat Problem

By Lemma 4.1,

Si = pk
p−1∑

a=1

ρa
pm−apm

ζi(a
pm−1−apm−1

) = pk(p− 1),

and this concludes the proof.

In particular, taking k = m we have

pm−1∑

j=0

η2
j = pm(p− 1).(4.12)

We specialize now the above results to the case where m = 1. Let
a, 1 ≤ a ≤ p − 1 be defined as follows. If s = indh(1 + p) then
hs ≡ 1 + p (mod p2) hence hsp ≡ (1 + p)p ≡ 1 (mod p2), hence
p(p− 1) divides sp, so p− 1 divides s. We define a by a(p− 1) = s.

Lemma 4.8. If m = 1, a(p−1) = indh(1+p) then indh(1+cp) ≡ −ca
(mod p) for every c = 0, 1, . . . , p− 1.

Proof. From ha(p−1) ≡ 1+p (mod p2) we have hca(p−1) ≡ (1+p)c ≡
1 + cp (mod p2). Hence indh(1 + cp) ≡ ca(p− 1) (mod p(p− 1)). In
particular, indh(1 + cp) ≡ cap− ca ≡ −ca (mod p).

Lemma 4.9. If m = 1, the Jacobi sums (for i = 0, 1, . . . , p − 1) are
given by

τi = pρ(ai)p ,

where a(p− 1) = indh(1 + p).

Proof.

τi =
p2−1∑

x=0

ζi indh(x)ρx.

By (4.3) we may write in a unique way

x ≡ hpb(1 + cp) (mod p2),

where 0 ≤ b, c ≤ p−1. Then by Lemma 4.8, indh(x) ≡ pb+indh(1+
cp) ≡ −ca (mod p). Therefore,

τi =
p−1∑

c=0

ζ−ica
p−1∑

b=0

ρh
pb(1+cp) =

p−1∑

b=0

ρh
pb

p−1∑

c=0

ζc(h
pb−ia)
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(noting that ρp = ζ). Since ia �≡ 0 (mod p) then (ia)p (mod p2) ∈
U . So there exists b0, 1 ≤ b0 ≤ p−1 such that (ia)p ≡ hpb0 (mod p2).
By Lemma 4.1(1),

p−1∑

c=0

ζc(h
pb−ia) =

{
p when b = b0,
0 when b �= b0.

We conclude that

τi = ρh
pb0 = ρ(ia)p .

In analogy with (2B) we indicate an inductive expression for
N(p,m; k) and F (p,m, k) in terms of the periods (see Klösgen (1970)):

(4L)

(1) F (p,m, k) =
1
p
F (p,m− 1, k) +

p− 1
pm+1

pm−1∑

i=0

ηk
i ; and

(2) N(p,m; k) =
1
p
N(p,m− 1, k) +

1
pm+1

pm−1∑

i=0

ηk
i .

Proof. (1) By Lemma 4.1(1), we have

pm+1F (p,m, k) =
p−1∑

x1=1

p−1∑

x2=1

· · ·
p−1∑

xk=1

pm+1−1∑

y=0

ρy(xpm

1 +···+xpm

k
)

=
pm+1−1∑

y=0

p−1∑

x1=1

ρyx
pm

1 · · ·
p−1∑

xk=1

ρyx
pm

k

=
pm+1−1∑

y=0

(
p−1∑

x=1

ρyx
pm

)k

=
pm+1−1∑

y=0
p|y

(
p−1∑

x=1

ρyx
pm

)k

+
pm+1−1∑

y=0
p � | y

(
p−1∑

x=1

ρyx
pm

)k

=
pm−1∑

t=0

(
p−1∑

x=1

ζtx
pm−1

)k

+
pm+1−1∑

y=0
p � | y

(
p−1∑

x=1

ρyx
pm

)k

,
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since ρp = ζ and xpm ≡ xpm−1
(mod pm). Since

pmF (p,m− 1, k) =
pm−1∑

t=0

(
p−1∑

x=1

ζtx
pm−1

)k

,

by the same computation as above, then

pm+1F (p,m, k) = pmF (p,m− 1, k) +
pm+1−1∑

y=0
p � | y

(
p−1∑

x=1

ρyx
pm

)k

.

Each y, 0 ≤ y ≤ pm+1−1, p � | y, may be uniquely written in the form
y ≡ hi (mod pm+1), with 0 ≤ i ≤ pm(p − 1). Also, each xpm

(with
1 ≤ x ≤ p− 1) may be written uniquely as xpm ≡ hcpm

(mod pm+1)
with 0 ≤ c ≤ p− 2. Hence

pm+1−1∑

y=0
p � | y

(
p−1∑

x=1

ρyx
pm

)k

=
pm(p−1)−1∑

i=0

(
p−2∑

c=0

ρh
i+cpm

)k

=
pm(p−1)−1∑

i=0

ηk
i

= (p− 1)
pm−1∑

i=0

ηk
i .

Thus

F (p,m, k) =
1
p
F (p,m− 1, k) +

p− 1
pm+1

pm−1∑

i=0

ηk
i .

(2) Dividing by p − 1 and taking (4G) into account, we deduce
the recurrence relation for N(p,m; k).

As a corollary, it follows from (4F) that

F (p) =
(p− 1)(p− 2)

p
+

p− 1
p2

p−1∑

i=0

η3
i ,(4.13)

N(p) =
p− 2
p

+
1
p2

p−1∑

i=0

η3
i .(4.14)

Let S(pm, k) =
∑p−1

i=0 [ηi(p,m)]k. From the recurrence formulas in
(4L) we obtain the expressions:
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(4M)

(1) F (p,m, k) =
p− 1
pm+1

[(p−1)k +(−1)k +S(pm, k)+S(pm−1, k)+

· · · + S(p, k)].

(2) N(p,m, k) =
1

pm+1
[(p−1)k−1+(−1)k+S(pm, k)+S(pm−1, k)+

· · · + S(p, k)].

Proof. (1) We have

F (p,m, k) =
1
p
F (p,m− 1, k) +

p− 1
pm+1

S(pm, k),

1
p
F (p,m− 1, k) =

1
p2

F (p,m− 2, k) +
p− 1
pm+1

S(pm−1, k),

...
...

...
1

pm−1
F (p, 1, k) =

1
pm

F (p, 0, k) +
p− 1
pm+1

S(p, k).

Adding these equalities and taking into account (4G), we deduce
that

F (p,m, k) =
p− 1
pm+1

[(p− 1)k + (−1)k + S(pm, k) + S(pm−1, k)

+ · · · + S(p, k)].

(2) This formula is obtained from the preceding one by dividing
by p− 1.

Taking k = 2 in the above formula and noting that N(p,m, 2) = 1
(trivially) then (4M) yields again the relation of Lemma 4.7 for k =
m. Indeed, if m = 1,

1 = N(p, 1, 2) =
1
p2

[(p− 1) + 1 + S(p, 2)],

hence

S(p, 2) =
p2−1∑

j=0

[ηj(p, 1)]2 = p(p− 1).

Assuming by induction that for r < m we have

S(pr, 2) =
pr−1∑

j=0

[ηi(p, r)]2 = pr(p− 1),
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then

1 = N(p,m, 2)

=
1

pm+1
[(p− 1) + 1 + S(pm, k) + pm−1(p− 1) + · · · + p(p− 1)].

Hence S(pm, k) = pm(p − 1). So S(pm, k) is an integer which is a
multiple of pm.

For the next result, which is about sums of powers of the Gaussian
periods, we shall require a lemma about the q-adic values of products
of factorials.

Lemma 4.10. Let q be a prime, s ≥ 1, µ > 1 and let r1, r2, . . . , rµ be
integers greater than 0 such that qs = r1 + r2 + · · · + rµ. Then

vq(r1! r2! · · · rµ!) ≤ qvq(qs−1!),

and if µ = q, r1 = r2 = · · · = rq = qs−1 then vq(qs−1! · · · qs−1!) =
qvq(qs−1!).

Proof. If s = 1 the statement is trivial (since µ > 1). We proceed
by induction on s.

We have [r1/q] + · · · + [rµ/q] ≤ qs−1, so for some integer r0
′ ≥ 0

we have r′0 + [r1/q] + · · · + [rµ/q] = qs−1. By induction,

vq(r′0!) + vq

([
r1

q

]

!
)

+ · · · + vq

([
rµ
q

]

!
)

≤ qvq(qs−2).

By Chapter II, (1A), if t ≥ 1 is an integer then

vq(t!) =
[
t

q

]

+
[
t

q2

]

+
[
t

q3

]

+ · · ·

and if x ≥ 0 is any real number, a ≥ 1 any integer, then [x/a] =
[[x]/a], so

vq(r1!) + vq(r2!) + · · · + vq(rµ!)

=
r∑

i=1

([
ri
q

]

+
[
ri
q2

]

+
[
ri
q3

]

+ · · ·
)
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=
µ∑

i=1

[
ri
q

]

+
µ∑

i=1

([
[ri/q]
q

]

+
[
[ri/q]
q2

]

+ · · ·
)

≤ qs−1 + vq(r′0!) +
µ∑

i=1

vq

([
ri
q

]

!
)

≤ qs−1 + qvq(qs−2!)
= qs−1 + q(qs−3 + · · · + q + 1)
= q(qs−2 + qs−3 + · · · + q + 1) = qvq(qs−1!).

The last assertion is of course trivial.

Now we may derive the following properties of the sums S(pm, k):

(4N)
(1) S(pm, k) = pm[pN(p,m, k)−N(p,m−1, k)] = pm[F (p,m, k)−

F ∗(p,m, k)].
(2) If q is a prime, k = qs, then S(pm, qs) is a multiple of q.

Proof. (1) By (3L) and (4H),

S(pm, k) = pm[pN(p,m, k) −N(p,m− 1, k)]
= pm[(p− 1)N(p,m, k) − F ∗(p,m, k)]
= pm[F (p,m, k) − F ∗(p,m, k)].

(2) By virtue of (1) we may assume q �= p and it suffices to show
that q divides F (p,m, qs) and F ∗(p,m, qs) = F (p,m, qs; c), where
1 ≤ c ≤ p − 1, c ≡ q (mod p) (by (4H)). Let x1, x2, . . . , xk ∈ Z

be such that xpm

1 + xpm

2 + · · · + xpm

k ≡ 0 (mod pm+1), respectively,
xpm

1 + xpm

2 + · · · + xpm

k ≡ c (mod pm+1), where 1 ≤ xi ≤ pm+1 − 1
for i = 1, . . . , k, k = qs. Each k-tuple obtained by a permutation
from (x1, x2, . . . , xk) is still a solution of the congruence. So the set
of solutions is organized into disjoint classes of solutions equivalent
under permutation. Therefore it suffices to show that the number of
solutions equivalent to any given one is a multiple of q.

Let the k-tuple (x1, x2, . . . , xk) have exactly µ distinct compo-
nents, repeated, respectively, r1, r2, . . . , rµ times (with ri ≥ 1). We
note that µ �= 1; otherwise from x1 = x2 = · · · = xk we deduce
qxpm

1 ≡ 0, respectively, q (mod p), which is impossible. It follows
that r1 < k, . . . , rµ < k.
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The number of solutions obtained by permutation from (x1, x2,
. . . , xk) is equal to k!/(r1! r2! · · · rµ!). So we need to prove that q
divides this number. We have

vq(k!) = qs−1 + qs−2 + · · · + q + 1.

Since r1 + r2 + · · · + rµ = qs and µ > 1 then vq(r1! r2! · · · rµ!) ≤
q(qs−2 + qs−3 + · · · + q + 1) = qs−1 + qs−2 + · · · + q2 + q.

Therefore the q-adic valuation of k!/(r1! r2! · · · rµ!) is at least equal
to 1, which was to be proved.

We now indicate an upper bound for N(p) in terms of the periods.
In view of (4.13) we are led to find an upper bound for the sum
∑p−1

i=0 η3
i . For this purpose we establish the following lemma:

Lemma 4.11. Let n ≥ 3, let f be the function of n real variables

f(y1, . . . , yn) =
n∑

i=1

y3
i

defined on the set D of all points (y1, . . . , yn) such that
∑n

i=1 yi = 0
and

∑n
i=1 y

2
i = n(n− 1).

(1) If (y1, . . . , yn) is a point where the function assumes a maxi-
mum or a minimum, then there exists an integer T , 1 ≤ T ≤
n− 1, such that (up to a permutation of {1, . . . , n})






y1 = · · · = yT = (n− T )

√
n− 1

T (n− T )
,

yT+1 = · · · = yn = −T

√
n− 1

T (n− T )
.

Let yT be the point with the above coordinates.
(2) f(yT ) = n(n − 1)(n − 2T )

√
(n− 1)/(T (n− T )), f(yn−T ) =

−f(yT ), f(yT ) > 0 for 1 ≤ T < (n− 1)/2.
(3) If T = 1 then f(yT ) = n(n− 1)(n− 2) is the absolute maxi-

mum of f on the given domain D.
(4) If 1 ≤ T ≤ n − 1 then f(yT ) is the absolute maximum of

f on the points y = (y1, . . . , yn) ∈ D such that yi ≤ (n −
T )
√

(n− 1)/(T (n− T )).
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Proof. (1) To find the points of maximum or minimum of the
function F on the domain D, we employ the method of Lagrange
multipliers. Let λ, µ be parameters to be determined and

F (y1, . . . , yn) = f(y1, . . . , yn) + λ

(
n∑

i=1

yi

)

+ µ

(
n∑

i=1

y2
i − n(n− 1)

)

.

If (y1, . . . , yn) is an extreme point then (∂F/∂y1)(y1, . . . , yn) = 0
(for i = 1, . . . , n), that is,

3y2
i + λ + 2µyi = 0 (for i = 1, . . . , n).(4.15)

Adding up these relations, we obtain 3n(n − 1) + nλ = 0, hence
λ = −3(n−1). Substituting this value in the above condition (4.15),
we have 3y2

i + 2µyi − 3(n− 1) = 0, hence

yi =
−µ±√µ2 + 9(n− 1)

3
.(4.16)

Since there are only two possible values for the coordinates then, up
to a permutation of {1, . . . , n}, there exists an integer T, 0 ≤ T ≤ n,
such that

y1 = · · · = yT =
−µ +

√
µ2 + 9(n− 1)

3
,

yT+1 = · · · = yn =
−µ−√µ2 + 9(n− 1)

3
.

We note that not all coordinates can be equal since
∑n

i=1 yi = 0.
Hence 1 ≤ T ≤ n− 1. Moreover,

0 = −µ

3
(T + n− T ) + 1

3

√

µ2 + 9(n− 1)(T − n + T ),

hence
nµ = (2T − n)

√

µ2 + 9(n− 1);

therefore
n2µ2 = (2T − n)2[µ2 + 9(n− 1)]

and finally

µ =
3(2T − n)

2

√
n− 1

T (n− T )
,

µ2 + 9(n− 1) =
9(n− 1)n2

4T (n− T )
.
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Substituting into (4.16) we obtain

yi =






(n− T )

√
n− 1

T (n− T )
, or

−T

√
n− 1

T (n− T )
.

(4.17)

(2) For the point yT with above coordinates, we have

n∑

i=1

y3
i = T (n− T )3

n− 1
T (n− T )

√
n− 1

T (n− T )

−(n− T )T 3 n− 1
T (n− T )

√
n− 1

T (n− T )

= n(n− 1)(n− 2T )

√
n− 1

T (n− T )
.

Let

f̃(t) = n(n− 1)(n− 2t)

√
n− 1
t(n− t)

for 0 < t < n. Then f̃(n− t) = −f̃(t); if 0 < t < n/2 then f̃(t) > 0
and f(yT ) = f̃(T ) for T = 1, 2, . . . , n− 1. If 0 < t ≤ (n− 1)/2 then
t(n− t) ≤ (t + 1)(n− t− 1), as seen at once. Hence

n− 2t
√
t(n− t)

>
n− 2t− 2

√
(t + 1)(n− t− 1)

and therefore f(yT ) > f(yT+1) > 0 for T = 1, 2, . . . , [n/2] − 1.
(3) For T = 1 we have f(y1) = n(n−1)(n−2). Since the function

is continuous and defined on a closed and bounded domain, it has a
maximum and a minimum. By (1) and (2) it follows that f has the
absolute maximum at y1.

(4) Let 1 ≤ T ≤ n − 1 and let DT consist of those points of
D with coordinates yi satisfying yi ≤ (n− T )

√
(n− 1)/(T (n− T )).

If 1 ≤ T ′ ≤ n − 1 then yT ′ ∈ DT exactly when T ≤ T ′. Hence
from f(yT ′−1) > f(yT ′

) > 0 for 2 ≤ T ′ ≤ [n/2] and f(yT ′
) < 0 for

T ′ > [n/2], we conclude that f(yT ) is the absolute maximum of f
on the domain DT .



X.4. Fermat’s Congruence Modulo a Prime-Power 351

With the above notations we have:

(4O) Let M = max{ηi | i = 0, . . . , p − 1}, let T be the largest
integer such that

M ≤ (p− T )

√
p− 1

T (p− T )
.

Then

N(p) < 1 + (p− 2T )

√
p− 1

T (p− T )
.

Proof. Since
∑p−1

i=0 ηi = 0 then 0 < M . By (4.6), M < p − 1. The
function

g(t) = (p− t)

√
p− 1
t(p− t)

is decreasing, f(1) = p− 1, f(p− 1) = 1. So there exists the largest
integer T , 1 ≤ T ≤ p− 1, such that

M ≤ (p− T )

√
p− 1

T (p− T )
.

Since
p−1∑

i=0

ηi = 0,
p−1∑

i=0

ηi
2 = p(p− 1),

as seen before, then (η0, η1, . . . , ηp−1) ∈ DT . By Lemma 4.11, f(yT
1 )

is the absolute maximum of f on DT and we have
p−1∑

i=0

ηi
3 = f(η0, . . . , ηp−1) ≤ f(yT ) = p(p− 1)(p− 2T )

√
p− 1

T (p− T )
.

By (4.13),

N(p) =
p− 2
p

+
1
p2

p−1∑

i=0

η3
i

≤ p− 2
p

+
(p− 1)(p− 2T )

p

√
p− 1

T (p− T )

< 1 + (p− 2T )

√
p− 1

T (p− T )
.
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We note that if

M = (p− T )

√
p− 1

T (p− T )
,

then N(p) < 1 + M . Indeed, in the above proof we obtained

N(p) ≤ p− 2
p

+
(p− 1)(p− 2T )

p

√
p− 1

T (p− T )

=
p− 2
p

+
p− 1
p

p− 2T
p− T

M

< 1 + M.

Now we study the asymptotic behavior of F (p,m, k), N(p,m, k)
when k tends to infinity.

(4P)

lim
k→∞

N(p,m, k)
(p− 1)k−1/pm+1

= 1.

Proof. From (4M) we have

N(p,m, k)
(p− 1)k−1/pm+1

= 1 +
(−1)k

(p− 1)k−1
+ (p− 1)

m∑

j=1

S(pj, k)
(p− 1)k

= 1 +
(−1)k

(p− 1)k−1
+ (p− 1)

m∑

j=1

pj−1∑

i=1

{
ηi(p, j)
p− 1

}k

.

Since |ηi(p, j)| < p− 1, by (4.6) it follows that

lim
k→∞

{
ηi(p, j)
(p− 1)

}k

= 0,

hence limk→∞ N(p,m, k)/((p− 1)k−1/pm+1) = 1.

We consider the existence of p-adic solutions of a certain congru-
ence. Let Ûp denote the multiplicative group of (p− 1)th roots of 1
in the ring Ẑp of p-adic integers. We observe:
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(4Q)
(1) There exists an integer m0 = m0(k, p) ≥ 1 such that for

every m ≥ m0 we have N(p,m, k) = N(p,m0, k). Let N(p, k)
denote this number; N(p, k) ≥ 0.

(2) N(p, k) is the number of solutions of the equation 1 + X2 +
· · · + Xk = 0 by elements in Ûp.

Proof. (1) We have seen in (4H) that 0 ≤ N(p,m, k) ≤ N(p,m−
1, k). Hence there exists m0 with the property indicated.

(2) Let m ≥ m0 and let

1 +
k∑

i=2

xpm

i ≡ 0 (mod pm+1),

where p � | xi. Since xpm+1

i ≡ xpm

i (mod pm+1) then

1 +
k∑

i=2

xpm+1

i ≡ 0 (mod pm+1),

so

1 +
k∑

i=2

xip
m+1 ≡ apm+1 (mod pm+2)

for some a, 0 ≤ a ≤ p − 1. Since m + 1 > m0, by (4H), F ∗(p,m +
1, k) = 0; therefore necessarily a = 0, so

1 +
k∑

i=2

xpm+1

i ≡ 0 (mod pm+2).

In this way we have established the mapping

(x2 mod pm+1, . . . , xk mod pm+1)
→ (x2 mod pm+2, . . . , xk mod pm+2)

from the set Sm of solutions of

1 + Xpm

2 + · · · + Xpm

k ≡ 0 (mod pm+1)

to the corresponding set Sm+1. This is clearly an injective mapping.
Starting therefore with any (x2 mod pm0+1, . . . , xk mod pm0+1) ∈

Sm0 we obtain the sequences (αm,i)m≥m0 , where αm,i = xpm

i (for
i = 2, . . . , k). Since xpm+1

i ≡ xpm

i (mod pm+1) then αm+1,i ≡ αm,i

(mod pm), so the sequence (αm,i)m converges p-adically.
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Let αi = limm→∞ αm,i. Then 1 + α2 + · · · + αk = 0 in Ẑp. Since
αp−1

m,i ≡ 1 (mod pm+1) for m ≥ m0 then αp−1
i = 1, so αi ∈ Up

and (α2, . . . , αk) ∈ Ŝ, the set of solutions in Ûp of the equation
1 +X2 + · · ·+Xk = 0. So we have an injective mapping σ from Sm0

into Ŝ.
On the other hand, if αi ∈ Ûp, αi = (ym,i)m≥0 (for i = 2, . . . , k)

and 1+α2 + · · ·+αk = 0, since αp−1
i = 1 then yp−1

m,i ≡ 1 (mod pm+1)
(for i = 2, . . . , k and all m sufficiently large; we may take m ≥ m0).
Thus ym,i ≡ xpm

m,i (mod pm+1) and

1 + xpm

m,2 + · · · + xpm

m,k ≡ 0 (mod pm+1).

In particular,

1 + xpm0

m,2 + · · · + xpm0

m,k ≡ 0 (mod pm0+1),

so (xm,2, . . . , xm,k) ∈ Sm0 . It is now immediate that the mapping σ

associates with this solution in Sm0 the given solution in Ŝ, thus σ

is surjective. We conclude that the number of elements in Ŝ is equal
to N(p, k) = #Sm0 .

As a corollary, we have:

(4R) If p ≡ 1 (mod k) then there exist (p − 1)th roots of 1,
α2, . . . , αk ∈ Ûp, such that 1 + α2 + · · · + αk = 0.

Proof. By (4A), for every m ≥ 1 the congruence 1 + Xpm

2 + · · · +
Xpm

k ≡ 0 (mod pm+1) has a nontrivial solution. In particular, N(p, k)
≥ 1, hence by (4Q), there exist α2, . . . , αk ∈ Ûp such that 1 + α2 +
· · · + αk = 0.

We reproduce now the following tables, computed by Klösgen,
which give N(p,m, k) for low values of the argument. Table for
N(p, 1, k):
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3 4 5 6 7
5 0 9 0 100 35
7 2 15 60 340 1680
11 0 31 24 1600 5250
13 2 33 200 2260 21630
17 0 57 140 6220 50120
19 2 51 390 6880 101430

Table for N(p, 2, k) (italicized are the values which are not the
same as in the table above):

3 4 5 6 7
5 0 9 0 100 0
7 2 15 60 340 1680
11 0 27 24 1090 2520
13 2 33 180 1930 15540
17 0 45 0 3160 945
19 2 51 300 4600 44520

To conclude this section, we shall discuss a heuristic method to
indicate the probability for the congruence

1 + Y p + Zp ≡ 0 (mod p2)

to have a given number of equivalent classes of nontrivial solutions.
We exclude also the cyclic solutions from these considerations.

Let 1 ≤ a ≤ p− 2 and let

Ma =
{

a mod p,
1
a

mod p,−(1 + a) mod p,− 1
(1 + a)

mod p,

−(a + 1)
a

mod p,− a

(a + 1)
mod p

}

.

Ma consists of six distinct elements (all different from 0,−1), except
in the following cases:

(a) a = 1, p − 2 or (p− 1)/2; then Ma = {1 mod p, (p − 2)
mod p, (p− 1)/2 mod p}; and

(b) a �= 1, a3 ≡ 1 (mod p); then M = {a mod p, a2 mod p}.
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This latter case happens if and only if p ≡ 1 (mod 6).
Thus, we have a partition of {1, 2, . . . , p− 2} into disjoint classes.

If p = 6n ± 1, the number of such classes Ma (with more than
two elements) is equal to n. Indeed, if p = 6n + 1, this number
is 1 + (p− 2 − 2 − 3)/6 = n. If p = 6n − 1 then the number is
again 1 + (p− 2 − 3)/6 = n. In each class Ma (with more than two
elements) let ã be the smallest integer, 1 ≤ ã ≤ p − 2, such that
ã ∈ Ma. Clearly ã ≤ (p− 1)/2.

If 1+yp+zp ≡ 0 (mod p2) then necessarily z ≡ −(1+y) (mod p).
With this solution we associate ỹ, and we note that (1+ỹ)p−1−ỹp ≡
0 (mod p2). If 1 + y′p + z′p ≡ 0 (mod p2), this is an equivalent
solution to the above one, if and only if y′ mod p ∈ My, that is,
ỹ′ = ỹ.

By Fermat’s little theorem, if t ≥ 1 then (1 + t)p − 1 − tp ≡ 0
(mod p) hence (1 + t)p − 1 − tp = t(p)p (mod p2) where 0 ≤ t(p) ≤
p− 1. So the solutions of the congruence correspond to the integers
t, 1 ≤ t ≤ (p− 1)/2 such that t(p) = 0.

We consider the sequence (t(p))t≤(p−1)/2.

(4S) Assuming that the sequences (t(p))t≤(p−1)/2 are random, for
all primes p = 6n± 1 we have:

(1) the probability that 1 + Y p + Zp ≡ 0 (mod p2) have only the
trivial or cyclic solution is equal to ((p− 1)/p)n.

(2) The probability that the above congruence have r (nontrivial,
noncyclic) equivalence classes of solutions is equal to

1
pr

(
n

r

)(
p− 1
p

)n−r

.

(3) The density of primes for which there are exactly r (nontrivial,
noncyclic) equivalence classes of solutions is equal to

1
r! 6r

1
6
√
e
.

Proof. (1) As already indicated, there are n equivalence classes in
{1, 2, . . . , p− 2} consisting of at least three elements. Let us denote
them by Mx̃1 ,Mx̃2 , . . . ,Mx̃n

.
Mx̃i

consists of solutions of (1 + t)p ≡ 1 + tp (mod p2) exactly
when x̃i(p) = 0. Since the sequence (x̃i(p))x̃i≤(p−1)/2 is random, the
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probability is 1/p. Hence, the probability that none of the n classes
Mx̃i

(p) consist of solutions is (1 − 1/p)n.
(2) In the same way the probability that r among the n classes

Mx̃i
consist of solutions is

(
n

r

)
1
pr

(

1 − 1
p

)n−r

.

(3) The density in question is equal to

D = lim
p→∞

1
pr

(
n

r

)(
p− 1
p

)n−r

= lim
n→∞

nr

(

1 − 1
n

)(

1 − 2
n

)

· · ·
(

1 − r − 1
n

)

6rr!nr

(

1 ± 1
6n

)r

(
p− 1
p

)n−r

.

If p = 6n + 1 then

D =
1

6rr!
lim
n→∞

(
6n

6n + 1

)6n/6

=
1

6rr!
1
6
√
e
.

Similarly, if p = 6n− 1 then

D =
1

6rr!
lim
n→∞

(
6n− 2
6n− 1

)(6n−2)/6

×
(

1 − 1
6n− 1

)1/3

=
1

6rr!
1
6
√
e
.

Klösgen computed the solutions of the congruence 1+Y p+Zp ≡ 0
(mod p2) for all primes p < 20 000.

If 0 ≤ r let v+
r (respectively, v−r ) be the number of primes p <

20 000, p ≡ 1 (mod 6) (respectively, p ≡ −1 (mod 6)) for which the
above congruence has exactly r (nontrivial, noncyclic) equivalence
classes of solutions.

There are 1124 primes p such that p ≡ 1 (mod 6) and p < 20 000.
Klösgen found that

v+
0 = 970, v+

0 /1124 = 86.30%, probability 84.35%.
v+
1 = 144, v+

1 /1124 = 12.81%, probability 14.11%.
v+
2 = 9, v+

2 /1124 = 0.80%, probability 1.18%.
v+
3 = 1, v+

3 /1124 = 0.09%, probability 0.07%.
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In a similar way for p ≡ −1 (mod 6), p < 20 000:

v−0 = 957, v−0 /1136 = 84.24%, probability 84.35%.
v−1 = 166, v−1 /1136 = 14.61%, probability 14.11%.
v−2 = 13, v−2 /1136 = 1.15%, probability 1.18%.
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XI
Epilogue

This book about Fermat’s last theorem was written for the enjoy-
ment of amateurs. Most of the proofs are given in full detail and use
only elementary and easily understandable methods. For this reason,
it was imperative to exclude developments depending on the study
of ideals of number fields or on more sophisticated theories. How-
ever, in this final part we indicate the more important achievements
which could not be dealt with using elementary methods. We also
give a succinct description of the approach to the proof of Fermat’s
last theorem. To help the reader who wants to know more about
these matters, a bibliography of important articles is also included.

XI.1. Attempts

In this section, we give a brief overview of various approaches to the
proof of Fermat’s last theorem. They were not quite successful but
should not be dismissed. At their time, these results raised hopes for
the proof of Fermat’s last theorem and led to new research problems
of independent interest.



360 XI. Epilogue

A. The Theorem of Kummer.

In 1847, Kummer proved the following important theorem:

If p > 2 is a regular prime, then Fermat’s last theorem is true for
the exponent p.

The concept of a regular prime needs explanation. It may be
defined in terms of the class number of cyclotomic fields or by means
of Bernoulli numbers.

The Bernoulli numbers B0, B1, B2, . . . are defined recursively:

B0 = 1

and for n ≥ 1,
(
n + 1

1

)

Bn +

(
n + 1

2

)

Bn−1 + · · · +
(
n + 1
n

)

B1 + 1 = 0.

Thus B1 = −1
2 , B2 = 1

6 , B3 = 0, . . . . It is easily seen that B2k+1 =
0 for all k ≥ 1. The prime number p is regular if p does not divide the
numerators of the Bernoulli numbers B2, B4, . . . , Br−5, Br−3. Let p
be an odd prime, let

ζp = cos(2π/p) + i sin(2π/p)

be a primitive pth root of 1. Let Q(ζp) be the pth cyclotomic field;
it consists of all complex numbers of the form

r0 + r1ζp + · · · + rp−2ζ
p−2
p ,

with r0, r1, . . . , rp−2 ∈ Q. The class number hp of Q(ζp) is a certain
positive integer attached to Q(ζp); it is the number of classes of
ideals of Q(ζp), but we shall not explain these concepts any further
(see any book on the theory of algebraic numbers, like the one by
Borevich and Shafarevich (1966), or even this author’s own book
(1999)). Kummer showed that the prime p is regular if and only if
p does not divide hp.

The smallest irregular prime is 37. It is known that there are in-
finitely many irregular primes. On the other hand, it is conjectured,
but it has never been proved, that there are infinitely many regular
primes.

The method of Kummer could be extended to deal also with many
irregular primes. However, with these methods it was never possible
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to establish that Fermat’s last theorem is true for infinitely many
prime exponents.

To determine if a prime p is regular is not a simple matter as
soon as p is large, because the numerators of the Bernoulli numbers
become very large. Noting that what is required is to ascertain
that the exponent p does not divide the numerators of B2, . . . , Bp−3

(rather than calculating their numerators), Lehmer, Lehmer , and
Vandiver gave a criterion which was possible to implement for actual
calculations. In this way it was shown (at a time when the proof of
FLT was not yet discovered) that FLT is true for all prime exponents
up to 4 × 106 (see Buhler et al. (1993)).
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ouville, J. Math. Pures Appl., 12 (1847), 136.
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B. The Theorem of Wieferich.

In 1909, Wieferich proved:

If the first case of FLT is false for the exponent p then

2p−1 ≡ 1 mod p2.

This is a criterion involving only the exponent p and none of the
hypothetical nonzero solutions x, y, z of Xp + Y p = Zp. It was
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immediately noted that no very small prime p satisfies the above
congruence. Before the age of computers Meissner proved in 1913
that p = 1093 is the smallest prime with the above-mentioned prop-
erty. It is difficult to imagine the amount of calculations which was
required. A further example, p = 3511, was found by Beeger in
1921. Further computations by Lehmer, Keller, Clark and lately by
Crandall, Dilcher, and Pomerance have shown that no other prime
p < 4 × 1012 satisfies the congruence.

Other criteria of a similar kind were discovered by Mirimanoff,
Vandiver, Frobenius, Pollaczek, Rosser, and Granville and Monagan,
namely,

If the first case of FLT is false for the exponent p then

lp−1 ≡ 1 mod p2

for all primes l ≤ 89.

A clever combinatorial combination of these criteria, by Gunder-
son and Coppersmith, followed by extensive calculations (Granville
and Monagan, Tanner and Wagstaff), allowed us to show that the
first case of FLT is true for every exponent p < 6.93× 1017. All this
was done before the discovery of the proof of FLT for all exponents.
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C. The First Case of Fermat’s Last Theorem for Infinitely
Many Prime Exponents.

Using methods from sieve theory, Adleman, Heath-Brown, and Fou-
vry proved in 1985:

There exists an infinite set S of prime numbers, such that the first
case of Fermat’s last theorem is true for every exponent p ∈ S.

A stronger result, valid not only for the first case, could not be
established with the same methods. This theorem represented an
important advance at that time. The method of proof was inspired
from the old ideas of Sophie Germain and was connected with the es-
timation of the size of the smallest prime in arithmetic progressions;
the use of refined sieve theory was essential.

The infinite set S, guaranteed by the theorem, is not effectively
defined, so it is not possible, with the method of the proof, to deduce
for any given p that the first case of FLT holds for p.

Once again this substantial theorem is obsolete, due to the proof
of FLT for all exponents n > 2.
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D. The Theorem of Faltings.

Mordell observed and conjectured that irreducible curves defined by
homogeneous polynomials of high degree in three variables with ra-
tional coefficients should have only finitely many rational points,
when they have few singularities, all of lower order. The exact con-
jecture is expressed in terms of the genus of the curve, a concept
which will not be explained here. In a remarkable paper Faltings
proved, among many other theorems, Mordell’s conjecture. In the
particular case of Fermat’s equation his result becomes:
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For every n > 3, there exist at most finitely many triples (x, y, z)
where x, y, z are integers, not all equal to 0 and such that gcd(x, y, z)
= 1 and xn + yn = zn.

Despite its importance, this result could not lead to the proof of
FLT. However it was used, independently by Granville and Heath-
Brown, to deduce that the set of exponents n ≥ 3 for which FLT is
true has density one. This method of Granville or Heath-Brown is
also applicable to a very wide class of exponential diophantine equa-
tions (see Ribenboim, 1993), the conclusion being the zero density
for the exponents for which the equations have nontrivial solution.
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E. The (abc) Conjecture.

The (abc) conjecture, attributed to Masser and Oesterlé, was in-
spired by a result about polynomials, due to Mason. The conjecture
is stated as follows:
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For any ε > 0 there exists a number C(ε) > 0 such that if a, b, c
are integers, 1 ≤ a < b < c, with c = a + b and gcd(a, b, c) = 1 then
c < C(ε)r1+ε, where r is the product of the distinct prime factors of
abc.

Intuitively, as an example, if a = 2m, b = 3n (with m,n large)
then c = a + b is large, so the conjecture states that c must have a
large prime factor or a large number of prime factors, so that r is
large.

It is easy to show that the (abc) conjecture implies:

FLT is true for all sufficiently large exponents.

Indeed, let n > 3 and assume that x, y, z are positive integers,
such that gcd(x, y, z) = 1 and xn + yn = zn. Let ε = 1

2 , so by the
(abc) conjecture zn < C( 1

2)r
3/2 where

r =
∏

p|xnynzn

p =
∏

p|xyz
p ≤ xyz ≤ z3,

so zn < C( 1
2)z

9/2. This shows that there exists n0 such that n ≤ n0,
in other words, FLT is true for every exponent n > n0, or in short,
FLT is asymptotically true.

The (abc) conjecture is known to imply many other statements in
number theory which have never been proved, as well as Mordell’s
conjecture which was proved by Faltings. The proof of the (abc)
conjecture should be very difficult and this is presently the object of
intense research.
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XI.2. Victory, or the Second Death of Fermat

Mathematicians have the obligation of solving problems. When a
long-sought proof, like the one for Fermat’s last theorem, is finally
discovered, it is the moment of crying VICTORY.

On June 23, 1993, in the third of his lectures at the Newton Insti-
tute in Cambridge, England, Wiles announced the proof of Fermat’s
last theorem. His manuscript, scrutinized by various experts, re-
vealed flaws which needed corrections. Undeterred and with the help
of Taylor, Wiles found a way out of the difficulties and in October
1994, he made public two manuscripts, one co-authored by Taylor.
They contain the proof of the conjecture of Shimura-Taniyama, for
the case of semistable elliptic curves. According to the previous work
of Ribet this entails that FLT is true. For most mathematicians this
represents the end of the saga. Wiles deserves the admiration of all
mathematicians for his achievement. The method used has already
been applied to other diophantine equations. Wiles’ work was the
final step in a new strategy which will be evoked shortly.

There are some mathematicians who are not satisfied with the
method of proof using elliptic curves and modular forms, considered
— perhaps wrongly? or rightly? — to be extraneous to the problem.
It is a legitimate task to try to find another, simpler, proof of FLT.
But the solution of Fermat’s problem also harbors a negative aspect
and a tear of regret is unavoidable, because mathematicians also
like unsolved problems to stimulate their research, just like night
butterflies are attracted by intense sources of light. The study of
Fermat’s theorem led to the creation of the theory of algebraic num-
bers, in the same way as the study of quadratic fields was prompted
by Gauss’ theory of quadratic forms. The branch of mathematics
which is the confluence of number theory and algebraic geometry,
called Arithmetic Algebraic Geometry, developed not only by its in-
ternal problems, but also in view of solving Fermat’s last theorem.
The attempts to prove Fermat’s theorem, the old and the new, show
a myriad of interesting ideas in many directions of number theory,
by illustrious names. Will this stimulation disappear now that FLT



XI.2. Victory, or the Second Death of Fermat 367

is proved? Not at all. Variants of the problem, generalizations to
higher dimensions, will continue tantalizing mathematicians. So,
we celebrate this striking victory and admire our colleagues who,
through effort and ingenuity, succeeded in solving the problem.

The proof of Fermat’s last theorem must be indirect. We assume
that there exists n ≥ 3 and positive integers a, b, c such that an+bn =
cn. The aim is to deduce a statement which is known to be false.
No contradictions were found with statements in elementary number
theory, nor with statements about number fields, nor for that matter,
for any other statements until the expression of FLT in terms of
elliptic curves. The proof of FLT was established with the following
steps:

(I) To associate an elliptic curve to a hypothetical nontrivial
solution of Fermat’s equation, with arbitrary exponent n ≥ 5.

(II) To obtain a contradiction to the assumption of validity of a
certain conjecture about elliptic curves and modular forms.

(III) To prove the validity of the conjecture.
These steps require sophisticated concepts and theories, far be-

yond the level of this book and the knowledge usually expected from
amateurs — and also from professional mathematicians working in
other disciplines. My task is difficult if not hopeless. What will
follow is simple-minded and superficial, but still mysterious and per-
haps out of grasp for anyone who is not yet familiar with the concepts
involved. The key notions needed are elliptic curves, modular forms,
and Galois representations.

A. The Frey Curves.

For relatively prime positive integers A, B and A divisible by 16,
Frey considered the elliptic curve of equation

Y 2 = X(X −A)(X + B)(2.1)

(see Chapter VIII, §1, (A6)) and studied its properties.
If Fermat’s last theorem is false for the prime exponent q ≥ 5,

let a, b, c be positive pairwise relatively prime integers, with a even,
such that aq + bq = cq. Let A = aq, B = bq. The associated
Frey curve displayed properties in sharp contrast with those of other
elliptic curves. Frey became convinced that such a situation was not
possible and envisioned a method to derive a contradiction with the,
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by then well-known, conjecture of Shimura-Taniyama (see below).
But there were serious obstacles to overcome, which would require
many years of work (see below).

Here are some propeties of the Frey curves. The minimal discrim-
inant of the Frey curve is

∆ =
a2qb2q(aq + bq)2

28
=

(abc)2q

28
.

Since ∆ �= 0, the curve is nonsingular, so it is an elliptic curve.
For every prime p not dividing ∆, we consider the congruence

Y 2 ≡ X(X − aq)(X + bq) (mod p).(2.2)

It defines a curve in the two-dimensional space over the finite field Fp.
Since p does not divide ∆, the curve is nonsingular, so it is an elliptic
curve. On the other hand, if p divides ∆, the curve is singular. The
type of singularities is encoded in the invariant called the conductor.
The primes p dividing the conductor are exactly those dividing the
discriminant, that is, the primes p for which the curve in Fp×Fp has
singularity. The exponent of p indicates the type of singularity. In
the present case, where the singularities are nodes, the conductor N
is square-free, so it is equal to

N =
∏

p|∆
p.

Elliptic curves with square-free conductor are said to be semistable.
Thus, Frey curves are semistable. As it was known, if Fermat’s last
theorem is assumed false for the prime exponent q, then q has to be
very large; moreover, since Fermat’s equation is homogeneous, the
discriminant is a power — and this seemed unlikely to be possible.

We shall count the number of points of Frey’s curve modulo p (for
every p not dividing ∆). To this count we add 1, which corresponds
to the point at infinity in the associated projective curve. Let νp
be the number of points and let ap = p + 1 − νp (ap need not be
positive). We pause to recall that in Chapter I, §1, we studied the
Pythagorean equation X2+Y 2 = 1 modulo all odd primes; we proved
that the numbers ap defined there are easily determined by a simple
congruence for the prime p. Similar considerations are important for
all elliptic curves (not only for Frey curves). The discriminant, the
conductor, and the integers ap (for p not dividing the discriminant)
are defined and studied in the same spirit. Elliptic curves which
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can be given by an equation with coefficients in Q are said to be
defined over Q. The rule for determination of the integers ap involves
modular forms.

B. Modular Forms and the Conjecture of Shimura-Tani-
yama.

Let N ≥ 1 be an integer. Let Γ0(N) be the set of all 2 × 2 ma-
trices

(
a b
c d

)

,

where a, b, c, d are integers, N divides c and ad− bc = 1. Γ0(N) is a
multiplicative group called the congruence group of level N . Let H
denote the upper half-plane, that is, H = {z = x + iy ∈ C | y > 0}.
Γ0(N) acts on H as follows:

(
a b
c d

)

z =
az + b

cz + d
(2.3)

for all matrices of Γ0(N) and z ∈ H. Associated to the group
Γ0(N) there are finitely many special points (which we do not define
here), called cusps; these are the point at infinity of the half-line
{iy | y ≥ 0} and other points in H ∪ Q (when N > 1).

A modular form of level N (and weight 2 — the only ones we wish
to consider) is a map f from H∗ = H ∪ {cusps of Γ0(N)} to C such
that:

(i) for all
(
a b
c d

)

∈ Γ0(N) and z ∈ H∗:

f

(
az + b

cz + d

)

= (cz + d)2f(z);(2.4)

(ii) f is holomorphic at every point of H∗ (this requires an ap-
propriate definition at the cusps).

A modular form which vanishes at all cusps is called a cusp form.
The theory of modular forms is very rich. Here are some relevant

facts (for which we give no hint of proof):

(1) The set M2(N) of modular forms of level N and weight 2 is a
finite-dimensional vector space over C and the subset of cusp forms is
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a subspace. For the level N = 2 the subspace of cusp forms consists
only of the form 0.

(2) There is a natural inner product on M2(N), so it is possible
to consider orthogonality in M2(N).

(3) Let N ≥ 1. If M divides N then M2(M) ⊆ M2(N). There
is also the embedding from M2(M) into M2(N) given as follows:
if f ∈ M2(N) let f̃(z) = f((N/M)z) for every z ∈ H∗; then f̃ ∈
M2(N).

(4) A form f ∈ M2(N) is called an old form if f is in the subspace
of M2(N) generated by the images of the mappings considered in
(3), for all M dividing N . A form f ∈ M2(N) is called a new form
if it is in the subspace which is orthogonal to the subspace of old
forms.

(5) Since
(

1 1
0 1

)

∈ Γ0(N)

then f(z + 1) = f(z) for each modular form and every z. Thus f
has a Fourier expansion, which is of the form

f(z) =
∞∑

n=0

cne
2πinz.(2.5)

For cusp forms, c0 = 0.
(6) Hecke defined for each n ≥ 1 coprime to the level N , a linear

operator Tn of M2(N). The Hecke operators commute: Tm ◦ Tn =
Tn ◦ Tm for all m,n coprime to the level. A modular form which is
an eigenvalue for all Hecke operators Tn is called an eigenform.

Other operators associated to the integers n, not coprime with
N , have also been introduced and, together with the above Hecke
operators Tn, they generate a larger Hecke algebra, whose properties
are of essential importance (see Wiles and Taylor, and also Lenstra).
New forms of level N , which are eigenforms for each Tn (with n
coprime to N) are also eigenforms of the operators of the larger
Hecke algebra.

Now we discuss the relationship between elliptic curves and mod-
ular forms. For a given elliptic curve, the numbers ap (for all primes
p not dividing the discriminant) contain very important “local” in-
formation about the curve (for each p). It is crucial to relate these
local data by means of some “global” invariant.
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This important idea is a sophisticated transfiguration of the fact
that every natural number is the product of powers of primes in a
unique way. Thus Euler already introduced this relation between an
infinite product extended over all primes and infinite Dirichlet series,
summed over all integers:

∏

p

(

1 − 1
ps

)−1

=
∞∑

n=1

1
ns

.

First s was restricted to be a real number s > 1, for which both sides
converge and are equal. Riemann had the idea, courageous and deep,
of allowing s to be any complex number with Re(s) > 1. The above
series is the Riemann zeta function. To prove the existence of in-
finitely many primes in arithmetic progressions, Dirichlet considered
“twisted” L-series, where the numerators are no longer 1, but val-
ues of characters of appropriate finite Abelian groups; each series
has also an abscissa of convergence and admits an Euler product,
reflecting also the multiplicative property of characters.

As for the Riemann zeta function, L-series of characters have only
poles but no essential singularities at the boundary of the domain
of convergence. Riemann proved that the functions definded above
could be extended to the whole plane by analytic continuation, and
even more remarkably, the values to the right and left of the bound-
ary line are linked by a functional equation involving the gamma
function. A great discovery and the royal road for analytical meth-
ods to enter into number theory.

In great analogy with number fields, elliptic curves also display
very important analytical properties of the same kind. The local
numbers ap, defined above (not forgetting finitely many factors at-
tached to the primes dividing the discriminant), combine together
multiplicatively to define numbers an (for every n ≥ 1), thus leading
to a Dirichlet series, called the L-series of the elliptic curve; they
converge for Re(s) > 3

2 . In computed examples it was observed that
these L-series admit analytic continuations and functional equations.
Hasse conjectured that this should be true for every elliptic curve.
Deuring proved it for the elliptic curves admitting more “symme-
tries,” namely those with complex multiplication.

For a certain time it had been observed by numerical calculations
that for many specific elliptic curves the numbers ap coincide with the
coefficients cp of the Fourier series of some modular form. Elliptic
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curves with the above property have been called modular elliptic
curves, or also Weil elliptic curves.

In 1955, during the Tokyo–Nikko conference on number theory,
Taniyama proposed problems, two of which concerned — if still
somewhat imprecisely — the above question. If Hasse’s conjecture
were true, would the L-series be associated to some automorphic
function, or even to a modular form? These problems were dis-
cussed with Shimura and Weil. By 1964, Shimura made known in
his lectures a very specific conjecture (which however did not appear
in print on that occasion). Weil contributed in an important way to
the investigation of the modularity of elliptic curves. His paper (of
1967) acknowledges previous communications by Shimura but does
not contain a statement of the conjecture which he considered, even
later, to be problematic. According to a well-documented study by
Lang (1995), we shall adopt the name “Shimura–Taniyama conjec-
ture” for this penetrating statement.

(7) The Shimura–Taniyama Conjecture: Every elliptic curve
is modular.

This is a short way of expressing the following:

If E is any elliptic curve defined over Q, if N is its conductor, then
there is a new cusp eigenform f of level N , whose Fourier coefficients
cn are integers and such that for every prime p not dividing N , cp =
ap (where ap is defined by counting the number of points of E in Fp).

This conjecture says that the rule of determination of the integers
ap is given by some modular form.

(8) Shimura proved the converse of the Shimura–Taniyama con-
jecture. Let f ∈ M2(N) be such that its Fourier coefficients are in
Z. We explain how it is possible to associate an elliptic curve. Let
z0 ∈ H. For each γ ∈ Γ0(N) consider the integral

wz0(γ) =
∫ γ(z0)

z0

f(z) dz;

it is independent of the path. The set {wz0(γ) | γ ∈ Γ0(N)} is
independent of z0, so it depends only on f . Using the fact that
the Fourier coefficients of f are integers, the above set is a lattice
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in H, that is, it is the set of all linear combinations, with integral
coefficients, of two numbers in H∗ (the periods of f). This lattice
gives rise in the usual manner to an analytic torus, hence to an elliptic
curve E having an equation with coefficients in Z (thus E is defined
over Q). Let C2(N) = {f ∈ M2(N) | f is a cusp eigenform whose
Fourier coefficients are integers}. The above construction associates
to each f ∈ C2(N) an elliptic curve E defined over Q. Moreover, the
conductor of E is the level N of f and for each prime p not dividing
the discriminant of E, the Fourier coefficient cp of f is equal to the
number ap (associated to E and p as was already indicated).

Analytical methods involving the L-series of elliptic curves, their
Euler product, analytic continuation, and functional equation play
a fundamental role.

C. The Work of Ribet and Wiles.

The work of Ribet involved an argument of descent concerning Ga-
lois representations and modular forms. We need to explain how
Serre attached Galois representations to any elliptic curve E defined
over Q, that is, having an equation with integral coefficients. The
set of points with complex coordinates (to which is added the point
at infinity) constitutes an Abelian additive group, well defined by
the stipulation that the point at infinity should be the zero for the
addition. The addition is defined by the following rule: if P,Q,R
are points on the curve, then P + Q + R = 0 when P,Q,R lie on
one line (clarifications are needed when P = Q or in some other
special cases). If K is a subfield of C, let E(K) be the set of pairs
of elements of K which satisfy the equation of E; then E(K) is a
subgroup of E(C).

For each prime p, it is equally possible to define the additive group
E(Fp). In the Abelian group E(C) we consider the set E(C)[p] of all
elements of order dividing p. These are the point 0 and the points
P such that P + P + · · · + P (p times) is equal to 0. Then E(C)[p]
is a subgroup of order p2, which is isomorphic to Z/p × Z/p. The
coordinates of the points in E(C)[p] are in some Galois extension K
of finite degree over Q. The elements of the Galois group of K|Q
act linearly on E(K) and permute among themselves the elements
of E(C)[p]; by isomorphism with Z/p× Z/p this gives rise to linear
transformations of Z/p × Z/p. Thus, we obtain a representation,
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associated to E, of the Galois group of K|Q. It is usual to consider
the field Q of all algebraic numbers; it has infinite degree and con-
tains K. The Galois group of K|Q is a quotient of the Galois group
G of Q|Q. So we obtain a representation ρE,p from G by a group
of 2 × 2 matrices with entries in Z/p = Fp (attention is also paid
to the natural Krull topology of G). Similar considerations lead to
representations ρE,pn by means of 2×2 matrices with entries in Z/pn

(for all n ≥ 1). All the representations ρE,pn (for n ≥ 1) fit together
to produce a representation ρE,Qp

of G by 2×2 matrices with entries
in the field Qp of p-adic numbers.

It is also possible to attach to any eigenform f with Fourier coeffi-
cients in Z, a representation ρf,Qp

of G by 2×2 matrices with entries
in Qp. If E is the elliptic curve associated to f , as indicated before,
then the representations ρf,Qp

and ρE,Qp
are isomorphic.

We outline the proof of Ribet. Assume that FLT is false for the
exponent q, let E be the Frey curve associated to a hypothetical so-
lution; E is a semistable elliptic curve. Assuming that the conjecture
of Shimura-Taniyama is valid, there exists a new cusp eigenform f of
weight 2 and level equal to the conductor N of E. Then ρf,Qq

∼= ρE,Qq
.

Ribet proved that if p is an odd prime dividing N , N1 = N/p,
then there is a new cusp eigenform f1 of weight 2 and level N1, such
that ρf1,Fp

= ρE,Fp
. The argument may be repeated, leading to a

nonzero cusp form of weight 2 and level 2 — which is impossible.
Wiles proved that the Shimura–Taniyama conjecture is valid for

semistable elliptic curves, in particular for the Frey curve. The the-
ory of deformation of representations, created by Mazur, plays a
great role; so does the result (proved with Taylor, and also later
by Lenstra) on the structure of the commutative algebra generated
by the Hecke operators. Cohomological results were developed and
used in essential ways. The proof is at a maximal level of sophistica-
tion, so it is impossible to report in an intelligent way in this book.
Among the expository papers listed in the Bibliography, we may
recommend the one by Gouvêa which delineates the proof, avoiding
technical details, making it accessible for the courageous amateur.
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XI.3. A Guide for Further Study

For my readers who are still courageous, I include a bibliography
which lists not only research papers, but also expository material
and should be explored by readers wishing to enter deeper into the
proof of Wiles.

For the convenience of the reader, the references are organized as
follows:

A. Elliptic Curves, Modular Forms: Basic Texts.

1962 Gunning, R.C., Lectures on Modular Forms, Princeton Uni-
versity Press, Princeton, NJ, 1962.

1971 Shimura, G., Introduction to the Theory of Automorphic
Functions, Princeton University Press, Princeton, NJ, 1971.

1972 Ogg, A., Survey of modular functions of one variable, in:
Modular Functions of One Variable (editor, W. Kuyk), Sprin-
ger-Verlag, New York, 1972.

1974 Tate, J., The arithmetic of elliptic curves, Invent. Math., 23
(1974), 179–206.

1976 Lang, S., Introduction to Modular Forms, Springer-Verlag,
New York, 1976.

1984 Koblitz, N., Introduction to Elliptic Curves and Modular
Forms, Springer-Verlag, New York, 1984.

1986 Silverman, J.H., The Arithmetic of Elliptic Curves, Springer-
Verlag, New York, 1986.

1986 Cornell, G. and Silverman, J.H. (editors), Arithmetic Geom-
etry, Springer-Verlag, Berlin, 1986.

1989 Miyake, T., Modular Forms, Springer-Verlag, New York, 1989.
1989 Hida, H., Theory of p-adic Hecke algebras and Galois repre-

sentations, Sûgaku Expositions, 2 (1989), 75–102.
1989 Gouvêa, F.Q., Formas Modulares, uma Introdução, Instituto

de Matemática Pura e Aplicada, Rio de Janeiro, 1989.
1991 Cassels, J.W.S., Lectures on Elliptic Curves, Cambridge Uni-

versity Press, Cambridge, 1991.
1992 Tate, J. and Silverman, J.H., Rational Points on Elliptic

Curves, Springer-Verlag, New York, 1992.
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B. Expository.

1988 Cipra, B.A., Fermat’s last corollary?, Focus, March–April
1988, pp. 2 and 6.

1989 Shimura, G., Yataku Taniyama and his time. Very personal
recollections, Bull. London Math. Soc., 21 (1989), 186–196.

1990 Ribet, K.A., From the Taniyama–Shimura conjecture to Fer-
mat’s last theorem, Ann. Fac. Sci. Toulouse Math., (5), 11
(1990), no. 1, 116–139.

1993 Murty, M. Ram, Fermat’s last theorem, an outline, Gaz. Soc.
Math. Québec, 16 (1993), No. 1, 4–13.

1993 Murty, M. Ram, Topics in Number Theory, Mehta Res. Inst.
Lect. Notes, No. 1, Allahabad, 1993.

1993 Frey, G., Über A. Wiles’ Beweis der Fermatschen Vermutung,
Math. Semesterber., 40 (1993), no. 2, 177–191.

1993 Ribet, K.A., Modular elliptic curves and Fermat’s last the-
orem, Videocassette, 100 min., Amer. Math. Soc., Provi-
dence, RI.

1994 Gouvêa, F.Q., A marvelous proof, Amer. Math. Monthly,
101 (1994), 203–222. (Updated Portuguese translation: Ma-
tem. Univ., no. 19, Dec. 1995, pp. 16–43.)

1994 Cox, D.A., Introduction to Fermat’s last theorem, Amer.
Math. Monthly, 101 (1994), 3–14.

1994 Rubin, K. and Silverberg, A., Wiles’ Cambridge lecture, Bull.
Amer. Math. Soc., 11 (1994), 15–38.

1994 Ribet, K.A. and Hayes, B., Fermat’s last theorem and modern
arithmetic, American Scientist, March–April 1994, pp. 146–
156.

1994 Ribet, K.A., Wiles proves Taniyama’s conjecture; Fermat’s
last theorem follows, Notices Amer. Math. Soc., 40 (1993),
no. 6, 575–576.

1995 Ribenboim, P., Fermat’s last theorem before June 23, 1993,
in: Proc. Fourth Conference Canad. Number Theory Assoc.,
Halifax, July 1994 (editor, K. Dilcher), Amer. Math. Soc.,
Providence, RI, 1995, pp. 279–293.

1995 Schoof, R., Wiles’ proof of Taniyama–Weil conjecture for
semi-stable elliptic curves over Q, Gaz. Math., Soc. Math.
France, No. 66 (1995), 7–24.

1995 Edixhoven, B., Le rôle de la conjecture de Serre dans la
démonstration du théorème de Fermat, Gaz. Math., Soc.
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Math. France, No. 66 (1995), 25–41. (Erratum and ad-
dendum: Gaz. Math., Soc. Math. France, No. 67 (1996),
19.)

1995 Lang, S., Some history of the Shimura–Taniyama conjecture,
Notices Amer. Math. Soc., 42 (1995), no. 11, 1301–1307.

1995 Faltings, G., The proof of Fermat’s last theorem by R. Taylor
and A. Wiles, Notices Amer. Math. Soc., 42 (1995), no. 7,
743–746.

1995 Serre, J.-P., Travaux de Wiles (et Taylor, . . . ), Partie I,
Séminaire Bourbaki, Vol. 1994/95. Astérisque, No. 237
(1996), Exp. No. 803, 5, 319–332.

1995 Oesterlé, J., Travaux de Wiles (et Taylor, . . . ), Partie II,
Séminaire Bourbaki, Vol. 1994/95. Astérisque, No. 237
(1996), Exp. No. 804, 5, 333–355.

1995 Darmon, H., Diamond, F., and Taylor, R., Fermat’s last the-
orem. In: Current Developments in Mathematics, 1995 (ed-
itors, R. Bott, A. Jaffe, and S.T. Yau), pp. 1–154, Internat.
Press, Cambridge, MA, 1995. Also in: Elliptic curves, mod-
ular forms & Fermat’s last theorem (Hong Kong, 1993), pp.
2–140, Internat. Press, Cambridge, MA, 1997.

1995 Gouvêa, F.Q., Deforming Galois representations: a survey.
In: Seminar on Fermat’s Last Theorem (Toronto, ON, 1993–
1994), pp. 179–207, CMS Conf. Proc., No. 17, Amer. Math.
Soc., Providence, RI, 1995.

1995 Mazur, B., Fermat’s last theorem, Videocassette, 60 min.,
American Math. Soc., Providence, RI.

1996 Darmon, H. and Levesque, C., Sommes infinies, équations
diophantiennes et le dernier théorème de Fermat, Gaz. Soc.
Math. Québec, 18 (1996), 3–18.

1996 van der Poorten, A., Notes on Fermat’s Last Theorem, Wiley,
New York, 1996.

1997 Cornell, G., Silverman, J.H., and Stevens, G. (editors), Mod-
ular Forms and Fermat’s Last Theorem, Springer-Verlag, New
York, 1997.

1997 Singh, S., Fermat’s Enigma, Viking, London, 1997.
1997 Singh, S. and Ribet, K.A., Fermat’s last theorem, Scientific

American, 277 (1997), no. 5, 36–41.
1997 Kani, E., Fermat’s last theorem, Queen’s Math. Commu-

nicator (Queen’s University at Kingston, Ontario, Canada),
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Summer 1997, pp. 1–8.
1997 Frey, G., The way to the proof of Fermat’s last theorem,

preprint, 20 pp., 1997.

C. Research.
1958 Shimura, G., Correspondances modulaires et les fonctions

zeta de courbes algébriques, J. Math. Soc. Japan, 10 (1958),
1–28.

1961 Shimura, G., On the zeta-functions of the algebraic curves
uniformized by certain automorphic functions, J. Math. Soc.
Japan, 13 (1961), 275–331.

1967 Shimura, G., Construction of class fields and zeta functions
of algebraic curves, Ann. of Math., (2), 85 (1967), 58–159.

1967 Weil, A., Über die Bestimmung Dirichletscher Reihen durch
Funktionalgleichungen, Math. Ann., 168 (1967), 149–156.

1975 Hellegouarch, Y., Points d’ordre 2p sur les courbes ellip-
tiques, Acta Arith., 26 (1975), 253–263.

1977 Mazur, B., Modular curves and the Eisenstein ideal, Inst.
Hautes Études Sci. Publ. Math., 47 (1977), 33–186 (1978).

1982 Frey, G., Rationale Punkte auf Fermatkurven und getwisteten
Modulkurven, J. Reine Angew. Math., 331 (1982), 185–191.

1986 Frey, G., Elliptic curves and solutions of A − B = C, in:
Sém. Th. Nombres, Paris, 1985–1986 (editor, C. Goldstein),
Progress in Mathematics, Birkhäuser, Boston, 1986, pp. 39–
51.

1986 Frey, G., Links between elliptic curves and certain diophan-
tine equations, Ann. Univ. Sarav. Ser. Math., 1 (1986), No.
1, 1–40.

1987 Frey, G., Links between elliptic curves and solutions of A −
B = C, J. Indian Math. Soc., 51 (1987), 117–145.

1987 Frey, G., Links between solutions of A − B = C and ellip-
tic curves, in: Number Theory (Ulm, 1987) (editors, H.-P.
Schlickewei and E. Wirsing), Springer Lect. Notes in Math.,
No. 1380, Springer-Verlag, New York, 1989.

1987 Serre, J.-P., Sur les représentations modulaires de degré 2 de
Gal(Q|Q), Duke Math. J., 54 (1987), 179–230.

1987–1990 Ribet, K.A., On modular representations of Gal(Q|Q),
preprint, 1987. Invent. Math., 100 (1990), 115–139.

1989 Mazur, B., Deforming Galois representations, in: Galois
Groups over Q (editors, Y. Ihara, K.A. Ribet, and J.-P.
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Serre), Math. Sci. Res. Inst. Publ., Vol. 16, Springer-
Verlag, New York, 1989.

1990 Ribet, K.A., From the Taniyama–Shimura conjecture to Fer-
mat’s last theorem, Ann. Sci. Univ. Toulouse, (5), 11 (1990),
115–139.

1991 Ribet, K.A., Lowering the levels of modular representations
without multiplicity one, Internat. Math. Res. Notices 1991,
no. 2, 15–19.

1991 Kolyvagin, V., Euler systems, in: The Grothendieck Fest-
schrift, Vol. 2, pp. 435–483, Birkhäuser, Boston, 1991.

1992 Flach, M., A finiteness theorem for the symmetric square of
an elliptic curve, Invent. Math., 109 (1992), 307–327.

1993 Lenstra, H.W. Jr., Complete intersections and Gorenstein
rings, preprint (September 27, 1993).

1993 Ramakrishna, R., On a variation of Mazur’s deformation
functor, Compositio Math., 87 (1993), 269–286.

1995 Ribet, K.A., Galois representations and modular forms, Bull.
Amer. Math. Soc., 32 (1995), 375–401.

1995 Wiles, A., Modular elliptic curves and Fermat’s last theorem,
Ann. of Math., (2), 141 (1995), 443–551.

1995 Taylor, R. and Wiles, A., Ring theoretic properties of certain
Hecke algebras, Ann. of Math., (2), 141 (1995), 553–572.

XI.4. The Electronic Mail in Action

As a concluding note, here are timely communications by Karl Rubin
which circulated widely.

E-mail message no. 1:

Date: June 23, 1993, 05:52:30
Subject: big news
Andrew Wiles just announced, at the end of his 3rd lecture here,

that he has proved Fermat’s Last Theorem. He did this by proving
that every semistable elliptic curve over Q (i.e. square-free conduc-
tor) is modular. The curves that Frey writes down, arising from
counterexamples to Fermat, are semistable and by work of Ribet they
cannot be modular, so this does it.

It’s an amazing piece of work.
Karl
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E-mail message no. 2:

Date: Oct. 25, 1994, 10:24:46
Subject: update on Fermat’s last theorem
As of this morning, two manuscripts have been released:

Modular elliptic curves and Fermat’s last theorem,
by Andrew Wiles
Ring theoretic properties of certain Hecke algebras, by
Richard Taylor and Andrew Wiles.

The first one (long) announces a proof of, among other things,
Fermat’s last theorem, relying on the second one (short) for one
crucial step.

As most of you know, the argument described by Wiles in his Cam-
bridge lectures turned out to have a serious gap, namely the construc-
tion of an Euler system. After trying unsuccessfully to repair that
construction, Wiles went back to a different approach, which he had
tried earlier but abandoned in favor of the Euler systems idea. He was
able to complete his proof, under the hypothesis that certain Hecke
algebras are local complete intersections. This and the rest of the
ideas described in Wiles’ Cambridge lectures are written up in the
first manuscript. Jointly, Taylor and Wiles establish the necessary
property of the Hecke algebras in the second paper.

The overall outline of the argument is similar to the one Wiles de-
scribed in Cambridge. The new approach turns out to be significantly
simpler and shorter than the original one, because of the removal of
the Euler system. (In fact, after seeing these manuscripts, Faltings
has apparently come up with a further significant simplification of
that part of the argument.)

Versions of these manuscripts have been in the hands of a small
number of people for (in some cases) a few weeks. While it is wise
to be cautious for a little while longer, there is certainly reason for
optimism.

Karl Rubin

Excitement, caution, and amazement in the face of a superlative
feat in Mathematics.
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References to Wrong Proofs

It is well known that there have been literally thousands of wrong
proofs of Fermat’s last theorem. This can be explained by the fact
that the statement of the problem is easily understandable to an
amateur. Moreover, there have been important prizes offered by
academies and foundations which have stimulated efforts by dilet-
tantes as well as professional mathematicians.

Since the Wolfskehl Prize was established in 1908, in the first
years alone, 621 wrong solutions were submitted, and today there
are about 3 meters of file correspondence and proposed solutions of
Fermat’s problem stored in Göttingen.

We indicate below a list — obviously incomplete — of some noto-
riously wrong published attempts to solve the problem. Even good
professional mathematicians have not escaped from being included
in the roll.

Remarkable is the case of F. Lindemann, who discovered the tran-
scendency of the number π. Yet, with respect to Fermat’s last the-
orem, all his attempts failed.

F. Paulet seems to have been one of the most persistent, with
twelve submissions to the Academy of Sciences of Paris, spanning
the years 1841 to 1862, but not bringing any progress to the investi-
gation.
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With only a few exceptions, we do not mention wrong solutions
published by the authors as independent books or brochures; some
of these have been listed by Fleck and Maennchen (1908–1912), Mi-
rimanoff (1909), and Perron (1916). Instead, we concentrate only on
the intended, but failed solutions, published in mathematical jour-
nals or proceedings of conferences.

First, we give a selection of books or papers containing references
to wrong proofs. This is followed by a list of wrong papers, including
an indication of where the mistake is discussed.

I. Papers or Books Containing Lists of Wrong Proofs

1908 Hoffmann, F., Der Satz vom Fermat. Sein seit dem Jahr
1658 gesuchter Beweis, J. Singer, Strasbourg, 1908.

1909 Lampe, E., Jahrbuch Fortschritte Math., 40 (1909), 258–
261.

1909/10/11/12/16 Fleck, A. and Maennchen, A., Vermeintliche
Beweise des Fermatschen Satzes, Arch. Math. Phys., (3),
14 (1909), 284–286, 370–372;
15 (1909), 108–111;
16 (1910), 105–109 and 372–375;
17 (1911), 108–109 and 370–374;
18 (1912), 105–109 and 204–206;
25 (1916), 267–268.

1910 Lind, B., Über das letzte Fermatsche Theorem, Abh. Gesch-
ichte Math. Wiss., 26 (1910), 23–65.

1920 Dickson, L.E., History of the Theory of Numbers, Vol. II,
Carnegie Institution, Washington, DC, 1920; reprinted by
Chelsea, New York, 1971.

1973 Besenfelder, H.J.,1 Das Fermat-Problem, Diplomarbeit, Uni-
versität Karlsruhe, 1973, 61 pp.

II. Wrong Proofs in Papers

1810 Barlow, P., Demonstration of a curious numerical proposi-
tion, J. Nat. Phil. Chem. Arts, 27 (1810), 193–205.

1His family name has changed from “Besenfelder” to “Bentz” since Au-
gust 1979.

2This paper uses an incorrect result of Kapferer (1933).
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Table 8. Wrong proofs.

Year Author Mistake Pointed Out by Year
1810, Barlow Smith 1860
1811 Talbot 1864
1845 Drach Dickson, p. 738 1820
1847 Lamé Liouville 1847

Kummer 1847
Dickson, pp. 739/40 1920

1855 Calzolari Lind, p. 48 1910
/57/64 Dickson, pp. 743, 744, 746 1920
1864 Gaudin Dickson, p. 746 1920
1890 Lefébure Pepin 1880
1889 Varisco Landsberg 1890

Dickson, p. 754 1920
1893 Korneck Picard and Poincaré 1894

Dickson, p. 756 1920
1901/ Lindemann Fleck and Maennchen 1909
1907/ Furtwängler, Fleck 1909
1909 Ivanov 1910

Dickson, pp. 759, 762 1920
1908 Werebrusow Dickson, Worms de Romilly, 1908

Duran-Loriga, Curjel
Dickson, p. 762 1920

1910 Lind Fleck 1910
Dickson, p. 760 1920

1913 Fabry Mirimanoff 1913
1955 Becker, W. W. Eggan 1981
1956 Fraga Torrejón Rodeja, F. 1956
1957 Villaseñor, Z. Math. Rev., 19 (1958), No. 251f 1958
1957 Noguera Math. Rev., 19 (1958), No. 16e 1958

Barreneche Math. Rev., 20 (1959), No. 1658 1959
1958/9 Draeger Morishima 1960
1958/73 Yahya2 Gandhi and Stuff 1975
1973/77 Inkeri 1984
1966 Sarantopoulos Garrison 1967
1978 Zinoviev Kreisel 1978
1979 Clarke and Oral communication by 1983

Shannon J. H. Ursell
1980 Maggu Eggan 1980
1980 Lallu-Singh Yamaguchi 1982
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1811 Barlow, P., An Elementary Investigation of Theory of Num-
bers, pp. 160–169, J. Johnson, St. Paul’s Church-Yard, Lon-
don, 1811.

1845 Drach, S.M., Proof of Fermat’s undemonstrated theorem that
xn + yn = zn is only possible in whole numbers when n = 1
or 2, Phil. Mag., 27 (1845), 286–289.

1847 Lamé, G., Mémoire sur la résolution en nombres complexes
de l’équation An + Bn + Cn = 0, J. Math. Pures Appl., 12
(1847), 172–184.

1847 Lamé, G., Démonstration générale du théorème de Fermat
sur l’impossibilité en nombres entiers de l’équation xn+yn =
zn, C. R. Acad. Sci. Paris, 24 (1847), 310–314.

1847 Lamé, G., Note au sujet de la démonstration du théorème de
Fermat, C. R. Acad. Sci. Paris, 24 (1847), 352.

1847 Lamé, G., Second mémoire sur le dernier théorème de Fer-
mat, C. R. Acad. Sci. Paris, 24 (1847), 569–572.

1847 Lamé, G., Troisième mémoire sur le dernier théorème de
Fermat, C. R. Acad. Sci. Paris, 24 (1847), 888.

1847 Kummer, E. E., Extrait d’une lettre de M. Kummer à M.
Liouville, J. Math. Pures Appl., 12 (1847), 136; reprinted
in Collected Papers, Vol. I, p. 298. Springer-Verlag, Berlin,
1975.

1847 Liouville, J., Remarques à l’occasion d’une communication
de M. Lamé sur un théorème de Fermat, C. R. Acad. Sci.
Paris, 24 (1847), 315–316.

1855 Calzolari, L., Tentativo per dimostrare il teorema di Fermat
sull’equazione indeterminata xn + yn = zn, Ferrara, 1855.

1857 Calzolari, L., Dimostrazione dell’ultimo teorema di Fermat,
Annali Sci. Mat. B. Tortolini, 8 (1857), 339–349.

1860 Smith, H.J.S., Report on the Theory of Numbers, Part II,
Art. 61, “Application to the Last Theorem of Fermat”, Col-
lected Math. Papers, Vol. I, 1894, pp. 131–137 Clarendon
Press, Oxford, 1894; reprinted by Chelsea, New York, 1965.

1864 Calzolari, L., Impossibilità in numeri interi dell’equazione
zn = xn + yn quando n > 2, Ann. Mat., 6 (1864), 280–286.

1864 Gaudin, A., Impossibilité de l’équation (x + h)n − xn = zn,
C. R. Acad. Sci. Paris, 59 (1864), 1036–1038.

1864 Talbot, W.H.F., On the theory of numbers, Trans. Roy. Soc.
Edinburgh, 23 (1864), 45–52.
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1880 Lefébure, A., Sur la résolution de l’équation xn + yn = zn en
nombres entiers, C. R. Acad. Sci. Paris, 90 (1880), 1406–
1407.

1880 Pepin, T., Sur diverses tentatives de démonstration du théo-
rème de Fermat, C. R. Acad. Sci. Paris, 91 (1880), 366–367.

1889 Varisco, D., Ricerche aritmetiche contenente la dimostrazione
generale del teorema di Fermat, Giorn. Mat., 27 (1889), 371–
380.

1890 Landsberg, O., Lettera al redattore, Giorn. Mat., 28 (1890),
52.

1893 Korneck, G., Beweis des Fermatschen Satzes von der Unmög-
lichkeit der Gleichung xn + yn = zn für rationale Zahlen und
n > 2, Arch. Math. Phys., (2), 13 (1893), 1–9.

1893 Korneck, G., Nachtrag zum Beweis des Fermatschen Satzes,
Arch. Math. Phys., (2), 13 (1893), 263–267.

1894 Picard, E. and Poincaré, H., Rapport verbal sur les articles
de M. G. Korneck, C. R. Acad. Sci. Paris, 118 (1894), 841.

1901 Lindemann, F., Über den Fermatschen Satz betreffend die
Unmöglichkeit der Gleichung xn = yn + zn, Sitzungsber.
Akad. Wiss. München, Math., 31 (1901), 185–202; corri-
genda, p. 495.

1907 Lindemann, F., Über das sogenannte letzte Fermatsche Theo-
rem, Sitzungsber. Akad. Wiss. München, Math., 37 (1907),
287–352.

1908 Dickson, L. E., Dernier théorème de Fermat, L’Interm. Math.,
15 (1908), 174.

1908 Curjel, H. W., Dernier théorème de Fermat (Question 612
de Worms de Romilly), L’Interm. Math., 15 (1908), 247.

1908 Duran-Loriga, J. J., Sur le dernier théorème de Fermat (Ré-
ponse de M. Werebrusow), L’Interm. Math., 15 (1908), 177.

1908 Werebrusow, A. S., Impossibilité de l’équation xn = yn + zn

(Question 612 de Worms de Romilly), L’Interm. Math., 15
(1908), 79–81.

1908 Worms de Romilly, A. S., Le dernier théorème de Fermat,
L’Interm. Math., 15 (1908), 175–177.

1909 Lindemann, F., Über den sogenannten letzten Fermatschen
Satz, Veit, Leipzig, 1909, 83 pp.

1909 Fleck, A. and Maennchen, A.: See in List I.
1909 Furtwängler, P., Review of Lindemann’s “Über den sogenan-
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nten letzten Fermatschen Satz,” Jahrbuch Fortschritte Math.,
40 (1909), 258.

1910 Ivanov, I.I., Über den von Prof. F. Lindemann vorgeschlage-
nen Beweis des Fermatschen Satzes (Brief an die Redaktion),
Jahrbuch Fortschritte Math., 41 (1910), 238.

1910 Lind, B.: See in List I.
1913 Fabry, E., Un essai de démonstration du théorème de Fermat,

C. R. Acad. Sci. Paris, 156 (1913), 1814–1816.
1913 Mirimanoff, D., Remarque sur une communication de M.

Eugène Fabry, C. R. Acad. Sci. Paris, 157 (1913), 491–492.
1920 Dickson, L.E., See in List I.
1933 Kapferer, H., Über die diophantischen Gleichungen z3−y2 =

33 ·2λxλ+2 und deren Abhängigkeit von der Fermatschen Ver-
mutung, Heidelberger Akad., Math. Naturwiss. Klasse, Abh.,
2 (1933), 32–37.
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1636, April 26 Lettre à Mersenne,1 Correspondance du Père Marin

Mersenne, Vol. 6, p. 50. Commencée par Mme.
Paul Tannery, publiée et annotée par Cornelis de
Waard. Ed. du C.N.R.S, Paris, 1962.

1According to Itard (1948) the actual date of this letter is June 1638; it
has appeared with this date in Mersenne’s Correspondence.



390 Appendix B. General Bibliography
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rème de Fermat, Assoc. Française Avanc. Sciences, Toulouse,
I, 39 (1910), 55–56.



IV. Expository, Historical, and Bibliographic Papers 393

1912 Wolfskehl Prize. Bekanntmachung, Math. Ann., 72 (1912),
1–2.

1917 Dickson, L.E., Fermat’s last theorem and the origin and na-
ture of the theory of algebraic numbers, Ann. of Math., 18
(1917), 161–187.

1921 Mordell, L.J., Three Lectures on Fermat’s Last Theorem,
Cambridge University Press, Cambridge, 1921; reprinted by
Chelsea, New York, 1962.

1925 Ore, O., Fermat’s theorem (in Norwegian). Norske Mat.
Tidsskrift, 7 (1925), 1–10.
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mat, Séminaire de Philosophie et Mathématiques, École Nor-
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Bézout’s theorem 98
Barlow’s relations 99, 106, 193,

200
Bernoulli numbers 117, 360
binomials 79

factors of 79
biquadratic equation 11

Cauchy polynomials 223, 225, 259,
327

characters 371
circulant 125, 126
class field theory 121, 167, 170,

211, 245
class group 121

class number 360
of a cyclotomic field 360

completion 144
conductor 368
congruence group 369
conjecture

abc 364
Abel’s 195, 199
Mordell’s 363, 365
of Shimura–Taniyama 366, 368,

369, 372, 374
Cramer’s rule 149
cubic equation 24
cusp 369
cusp form 369
cyclic representation 318
cyclic solution 318
cyclotomic field 121, 360
cyclotomic polynomial 77

Dirichlet series 371
Dirichlet’s

404



Subject Index 405

pigeon-hole principle 29
theorem 122, 140, 204

discriminant 95, 96, 368, 371

eigenform 370
Eisenstein field 41
Elements, The 4
elliptic curve 247, 367, 371

modular 372
semistable 366, 368

Euler
numbers 211
product 371
system 380, 381

Euler’s totient function 77, 253

Faltings’ theorem 363
Fermat prime 114
Fermat problem, local 287
Fermat’s

congruence 124, 291
equation 99

biquadratic 11
cubic 24, 41, 238
degree seven 57
hypothetical solutions 99
quintic 49

last theorem 1, 3
little theorem 119

Fermat’s theorem 32, 237
first case 2, 109, 117, 118,

119, 120
for even exponents 203

for the exponent four 15
for the exponent three 33
second case 2

Fibonacci numbers 133, 134, 156
field of p-adic numbers 144
Fourier series 373
Frey curve 247, 367, 368

Galois
extension 282
group 277, 282
representations 367, 373
theory 77

gamma function 371
Gauss’ lemma 146
Gauss’ reciprocity law 27
Gaussian

field 21
integers 21

associated 21
greatest common divisor 21

numbers 21
periods 277, 286, 331
sums 296
units 21

genus 363
Germain’s theorem 110, 112, 118,

119, 120
golden number 133
golden ratio 133

Hecke algebra 370, 380
Hecke operator 370
Hensel’s lemma 152, 154, 155, 287,

288
Hurwitz congruence 304

index 283
inert prime 42
infinite descent 12
integers, associated 41
integral part 74
irregular prime 360

Jacobi sum 332
Jacobi symbol 106, 189, 208



406 Subject Index

Kummer’s theorem 359

L-series 371, 372
of elliptic curves 371

Lagrange
multipliers 349
resolvents 46, 283, 286, 297

Legendre symbol 27, 205
linear recurring sequences 156
local Fermat problem 287
Lucas numbers 133, 134, 156

Mathematical Reviews 296
Möbius function 78, 255
modular elliptic curve 372
modular form 367, 369, 372
Mordell’s conjecture 363, 365

new form 370
Newton Institute 366
number field 371

old form 370

p-adic
analysis 77
distance 144
integers 143, 145
numbers 143, 374
units 289
valuation 73, 74, 144
value 73

p-integral 74
rational numbers 144

period of a modular form 373
polynomial

irreducible 146
primitive 146

relatively prime 146
prime 21, 41

inert 42
irregular 360
ramified 42
regular 360
Sophie Germain 141
split 42

primitive
dth root 77
factor 85
root 86
solutions 3, 5, 7

Pythagorean
equation 3, 269
triangle 7, 11, 13
triple 3, 5, 273

Pythagoreanism 7

quintic equation 49

reciprocity law 208
regular prime 360
residue field 144
resultant 95, 96, 125
Riemann

hypothesis 296
zeta function 371

roots of unity 77

semistable curve 366, 368
Shimura–Taniyama conjecture 366,

368, 369, 372, 374
Sophie Germain primes 141
sum of two squares 5, 6

Terjanian’s theorem 208
theorem of
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